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A Note to the Reader 


This is an era of fierce competition, where only the best survive. A 
majority of our students sit for the Joint Entrance Examination (JEE) for ; 
admission to the most coveted Indian Institutes of Technology (IITs) loca- 
ted at New Delhi, Bombay, Kanpur. Madras and Kharagpur and Banaras 
Hindu University Institute of Technology at Varanasi. These institutes enjoy 
the highest reputation as centres of excellence in the fields of engineering 
and technology. The degrees awarded by the IITs are considered equivalent 
to those awarded by the leading engineering institutes of the world. 

IIT-JEE is a highly competitive examination. A large number of students 
sit for this examination but only a small percentage of them get through. 
It is a fact that IIT-JEE is a very difficult examination and an organised 
effort is required to succeed in it. Keeping this in view, we have ventured 
to bring out this comprehensive physics book to help candidates prepare 
for the Physics paper of the IIT-JEE. 

It must be recognized that a thorough preparation of the 10+2 pattern of 
examination is not sufficient for IIT-JEE which relies heavily on the appli- 
cation of the basic principles of the subject. Hence the need and importance 
of this book cannot be over-emphasized. This book is written bearing in 
mind the syllabus and pattern of the IIT-JEE. 

The book is divided into 20 chapters which cover the entire Physics 
syllabus of IIT-JEE. The format of each chapter is as follows: 


1. Review of basic concepts, laws, principles and definitions. 

2. SI units of the relevant physical quantities. 

3. Formulae to be used to solve numerical problems. 

4. A large number of numerical problems with complete solutions inclu- 
ding those from previous years’ papers. 

5. True-false statements with reasons. Multiple chpice questions with 
answers key. 

6. Numerical exercises with answers. These exercises are carefully desig- 
ned to test the candidates’ comprehension and application of the 
basic principles in each topic. 

Candidates are advised to carefully go through the solved numerical 
problems and then solve all the numerical exercises at the end of each 
chapter. This will give them the necessary training and confidence so vital 
for IIT-JEE. To boost their confidence, candidates are advised to read 
Tata McGraw-Hill’s Model Solutions to IIT-JEE. 

This book is an outcome of the combined efforts of teachers who have 
had considerable experience and success in guiding students for IIT-JEE. 
It is hoped that candidates appearing for this examination will find this 
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book extremely useful for their preparation, and achieve the desired 
success. Since the IIT-JEE is an extremely tough examination, this book 
will help the student prepare for a lot of other engineering college- 
entrance examinations also. 
All suggestions from teachers and students will be gratefully acknowledg- 
ed. 
THE PUBLISHERS 
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Units and Dimensions 


1.1 REVIEW OF BASIC CONCEPTS 


1.1.1 The Measurement Process The process of measurement is basically a 
comparison process. To measure a physical quantity, we have to find out 
how many times a standard amount of that physical quantity is present in the 
quantity being measured. The number thus obtained is known as the 
magnitude and the standard chosen is called the unit of the physical 
quantity. 


L12 The Unit The unit of a physical quantity is a value of it in terms 
of which other quantities of that kind are expressed. It is chosen arbitrarily 
but then agrecd upon universally. 


1.1.3 The Standard The actual physical embodiment of the unit of a phy- 
sical quantity is known as a standard of that physical quantity. 


1.1.4 The General Conference of Weights and Measures The Conference 
General des Poids et Measures (CGPM) or the General Conference of 
Weights and Measures was founded in 1876. It has its central office at Sev- 
res near Paris in France. It is an international body that provides a common 
international forum for all scientists and engineers concerned with measure- 
ment. 


1.1.5 The Systeme Internationale d'Unites (The SI Units) The SI units 
were approved by the CGPM in 1960 and endorsed by both the Internatio- 
nal Organisation for Standardisation (ISO) and the International Electro- 
technical Commission (IEC) in 1962. They possess a logical superiority 
over all other systems and are now used the world over. The SI units are a 
coherent system of units, i.e. in them the derived units are obtained from 
the basic or fundamental units by multiplication or division without intro- 
ducing any numerical factors. 


1.1.6 The Fundamental SI Units There are six primary or fundamental 
units in the SI. They are for length, mass, time, electric current, tempera- 
ture and luminous intensity. In addition there is an additional unit for the 
amount of substance, two supplementary units for the angle in a plane and 
the solid angle and a large number of derived or secondary units — all logi- 
cally and coherently based on the primary units. 


1.1.7 Dimensions of a Physical Quantity The dimensions of a physical 
quantity are the powers to which the fundamental units must be raised to 
represent it. 
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Table 1.1 Fundamental SI Units 


Physical Quantity Name of the Unit Symbol 
Length metre m 
Mass kilogram kg 
Time second s 
Electric current ampere A 
'Temperature kelvin K 
Luminous intensity candela cd 
Amount of substance mole mol 
Angle in a plane radian rad 
Solid angle steradian sr 


1.1.8 Dimensional Formula The dimensional formula of a physical quan- 
tity is an expression telling us how and which of the fundamental quantities 
enter into the unit of that quantity. 

It is customary to express the fundamental quantities by a capital letter, 
e.g. length (L), mass (M), time (T), electric current (7), temperature (K) 
and luminous intensity (C). We write appropriate powers of these capital 
letters within square brackets to get the dimensional formula of any given 
physical quantity. 


1.1.9 Uses of Dimensions The concept of dimensions and dimensional 
formulae are put to the following uses: 


(i) Checking the results obtained 

(ii) Conversion from one system of units to another 
(iii) Deriving relationships between physical quantities 
(iv) Scaling and studying of models. 


The underlying principle for these uses is the principle of homogeneity 
of dimensions. According to this principle, the ‘net’ dimensions of the vari- 
ous physical quantities on both sides of a permissible physical relation 
must be the same; also only dimensionally similar quantities can be added 
to or subtracted from each other. 


1.1.10 Limitations of Dimensional Analysis 


(i) The method of dimensional analysis does not give any information 
about pure numbers (like (1/2, 7, etc.) and non-dimensional constants. 
They have to be determined from experiments. 

(ii) This method gives no information about dimensional constants such 
as the universal constant of gravitation (G) or Planck's constant (/), and 
where they have to be introduced. 1 

(iii) This technique is useful only for deducing and verifying ‘power rela- 


tions’. Relationships involving exponential, trignometric function 
: ; 5 d s, etc. can- 
not be obtained or studied by this technique. (ear 


(iv) In this method, we compare the powers of the fundame: i- 
ties (like M, L, T, etc.) to obtain a number of independent SR e ie 
finding the unknown powers. Since the total number of such equations can- 
not exceed the number of fundamental quantities, we cannot use this 
metl.od to obtain the required relation if the quantity of interest depends 
upon more parameters than the number of fundamental quantities used. 

(v) In many problems, it is difficult to guess the parameters on which the 


rid of interest may depend. This requires a trained, subtle and intuitive 
ind. 
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1.2 SI UNITS OF DERIVED QUANTITIES 
Table 1.2 gives the SI units of some derived physical quantities. 


Table 1.2 SI Units of Some Derived Physical Quantities 


Physical Quantity Name of SI Unit Symbol 
Force newton N 
Work, Energy joule J 
Power watt w 
Frequency hertz Hz 
Electric charge coulomb C 
Electric potential volt V 
Electric capacitance farad F 
Electric resistance ohm Q 
Magnetic flux weber Wb 
Magnetic flux density tesla T 
Inductance henry H 
Illumination lux Ix 
Luminous flux lumen Im 
Quantity of heat joule J 
Velocity metre per second ms^! 
Acceleration metre per second squared ms ^? 
Pressure newton per square metre Nm^ 
Moment of inertia kilogram metre squared kgm? 
Momentum kilogram metre per second kg ms? 
Surface tension newton per metre Nm 
Elastic modulii newton per square metre Nm“? 
Specific heat capacity joule per kilogram kelvin Jkg? K^" 
Specific latent heat joule per kilogram Jkg^ 
Thermal conductivity watt per metre kelvin W m~! K~! 
Quantity of light lumen second Im s 
Luminance candela per square metre cd m7? 
Sound intensity watt per square metre Wm? 
Absolute permeability henry per metre Hm 
Magnetic field strength ampere per metre Am 
Magnetic vector potential weber per metre Wb m7 
Intensity of magnetisation ampere per metre Am? 
Magnetic energy density joule per cubic metre Jm^ 
Reluctance ampere per weber A Wb^! 
Absolute permittivity farad per metre F m-! 
Electric dipole moment coulomb metre Cm 
Electric field intensity volt per metre Vm" 
Electric polarisation - coulomb per square metre Cm? 
Electrochemical equivalent kilogram per coulomb kg C^! 
Poynting vector watt per metre squared W m^? 


1.3 FORMULAE 


Table 1.3 gives the dimensional formulae of some important derived physi- 
cal quantities. 
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Table 1.3 Dimensional formulae of some Physical Quantities 


Physical Dimensional Physical Dimensional 

Quantity Formula Quantity Formula 
Area £ Capacitance MOP DT 
Volume E? Electric current IlorQT^ 
Density ML? Electric poten tial MT? Ort 
Velocity EEF On MIEST-* f^! 
Acceleration ETA Electric field MLT Q 
Momentum MET or. M;L Tz? 4-* 
Force MLT^* Inductance NEE Or * 
Energy, work MLIT: er MESTESI- 
Power NET Resistance MLT Q~ 
Frequency d xs or MELITA: 
Pressure M L- T~? Magnetic flux ML? T" Q~ 
Torque, couple M L? T-? On NOG? TI 7 
Moment of inertia M L? Magnetic field Mag dan 
Temperature K On cho 
Heat energy ML*T-* Magnetic induction MERSO- 
Entropy ML*T?K" or MT- 
Specific heat capacity L? T~? KT Permeability MLO- 
Specific latent heat EERS or ML T^? J^? 
Thermal conductivity MLT^K-^! Permittivity MELETT Q: 
Electric charge Q or IT (2) NES STA I^ 

1.44 NUMERICAL EXAMPLES 


Example 1: Given that 1 pound — 0.4536 kg and 1 foot — 0.3048 m prove 
by the method of dimensions that 1 HP = 746 W. You are given that 


l| HP = 550 


ft-pound/s — 550 x 32 ft-poundal/s. 


Solution: The HP (horse power) is a unit of power whose primary unit in 
the FPS system (foot-pound-second system) is ft-poundal/s. We are required 
to convert this unit to the SI unit of power, the watt. 


Now the dimensions of 


for the units 


ie. 


or 


x 


Thus 


power are M L?T?, Let Mi, Li and Ti stand 


of mass, length and time in the SI and let M,, L, and T, re- 
present the corresponding units in the FPS system. 


We assume that 


1HP = x watt 


550 x 32 ft-poundal/s = x watt 
550x32 M; L? T7? = x Mi L2 T7? 


M2\/L,\2/T2\73 
s x so (Sero) (m5) 
x 32 Mi AL) Vr, 
550 x 32 (ER 5 (93048 m 
1 kg 1m 


= 550 x 32 x 0.4536 x (0.3048)? 
= 746 


| HP = 746 W 


X 


1s 
ls 


y 
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Example 2: Ifthe velocity of light (c), the constant of gravitation (G) and 
Planck’s constant (4) be chosen as the fundamental units, find the dimen- 
sions of mass, length and time in the new system. 


Solution: We first need to know the dimensions of c, G and 4 in terms of 
M, L and T. 


c = velocity of light = LT"! 


Also from Newton’s law: 


p-gUm 
y 
[G] = AF][r7] _ [MLT-7] x [L2] 
[m] [mz] [M] x [M] 
= (M7! L? "qul 
Finally, we know that the energy E of a photon of frequency v is given by 
E-—h»* 


[n] = [E] _ [MLT ?] 
b] m] 
= [MET]. 
Thus LT! = c, M! L? T? = Gand ML?T = h. From these 
we have Gesu Tt 
h|(G/c) = M? 
: M = ci 42 g-u2 
Using this value of M we have 
LT = h/M = cg gu 
and ET 
p cue 
Using this value of L along with LT^! = c, we get 
T = c 52 hli? Gin 
Example 3: An apprentice engineer found that the volume V of water 
which passes any point of a canal during time ¢ is related to the cross-sec- 


tional area A of the canal and the velocity u of the water by the relation 
V=kAtuwherek isa dimensionless constant. Test by the method of 


dimensions if the relation is correct. 


Solution: We are given that 
Vie=kATu 
The dimensions of the LHS are [V] = [L’] 
The dimensions of the RHS are 
[4] E] [v] = [L?] [T] [ELT] 
= [L] 
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Since the dimensions of the two sides are the same, the given relation is 
dimensionally correct. 


Example 4: By the method of dimensions, show that the energy per unit 
volume is equal to the pressure. 


Solution: We know that the dimensions of energy, volume and pressure 
are respectively: 


[energy] = (M L? T7?] 
[Volume] = [L3] 
[Pressure] = [force]/[area] = [M_L T-2]/[Z?] 


= [MI T 
[Energy]. _ [M ats?) uox -1T-2 
Also fvolumel 7 [L] —Miz-T 


Thus it follows that dimensionally, energy per unit volume is equal to 
pressure. 


Example 5: Show dimensionally that the frequency n of transverse waves 
in a string of length / and mass per unit length m under a tension T is given 
by 


Solution: We are given that 
He eek m) 
We assume that 
Ie Tan? 


where kis a dimensionless constant and a, b and c are unknown powers to 
be determined. Writing the dimensions of all the quantities involv- 


ed, we have 
[T7] = (L [M L TP [M_L] 
Or T^ = Lathe pote T-25 
Equating powers of L, M and T on both sides, we have 
a+b—c=0 
bt+e=0 
—%=-1 
These give b = 1/2, c = — 1/2 anda = — 1 


n = k I! T! uw» 


=+ 
lm 
This is the required relation, 


Example 6: Assumin 


6: As g that the mass m of the largest stone that can be moved 
by a flowing river de 


pends upon the velocity v of water, its density p and 
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acceleration due to gravity g, show that m varies as the sixth power of the 
velocity of water in the river. 


Solution: We are given that 


m = flv, p, g) 
We assume that 


m = k v ph gt 


where kis a dimensionless constant and a, b and c are unknown powers 
to be determined. Substituting the dimensions of all the quantities 
involved, we have 


[M] = [LT-'* [M L} [LT] 


Equating powers of M, L and T on both sides, we have 


1=6 

0=a-—3b+c 

0 = —a — 2c 

c = — a/2, so that 

0—a—3x1-—u[2 
or 0=a/2 —3 

a=6 and c= —3 
Thus m=kv’pg? = Ee 


or m x 16, i.e. the mass of the largest stone moved is proportional to the 
sixth power of the velocity of water in the river. 


Example 7: Given that the time period T of oscillation of a gas bubble 
from an explosion under water depends upon P, d and E where P is the sta- 
tic pressure, d the density of water and E is the total energy of explosion, 
find dimensionally a relation for T. (IIT 1981) 


Solution: We are given that 
Li =f (Py deb) 


Assuming that T = k P" d? E* and substituting dimensions of all the quan- 
tities involved, we have 


SME ATA pU v d AMEE Cd 
Equating powers of M, L and T on both sides, we have 
a+b4-c=0 
—a—3b+2¢=0 
— 2a— 2c — 1 
Solving these equations, we get 
a= — 5/6, b = 1/2 and c = 1/3 
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T = k P-5i6 il pii 
VaVE 
M PS 


This is the required relation for T. 


or T= k( 


Example 8: Experiments show that the frequency (m) of a tuning tork 
depends upon the length (/) of the prong, the density (4) and the Young's 
modulus (Y) of its material. From dimensional considerations, find a possi- 
ble relation for the frequency of a tuning fork. 


Solution: We are given that 
n — f (lI, d, Y) 

Assuming that 
nic kp dy 

and substituting dimensions of all the quantities involved, we have 
[T-*] = [LI IM LP [M L7! TF 


Equating powers of M, L and T on both sides, we have 


b+c=0 
a—3b—c=0 
—2¢=-— 1 
These give c = 1/2,b = — 1/2 and a= — 1 


meae odisti? 


S mw 
or eae d 


This is the required relation for the frequency of a tuning fork. 


Example 9: It is known that the period T of a magnet of magnetic mo- 
ment M vibrating in a uniform magnetic field of intensity H depends upon 


M, H and J where J is the moment of inertia of the magnet about its axis of 
oscillations. Show that 


AR 
T= 20 | ME 


Solution: We first note that the dimensions of J are M L2. Also the magne- 
tic moment has the units A-m? so thatits dimensions can be written as 
A L? where A stands for the dimensions of the electric. current. Finally the 


magnetic field intensity H has the units newton per ampere metre so that 
its dimensions can be written as 


[H] = IM L T?]J/[4] LL] = [M T? 47] 
We now assume that 
T =k M’? He 
Substituting dimensions of all the quantities involved, we have 
[T] = [M L?F [4 E?) [M T? 471: 
= Mate L2c25 T? Ao-e 
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Equating powers of M, L and T and 4 on both sides, we have a + c = 0, 
2(a + b) = 0, — 2c = 1, b — c = 0. From the first three, we get c = 
— 1/2, a = 1/2and b = — 1/2, 


These values are consistent with the fourth equation. Thus 
a= 1/2,b= — 1/2 and c= —1/2 
T = k [2 M~"? H-V? = k ATIMH 


Experiments show that k = 27. Therefore 


i I 

aean MH 

Example 10: The height h to which a liquid rises in a capillary tube of 
radius r depends, in addition to r, on (i) the surface tension c of the liquid, 
(ii) the density p of the liquid and (iii) the acceleration due to gravity g. Is 


it possible to obtain dimensionally a relation for h without the experimental 
information that h is inversely proportional to 7? What is this relation? 


Solution: We are given that 

h = f (r, % p, 8) 
Let fecu RTT 
Substituting the dimensions of all the quantities on both sides, we get 

[L] = [LY [M T7 [M LT (L T? 
Equating powers of M, L ana T, we have 

b c0 
a—3c+d=1 
— 2b —2d — 0 


We thus have only three equations for determining four unknowns. A com- 
plete solution is, therefore, not possible. We do need information about 
the value of one of the four unknowns a, b, c, and d. 


The experimental information given to us is 
he Yr 
$ 
The power of r in the required relation is, therefore, — 1. Hence 
=—] 


Using this value of a we have 


b+c=0 
d—3c—2 
b -d= 
whence b=1,c=—1 and d—-—1. 
k 
Thus h=kro a! p! gia ie 


which is the required relation. 
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1.5 


TRUE-FALSE STATEMENTS WITH REASONS 


In this section, we give below some statements. We have to decide whether they are 
true or false giving the rcason in brief in support of our answer. 


The size (u) of the unit of a pliysical quantity and its numerical magnitude () are 
related to cach other by the relation 


n u = constant 
There is no way of defining a length standard in terms of a time standard and 
vice-versa. 
On a logarithmic scale, the radius of the earth (6.4 x 10* m) is approximately 


half-way betweer. the radius of the nucleus (~~ 107* m) and the radius of the 
observable universe (~ 10% m). 

All the following pairs of quantities have identical dimensions: 

(a) Work and torque 

(b) Planck's constant and angular momentum 

(c) Pressure and Young's modulus 

(d) Linear momentum and moment of a force 


The universal gas constant A, occurring in the equation of state 
PV = nRT 

for n moles of an ideal gas, is a dimensional constant. 

The relation 


BE EVA A 
E 


is dimensionally permissible. Here pis the pressure difference at the ends ofa 
capillary tube of radius r and length / through which a volume V of a liquid of 
coefficient of viscosity » is flowing per second. 


The constant a in the Van der Waal equation of state for a real gas 


(P+ y.) (V—5) = RT 


must have the dimensions of pressure multiplied by the sixth power of the dimen- 
sions of length. 


- A pressure of 10° dyne cm? is equivalent to 10° N/m?, 
- The quantity 1/4/ 5, e 


has the same dimensions as those of acceleration. 


- Out of (i) acceleration due to gravity, (ii) the surface tension of water, (iii) the 


weight of a standard Kilogram mass and (iv) the velocity of light in vacuum, only 
the last one qualifies to be called a dimensional constant. 


ANSWERS 


1. 


True. The numerical magnitude (7) assigned to a given physical quantity is inver- 
sely proportional to the size (u) of the unit chosen, i.e. 


n x lu 
or n u = constant 


False, We can, for example, define a standard length as the length of a pendulum 
having a time period equal to the standard of time chosen. 
True. The logarithms of 10715 and 1075 
midpoint is 
215425 
2 


are — 15 and 26 respectively so that their 


= 5,5 = 6 


Also the logarithm of the radius of the earth is of the order of 6. 


10. 
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. False. The first three pairs have identical dimensions but the last pair, namely, 


linear momentum = (M L T^!) and moment of a force = [M L? T7] have diffe- 
rent dimensions. 


. False. R is not dimensionless; its dimensions are [M L* T~* K^']. 
. True. The dimensions of the LHS are [M L~ T-*] while those of the RHS are 


bec | sn tase. K< a yai 
p= T at x L'T or [ML T- 


. True. The quantity a/V* must have the dimensions of pressure as it is being added 


to pressure. The dimensions of a are, therefore, those of pressure multiplied by 
(L*)*, i.e. the sixth power of the dimensions of length. 


. True. 


1 dyne = 107* N and 1 cm = 107? m. Hence 
10* dyne/cm? = 10 N/107* m* 
= 10° N/m? 


. False. The units of 1 (absolute permeability of vacuum) and «o (absolute permitti- 


vity of vacuum) are henry per metre and farad per metre respectively. The units of 
1/A/ no *, are then (m/v henry — farad). 


Hence the dimensions of this quantity are 
È 
Spr 
the same as those of velocity, not acceleration. 


L 
VT 


True. Out of the four dimensional quantities given, only the velocity of light in 
vacuum is invariable. 


MULTIPLE CHOICE QUESTIONS 


Select the best alternative in each of the following 


1. 


Out of the following the only one that is not a unit cf length is 


(a) angstrom (b) micron 
(c) parsec (d) radian 
. The unit of angular acceleration in the SI system is 
(a) N kg (b) m s^? 
(c) rad s~? (d) N m kg^* 


. Cesium clocks have an accuracy of one part in 10!!, Two such clocks operating at 


this accuracy for 5000 years will record a difference of 


(a) practically zero second (b) one minute 
(c) one second (d) one mean solar day 
. The dimensions M L7! T~? caa correspond to 
(a) moment of a force (b) surface tension 
(c) modulus of elasticity (d) coefficient of viscosity 


. A dimensionally consistent relation for the volume V ofa liquid of coefficient of 


viscosity 4 flowing per second through a tube of radius r and length / and having 
a pressure difference p across its end is 

(a)V-—mpr'8zrl b) V= rr liep rt 

(c) V = 8 p niin i (d) V = v p»/8 L r* 


. Out of the following the only pair that does not have identical dimensions is 


(a) angular momentum and Planck's constant 
(b) moment of inertia and moment of a force 
(c) work and torque 

(d) impulse and momentum 
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7. 


The SI unit of Stefan's constant is 
(a) W s? m^ K-* (b) Jsm^* K^* 
(b) J s> m~? K^* (d) W m-? K~ 


. The SI unit of magnetic permeability is 


(a) A m= 

(b) 4m 

(c) H m^ 

(d) No unit; it is a dimensionless number 


. The ratios L/R and RC (where L, C and R stand for inductance, capacitance and 


resistance respectively) have the same dimensions as those of 
(a) velocity (b) acceleration 
(c) time (d) force 


. The dimensions of electric susceptibility are 


(a) M° L-! T^ A 

(b) M° L7? T? A? 

(ML TA 

(d) no dimensions; it is a dimensionless number. 


NUMERICAL EXERCISES 


2 


. Show that the SI unit of torque is 10’ times its CGS unit. 
. Find the value of an impulse of500 dyne/sin a system based on the metre, the kilo- 


gram and the minute as fundamental units. 


- If the density of mercury at 0 °C (= 13.6 x 10* kg m7), the-acceleration due to 


gravity (= 9.81 m s~?) and the normal atmospheric pressure (= 1.01 x 105 N 
m™?) are taken as the fundamental units, what will be the units of mass, length 


and time? 


. The basic mass, length and time standards in two different systems of units are 


related by constant factors such that 
(velocity) v’= v 23/7 
(acceleration) a^ = a» r 
(force) F’ = Ffr À 
Find the relation between the mass, length and time standards of the two systems. 


- By the method of dimensions, test the correctness of the equation 


è = Mg l?/4 bd? Y 
where à is the depression produced in the middle of a beam of length /, breadth 
b and thickness d placed symmetrically on two knife edges at its ends and 
loaded in the middle by a mass M. Y stands for the Young's moduluy 
of the material of the beam. 


. Prove dimensionally that the retarding force Fon a spherical body of radius a 


moving with a velocity v in a viscous medium of coefficient of viscosity 7 is given 
by 
F=kano 


. The torsional constant + (i.c. couple per unit twist) of a wire depends on (i) its 


length l, (ii) its radius r and (iii) the modulus of rigidity n of its material. Obtain 
dimensionally a relation for the torsional constant. 


. A student gave the following formula for the time of oscillation t of a small drop 


of a liquid of radius r 
ek EVT r? 


where p and E refer to the density and surface tension of the liquid. Is this rela- 
tion dimensionally correct? If. not, deduce the correct relation assuming 
that t depends on these very factors. 
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9. Reynold's number Ng is known to be a dimensionless number that determines the 
conditions of steady or laminar flow of a viscous liquid through a pipe. Given that 
Ng depends on the density 9, the coefficient of viscosity y and the average speed 
v of the liquid as well as the radius r of the pipe, is it possible to obtain dimensio- 
nally a relation for Ng? Given the additional information that Ng 2 r, show that 


Ne =k 


+ 
10. The magnitude of the restoring torque 7 acting on an electric dipole of dipole 
moment p j kepti in uniform electric field E is found to depend on (i) the magni- 
tude of p pang E and (ii) sin @ where @ is the: angle a E p and F. Obtain 


dimensionally a relation for the magnitude obe V 


ANSWERS 
MULTIPLE CHOICE QUESTIONS 
1. (d) 2. (c) 
3. (c) 4. (c) 
5. (a) 6. (b) 
7. (a) 8. (c) 
9. (c) 10. (d) 


NUMERICAL EXERCISE 


2. 0.3 new units 
3. 1.20: x 10? kg, 0.757,m, 0.278 s 
4. — IMS EAS, m’ m[M 7? 


Ter =k qr4/2l 
8. No, =k Verio 
9, No 


10.7 = p Esin 8 
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Kinematics in One and 
Two Dimensions 


2.1 REVIEW OF BASIC CONCEPTS 


2.1.1 Particle An object of negligible mass is known as a particle. 


2.1.2 Motion When a body's position with respect to its immediate sur- 
roundings changes with time, it is said to be in motion. The concept of 
motion is a relative one and a body that may be in motion relative to one 
reference system, may be at rest relative to another. 


2.1.3 Reference Systems The motion of a particle is always described 
with respect to a reference system. A reference system is ‘made’ by taking 
an arbitrary point as origin and imagining a co-ordinate system to be atta- 
ched to it. This co-ordinate system chosen for a given problem constitutes 
the reference system for it. 


We generally choose a co-ordinate system attached to the earth as the 
reference system for most of the problems. 


2.1.4 Position Vector The position vector of a particle at any instant is 
the directed line segment drawn from the origin to its position in space at 
that instant. 


2.1.5 Trajectory The path or trajectory (rectilinear or Curved) of a par- 
ticle is the curve described by it as it moves in space with respect to a 
chosen reference system. We call the motion of a particle as rectilinear if 
its trajectory is a straight line, 


2.1.6 Displacement The displacement of a particle between two given 
time instants is a vector having a magnitude equal to the (shortest) distance 
moved by the particle between the two 

P, time instants. Itis given by the vector 

(t=t,) equal to the difference between jts position 
vectors at the ‘final’ and the ‘initial’ ins- 

tants. We usually denote it by s (Fig. 2 1). 


we 


2.1.7 Velocity The time rate of change 
F of the displacement vector of a particle 
(zt) gives its velocity (v). Thus 


KISAN 
Fig. 2.1 DET 
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The magnitude of the velocity vector gives the speed of the particle. 
Thus the velocity tells us about the speed and the direction of motion of a 
particle. 


2.1.8 Acceleration A particle is said to be accelerated if its velocity 
changes with time. The acceleration vector (a) equals the time rate of 
change of the velocity of the particle 


dt 
The magnitude of the acceleration vector equals the time rate of change 
of the speed of the particle. 


2.1.9 One-Dimensional Motion With Constant Acceleration A particle is 
said to be moving with a constant acceleration if its acceleration does not 
change with time. A particle moving along only one axis of a co-ordinate 
system with uniform acceleration is said to be having a one-dimensional 
motion with constant acceleration. 


Equations of Motion The equations of motion in one-dimension with con- 
stant acceleration are 

v= u -r at 

s = ut d dat? 


SG — W = 2as 


where u = initial velocity of the particle at t = 0 
v = final velocity of the particle after a time f 
a -= constant acceleration of the particle 
and 5 = distance moved by the particle in time r 
Kinematical Graphs The ‘displacement-time’ and the ‘velocity-time’ graphs 
of a particle are often used to provide us with a visual representation of 


the motion of the particle. The ‘shape’ of the graphs depends on the initial 
‘co-ordinates’ and the ‘nature’ of the acceleration of the particle (Fig. 212). 


c 
Velocity = 
Displacement 


[ 
Displacement 


Velocity — 


Time Time Time Time 


(a) (b) (c) (d) 


Fig. 2.2 Curves (a) and (c) represent motion with a constant speed 
u, Curves (b) and (d) represent motion with a uniform ac- 
celeration a starting with an initial speed u. 


The following general results are always valid 


(i) The slope of the displacement-time graph at any instant gives the 
speed of the particle at that instant. 
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(ii) The slope of the velocity-time graph at any instant gives the accele- 
ration of the particle at that instant. : 

(iii) The area enclosed by the velocity-time graph, the time-axis and the 
two ordinates at time instants /; and f, gives the distance moved by 
the particle in the time interval from 7, to tz. 


These results are just the equivalents of the mathematical relations: 


ds , _ dv 
T e mE. 


ta 
$n = | v dt 


n 


2.1.10 Relative Motion We know that the concepts of ‘rest’ and ‘motion’ 
are relative and the description of the motion of a particle depends on the 
reference system used. In the domain of Newtonian mechanics (i.e. where 
all speeds involved are much less than c, the speed of light in vacuum), 
we have a very simple transformation equation relating the results of 
observations of one observer with those of another when the reference sys- 
tems of the two observers are accelerated with respect to each other. Thus, 
for two observers O and O' (where O is moving with a constant speed v 
along the x-axis relative to O’), we have 


XX — Uf 
Moser 
zZ =z 

and . V=V'+0 


where (x, y, z) and (x’, y', z') are the co-ordinates of a particle with respect 
to the reference systems of observers O and O' (Fig. 2.3). 


` 


€) 


! 


-T----222---.--5 


Fig. 2.3 


2.1.11 Projectile Motion The 
object that is given an initial vel 
path determined by the gravitati 
al resistance of the air. The p 
trajectory. If the resistance of th 
projectile is quite complex. How 
and assume that motion takes p 


projectile is a general name Biven to an 
ocity and which subsequently follows a 
onal force acting on it and by the friction- 
ath followed by a projectile is called its 
€ air is not negligible, the trajectory of a 
ever, we usually neglect the air resistance 
lace in empty space. 
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Equations of Projectile Motion The general case of projectile motion cor- 
responds to that of an object that has been given an initial velocity vo, at 
some angle 0 above (or below) the horizontal. The horizontal and vertical 
displacements x and y are given by 


x = (vo cos 0) t 
and y = (vo sin 0) t — 1/2 gi? 
The equation of the trajectory of the projectile is obtained by eliminating 
t from these equations 
y = (tan 0) x — Ee xa 
2 (vo cos 4)? 
This being the equation of a parabola, the trajectory of a projectile is a 
parabolic cury2. 
Time of Flight The time taken by a projectile to return to its initial 
elevation after projection is known as its time of flight (T). It is given by 
US 2 v, sin 0 
g 


Horizontal Range The horizontal displacement undergone by a projectile 
when it returns to its initial elevation is called its horizontal range (A). 


T 


ve sin 2 0 
& 
For a given angle of elevation, the horizontal range is proportional to the 


square of the initial velocity. Also, in the absence of air resistance, the 
maximum horizontal range is attained with an angle of elevation of 45° 


R= 


Maximum Height The maximum height h of a projectile is reached at a 
time when its vertical velocity component has decreased to zero. 


— vw sin? o 
28 
2.2 SI UNITS 
Table 2.1 
2.01 y jc dll api etus ydus hoc ur E es 
Physical Quantity SI Unit 
Name Symbol 
eT a ir de e TRUE 
Displacement metre m 
Velocity, speed metre per second ms! 
Acceleration metre per second ms-^? 
squared 


2.3 FORMULAE 
ds dv 
l. on? a= Tt 
s = displacement, v = velocity, a — acceleration 


2. The equations of motion in one-dimension with constant acceleration 
are (the symbols have their usual meaning) 
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v=u-+at 
s-—ut--12ar? 
i — w = 2a s 


fo 
Also Sh >h = | v dt 
t 
3. The horizontal and vertical displacements x and y of a projectile at 
a time t are 


X = (vo cos 0) t 

y = (vo sin 0) t — 1/2 gt? 
where : = initial velocity and @ = angle of projection 
Equation of trajectory 

y — (tan 0) x — ECTS xe 
Time of flight 


sin 0 
p 22 8in f 


Horizontal range 


z sin 2 0 


g 
$5 


Due 


Maximum height 
Ms i» sin? 0 
2g 


2.4 NUMERICAL EXAMPLES 


Example 1: A steel sphere is held by an electromagnet and when the cur- 
rent is switched off, it sets ‘on’ a stroboscopic photography timing set-up. 
It is found that the steel sphere, starting from rest, takes 450 millisecond 
to fall through one metre. What value does this give to the acceleration 
due to gravity? How far does the sphere fall in the first 200 millisecond ? 


Solution: Let ‘g’ be the value of the acceleration due to gravity. We are 
given that the steel sphere falls 1 m, from rest, in 450 millisecond: . Thus 


w= 0, a=g, t = 450 X.10% 5. and s=1m 


Using s=ut + tat? 
we have lm=0x t+ $g x (450 x 107% s)? 
; * ; a 
g= (0:450)? ™S 
= 9.876 ms? 


The distance moved in the first 200 millisecond | is 
s=0 x 0.200 + 1 x 9.876 X (0.200)? m 
= 0.1975 m 


Example 2: A stone is dropped from the top of a tall cliff and ‘n’ second 
later another stone is thrown vertically downwards with a velocity of ‘w 
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a How far below the top of the cliff will the second stone overtake the 
rst! 


Solution: The second stone will ‘catch up’ with the first stone when the 
distance covered by it in (t — n) second will equal the distance covered by 
the first stone in fsecond . 


Now distance covered by the first stone in f second = 1g/?and distance 
covered by the second stone in (t — n) second 


—u(t—m-4kg(t—ny 
3g? —u(r— n + 3g — n 
or igi? —(t— ny] = «6 n) 


or ig[Qr— nn] = u(t — n) 
OF gnt — 4 gr = ut — un 
Qr t(gn — u) = (gn —:)n 
_ n(k gn — v) 
y T CEA S d 
The distance covered by the first stone in this time is 
È n gn — Tr 
h=}gP=t8 (gn — u) 


Thus the second stone will overtake the first à distance 


ig l (E y 2 
(gn — u) 


below the top of the cliff. 


Example 3: A smooth frictionless track PQ making an angle 0 with the 
vertical is made between the highest point P and any other point Q ofa 
vertical circle of radius R. Assuming a particle to start from P with a 
velocity u, calculate the time taken by it to reach Q. What happens if u = 
0? 


Solution: If we drop a perpendicular ON 
from O on PQ, 


PN 
Bek t PN 
we have OP cos 0 so tha 


= a cos 0 


The length of the track PQ is, there- 
fore, 2a cos 0. Also the acceleration of the 
particle down the track is g cos 0. If ¢ is 
the time taken by the particle to go down 
the track, we have 

2a cos 0 = ut + & (g cos 9) 1 
g cos 0 1? + 2ut — 4a cos 0 = 0 
Tae 
— 2u + 4b + 16 ag cos? 
2gcos0 - 
-u SAT d or cost 
g cos 0 
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Neglecting the —ve sign, the required time taken by the particle to go 
down the track is 


aoc p Na? + 4 ag cos 78 


g cos 8 
4/4 ag cos? 0 a 
If pinza aaah ug d 3777 Cd t 


This is independent of 6, i.e. the position of the point Q. Thus the time 
taken by a particle to slide down a frictionless track originating from the 
highest point of a vertical circle is independent of the ‘chord’ followed. 


Example 4: A man runs at a speed of 4 m/s to overtake a standing bus. 
When he is 6 m behind the door (at t = 0), the bus moves forward and 
continues with a constant acceleration of 1.2 m/s?. How long does it take 
for the man to ‘get to’ the door? If he was initially 10 m behind the door, 
can he catch the bus? 


Solution: Let the man take / s to get at the door. The distance moved by 
the man in t s should therefore be 6 m more than the distance moved by 
the bus in the same time. 


Now distance moved by the man in ‘z’ second == 4 ¢ and distance mov- 
ed by the bus in ‘r?’ second. = 0 + 3 x 1.2 x 2 — 0.6: 
d 4t —6-4-0.6n 
or 61? — 40t + 60 = 0 
40 + V/1600 — 1440 
or t a 
12 
_ 40 + V/160 
= E: 


4387s or 2.27s 
The man will therefore get to the door after 2.27 s. 


If the man was initially 10 m behind the door, the required equation for 
finding ‘t’ would be 


4t = 10 + 0.6 ° 


or 6t? —- 40t + 100 = 0 
A ; AQUMOSENP L — 2400 


This being a complex number, it means that the man cannot get to the 
door in this case. 


It is easy to see that the ‘maximum distance’ from which the man can 
get to the door in this case is nearly 6.67 m. 


Example 5: From the top of a tower of height 50 m, a ball is thrown ver- 
tically upwards with a certain velocity. It hits the ground 10.s after it is 
thrown up. With what velocity is the ball projected? How much time does 


it take to cover a distance AB where 4 and B aretwo points 20 m and 35 
m below the edge of the tower? 


Solution: We take the upward direction as positive. If u is th locit 
with which the ball is projected upwards, Wédave Sul 
initial velocity of the ball = -+ u 


x 
\ 


A 
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(uniform) acceleration acting on the ball = — g = — 9.8 m/s?; distance to 
be mud by the ball before it hits the ground = — 50m and time taken 
=OS 
Using s = ut + 3 a, we have 
— 50 =u x 10 + }(— 9.8) 107 
490 — 
u = 2e ms = 44ms! 


Now calling ¢;, and ż, as the times taken by the ball to reach points A 
and B, we have 


— 20 = 441, + 1 (— 9.8) f 
— 35 = 44 t5 + 3 (— 9.8) tà 
Solving for t, and £;, we get 


442 . 
N^ ERINA LAXDX4? 2945 


se ee 
NELLE: 4/44 X35 X49 975 


ty 


Time taken to cover the distance AB 
= (9.7 — 9.4) s 
= 0.35 


Example 6: In an experimental demonstration of the concept of terminal 
velocity, a small steel ball is dropped from a height of 0.5 m into a tall 
glycerine jar. It bits the glycerine with a certain velocity and then sinks to 
the bottom with the same constant velocity. It reaches the bottom 0.5s after 
it is dropped. What is the height of glycerine in the jar? What is the average 
velocity of the ball over the whole journey? 


Solution: The 'terminal velocity" acquired bythe ball as a result of its 
‘freefall’ through 0.5 m is given by 


22125102 /5:000510:8 15€ 015 


or y= V9.8 ms! 
= 3.13 ms? 
Also the time taken by the ball to make this ‘fall’ is given by 
v=0498¢t 
or wits Sade 
9.8 9. 
= 0.325 


Let ‘h’ be the height of glycerine in the jar. The time taken by the ball 
to reach the bottom is then 


h h 
RARE 
h 
I 132: 2 [5 
we thus have 313 3E 0:32 
h = 0.18 x 313m S 0.56 m 


pL 
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Thus the height of glycerine in the jar is nearly 0.56m. Now, 
Total distance covered 
Total time taken 


0.5 0.56 
= we ms" = 2.12 ms! 


Average velocity — 


Example 7: A ball of mass 100 g is projected vertically upwards from the 
ground with a velocity of 49 m/s At the same time another identical ball 
is dropped from a height of 98 m to fall freely along the same path as 
followed by the first ball. After sometime, the two balls collide and stick 
together and finally fall together. Find the time of flight of the masses. 

(IIT 1985) 


Solution: We. first find when and where the two balls collide. Let them 
collide at an instant 7 seconds after they start their respective motion. 


Seeds the two balls are at the same height above the ground at this 
instant. 


The height of the first ball after ¢ seconds 
= 49 t — 4 X 9.8 £? = 4.9 t (10 — rt) 
| Also the height of the second ball after 1 seconds 
= 98 — downward distance moved by 


it in 7 seconds 
-—98—3x98 -2= 4.9 (20 — 1f?) 


4.9 t (10 — t) = 4.9 (20 — 1?) 
m Or 101—20220— 2? 
or 1--2s 
The balls thus collide two seconds after the start 
of their motion. Their velocities at this instant are 
| -8 First ball: vı = (49 — 9.8 x 2) m/s 
tz2s = 29.4 m/s directed upwards 
Second ball: v = (0 + 9.8 x 2) m/s 
= 19.6 m/s directed downwards 
If V is the velocity of the combined mass of the two balls after they 
stick together following their collision, we have, by principle of conserva- 
tion of momentum, 
200 x V = 100 x 29.4 — 100 x 19.6 
i V = 4.9 m/s 
The ‘combined mass’ thus moves upward, after collision, with a velocity 


of 4.9 m/s. Its height above the ground at this instant is (considering the 
position of either of the two balls before collision) 


(98 — 4 x 9.8 x 2) m = (98 — 19.6) m = 78.4m 


We can now find the time ¢’ taken by the ‘combined mass’ of the two 
balls to fall to ground. We have for this ‘combined mass’ 


u = 4.9 m/s, s = — 78.4 m 

a = — g = — 9,8 m/s? 
d — 78.4 = 49 t' + $(— 9.8) t? 
or 1? — 1 — 1620 


98m 
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us (LEVEE _ 1 8.00 


= 4,53 s (leaving out the negative solution) 


The ‘combined mass’ thus takes 4.53 s to fall to the ground. Since the 
balls collided 2 s after they started their motion, their total time of flight 
is 

(2 + 4.53) s = 6.53 s 
Example 8: A stone is dropped from the top of a cliff of height H. n 
seconds later, a second stone is projected downwards from the same cliff 
with a vertically downward velocity u. Show that the two stones will reach 
the bottom of the cliff together if 
8 H (u — gn}? = gr? Qu — gny 
What can you say about the limiting value of ‘n’? 


Solution: The time taken by the first stone to reach the bottom of the 
cliff is V 2H]g 
Since the second stone is projected ‘w seconds later, it must cover the 


same distance in a time ( ni rz — n). We thus have 


Z | + gee al 
H = Sua = ——n 
UL mtl g 
za] e or JE 
7E -m+zg|¥ +n 2n z 
er 2H ge ) 
= (u en) | + (n 5 un 
2H n 
or (u — gn) B css (2u — gn) 
AY E zu (2u — gn) 
££. 2X9 2m 
2H ur e — ey 
or — = (—— 
g 4 u — gn 
: gm (2u — gn 
9 EUR (==) 
or 8H (u — gn)? = gn? (2u — gn) 


The two stones thus reach the bottom together if 
8H (u — gn)? = gn? Qu — gn) 
Since the second stone has to reach the bottom in a time 


( zi ) 
— —n 
g 

we must have n < / zi 


Thus the limiting value of n is if zi 
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Example 9: At time ż = 0, the driver of a train moving at a speed ci 
sights another train at a distance x ahead of him moving at a speed v (v; 
< vj). He immediately applies brakes that give his train a constant retar- 
dation a. What must be the critical value of x that will just avert a 
collision? 


Solution: We first calculate the time t in which the speed of the first train 
moving at an initial speed v, and having a constant retardation a is slowed 
down to a value v2, the speed of the second train. We have 


VU — U2 


ay = 0, - ut^ obf a 


We next calculate the distances moved by the two trains in this time. A 
collision would be just averted if the first train covers a distance that is 


just x more than the distance moved by the second train in this time. We 
have, 


Distance moved by the first train in time t (- g ps 2) 


=u t— tat? 


LANG 
=» (5) -da(* z 2) 
E ("=") [s EET - 2] 
-(5 — v (a ae 2) Lii 
a 2 2a 


4 . " muU 
Distance moved by the second train in time ¢ (- um) 


= 02 t 


I 
e 
t 
TS 
= 
3r 
S 
— 


Thus a collision is just averted if 
zu ot Ln 3 vz (v1 — v) 
X om X — a 
2a a 
Uu — 02 
CES ey 


At (2 = 2) Gee 


ca (a, — v) 


2a 


This is the required critical separation. 


Example 10: A car, starting from rest, first moves with an acceleration of 
5 ms ^ for some time and then, after moving with a uniform speed for 
some time, starts decelerating at the same rate to come to rest in a total 
time of 25 s. If the average velocity of the car over the whole journey is 20 
ms, for how long does it move with a uniform speed? 


| 
| 
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Solution: It is clear that the times taken during the first and the third parts 
of the journey must be the same. Let each of these times be tj. Also let t; 
be the time for which the car moves with a uniform speed. We then have 


5-4 15225s or 2=25 — 2t 
The speed v at the end of the first part of the journey is given by 
v=0+5Xt = St 
The distance moved during this part is 
+x 5x4 
12:5 ff 
This is also the distance moved during the last part of the journey. The 


distance moved during the second part when the car is moving witha 
uniform speed v for a time f; is v t». This equals 


(51) t; or 5t t 
The total distance moved is thus 

2.512 + 5t, h + 2.51] 
or St, (t + th) 


; , t t 
The average speed over the whole journey is, therefore, p o 


Hence a + = 20 
or t? + tı (25 — 2t) — 100 = 0 
or — 14258 — 100=0 


or (t — 20) (t — 5) = 0 
i t 20s or 4 =5s 


The solution t = 20 s is unacceptable as that would make the total time of 
the journey exceed 25 s. Hence 


t--5s 
It follows then that 
ty = (25 —2 x 5)s 
= 15:8 
Thus the car moves with a uniform speed for 15 second . 


Example 11: Two mirrors, mounted vertically, are made to move towards 
each other with a speed v ms! each. A ‘particle’ that can bounce back 
between the two mirrors starts from one mirror when the mirrors are d 
metres apart. On reaching the second mirror, it bounces back and so on. 
If the ‘particle’ keeps on travelling at a constant speed of 3» ms Bi how 
many ‘trips’ can it make before the mirrors run into each other? What 


total distance does it cover? 


Solution: The initial positions of the two mirrors are at Mi and M; that 
are a distance ‘d’ apart. Since the speed of the particle is 3 times that of 
the mirrors, the particle will reach the second mirror at ‘A’ which is 3/4th 
the original distance of separation, i.e. 3/4 d. In this time the mirror Mi 
will have also reached B such that M; B = 1 
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e- — © 9——————9—9 —9 ———9 
M 6 Cf £0 A M} 
Fig. 26 


During the second trip, the particle will move from A to B. (AB = d)2) 
and will reach M, at C where AC = 3/4 AB = 3442 = 3/8 d. In this 
i Sa nisse opu A) will have moved to D such that AD = 

/4 AB = 1j - 

For the third trip, the distance of separatiog of the mirrors is CD (CD 
= di2 — 1/8 d — 1/8 d = d4). The particle now starts from C towards D 


and will reach the second mirror after a distance 3/4 CD = 316 
4L 1 dh Fas fho Bot miror TA to F such that CF = } CD 
s MI6 d. 


For the fourth trip, the distance of separation of the mirrors will be £F 
where EF = d/4 — 2/16 d = d/8. Since this process can continue indefini- 
tely, the particle caa make an infinite number of trips before the mirrors 
run into each other. 

The distances moved by the particle in the successive trips are 3/4 d, 
PE rr rure o pode e a " j " 

3 3 3 
-i.l*i^*ijg4*-.- 


SZ PII 
152 
-zdj 


=}dx2— 34 
-15d 

Example 12 Two particles are initially located at points A and B a dis- 

tance d apart. They start moving at time £ = O such that the velocity m 

of B is always along the horizontal direction and the velocity z of A is con- 

tinually aimed at B. Att = O, u L ». When will the two particles meet ? 


Solution Let the particles meet at some time T. The conditions of the two 
particles at / = 0 and r = T are as shown in Fig. 2.7 (a) and (b). m 


u cos 8 

4BT —*u f[7------.--- u 
i ! of 
' ' Mr usin 8 
d i E 
$ $c Aut 
i ' 
H UA : 
4 [3 l 
* 

1:0 tet 


(a) tb? 
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Reoolieg V into two compostets v cos # asd w sin # along and perpendi- 

cular to the direction of v, we find that the relative velocity of approach of 

A towards Bis (o — u cos f). The particles A and A will meet after a time 

Tif z 
Í (e — u cos f) di = d 
7 

and Í econ 8 dt aT 

The first of these two equations gives 


Li 
t r-»[ cos 8 di = d 
while the second equation gives 


f cos 8 di MT 


Substituting this value of f cos Ò di, we get 


T- MS 
e 
ot (3 —#)Teed 
óc T- ed 
ee) 


This is the time after which the particles will mect. 


Example 13: A particle located at x » Oat times = 0 starts moving. 
along the positive x direction with a Sar oe win Mec eyx 
How do the velocity and acceleration of the particle vary with time? What 
is the average velocity of the particle over the first s metres of its path? 


Solution: We know that the instantaneous velocity of the particle is given by 


Jas 


dt 
Since Pe a we have 
a =a y or Fe a 
EM = 0 (x = Q) to f = r (x = x), we have 
i. x72 dx =a f! dt 


LJ 
i 
ze —| = «af 
l 
or X= — 


The time dependence of the vel: isobtained by differentiating both 
sides of this relation w.r.t. n 
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The velocity x of the particle is thus increasing in direct proportion to 
time. 

Similarly the time dependence of acceleration is obtained by differentiat- 
ing both sides of this relation w.r.t. ‘t’. Thus 
dv # 
AEA 
The particle is thus moving with a constant acceleration. 

To find the average velocity over the first s metre, we assune that the 
time taken to cover this distance is 7. Using 


x = a? 12/4 


gE 


we get 


The average velocity v,, (= 5/7) is, therefore 
ros 
vay = (vs ) 


Example 14: A particle having a velocity v = vp at £ = 0 is decelerated at 
a rate 


jal = « Av 


where « is a pee constant. After what time and after covering what 
distance-will the particle be brought to rest? 


Solution: Remembering that a = = we have 


MA on /? qiu a dt 


Let v = vat t = t. Also since v = ro at t = 0, we have 
‘ 


if yl dy = -«| dt 
% 


0 


or 2 (9? — 2 = — at 
Let the particle come to rest at / = 7. Then at t = T,U0 = 0. 
3 —20!? = — ar 
or T= 2V% 
a 


This is the time taken by the particle to come to rest. To find the distance 
s covered in this time, we note that 


2 (v'? — 42 = at 
or pM Ia dat 
ds 
But ae rr We thus have 
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Noting that at / = 0, s = 0 and att = 7, s = s, we have 


E dst in (nj? — b x di 
0 


s=0 


2 235 de pem 
Thus s=twt+ 4 z = ue 72 
But T= 24/ vola 
s = 20? 1 2 80? a Vin 4% 
x 12 a3 2 at 
| 2? 2 d^ 2^ 
Br. 3 « seti 


= 2/3 (vi? |) 
Thus the particle comes to rest after a time 2 vl/2/a after covering a dis- 
tance 2/3 (082/2). 


Example 15: Two particles A and B start from the same high point O at 
t =Q in opposite directions with horizontal velocities of 3 m s^! and 
4 m s^! respectively. If they experience the same uniform vertical accelera- 
tion of 9.8 m s? (due to earth's gravitational field), how far apart are the 
particles when their velocity vectors become mutually perpendicular? 


Solution: Let the velocity vectors of the two particles become perpendi- 
cular at time ¢ = 7. The paths of the particles are parabolic under the 
combined influence of their constant horizontal and uniformly accelerated 
vertical velocities. 

From Fig. 2.8(b) it follows that 


Z so that 


% + € — 


sin («, + a3) = sin 5 =1 


or sin 4, COS % + cos æ; sin % = 1 
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But from Fig. 2.8(c), we have 


RI CUN: dies deco 
M MEME Oe TO ghee e 
gt 4 

SIN x» = 


Vert ie 409—481 + 16 
We thus have 


4 gt du: pant Sigt Cum 
VEP IVE C416 Ver + 6g +o | 
or 4gt -- 3gt — gi? 4-9 Ver + 16 
or 49 g? 1? = (g? t? + 9) (g? 1? + 16) 
Calling x = g7t?, we have 
(x + 9) (x + 16) — 49x — 0 
or x? + 25x + 144 — 49x — 0 
or x? —'24 x +144 ='0 
or (x 12)21 2:0 
or Bis shaw aos 
jd VD, 0.3535 


The velocity of the two particles, therefore, become perpendicular 0.353 
s after they start. The horizontal separation between the two particles at 
this instant is 


s=(3+4)t=7 x 0.353m 
= 2.474m 


Example 16: A particle, starting from rest, undergoes an acceleration that 
increases linearly with time. Estimate (i) the particle’s velocity n second 
after start and (ii) the distance moved by the particle in these n second . 
Draw graphs showing the variation of acceleration, velocity and displace- 
ment with time. 1 


Baan ty We may express the particle’s acceleration by an equation of the 
orm 


a=kt 
where Kk is the constant of, proportionality. 
` dv 
Since a= dp We have 
dv 
dt = kt 


jis du=k [ t dt 
0 0 


is the velocity of the particle n second. after start. Thus 
m=tk we 


and the velocity of the particle varies with time according to the relation 
v= $ke 


where v, 
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|. ds 
Now demit so that 
ds = Y k P? dt 


If s, is the distance moved by the particle in n seconds, we have 


n 
5 ds = +f t? dt 
0 2 0 
3 DEI ka 
Thus the variation of the acceleration, velocity and displacement are 
governed by the relations Y : 
a=kt,v= 5j KU a= p kp 
Figure 2.9 shows the required graphs showing the variation of acceleration, 
velocity and displacement with time where, for simplicity, we have taken 
k= gnis. 


| 2 24 

10 p20 
8 zb 
6 Eg 
4 8 
2 
0 


alm?) — 


5 
4 
3 
2 
! 4 


1992: 73 748655 E nA: Riis, hs 


tlins)— t (in s)— t(ins) > 
(a) (b) (c) 
Fig. 2.9 


0 


The necessary data is given in the following table: 


Table 2.2 
We do 99 XU CUE ET ean Telia Uae E CE A 
t (s) 0 1 2 3 4 5 
ES y aAa e S10 e oU Ci EA SSPE Le 
, a(ms7*) 0 1 2 3 4 5 
v (m s~’) 0 0.5 2 4.5 8 12:5 
5 (m) 0 0.167 1.33 4.5 10.67 20.83 


ee aaron 


Example 17: A particle starts from rest at t=0 and undergoes an accelera- 
tion as shown in Fig. 2.10. 


-L 


Acc.ün ms ) —* 


Time (in second) > 
Fig. 2.10 
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(a) Draw a neat sketch showing the velocity of the particle as a function 
of time during the interval from 0 to 4 seconds indicating each second on 
the abscissa. 

(b) Draw a neat sketch showing the displacement of the particle as a 
function of time during the same interval. 


In both the above cases, explain the various steps. (HT 1977) 
Solution: (a) It is clear from Fig. 2.10 that the acceleration of the particle 


from t = 0 to f = 2s is + 3ms~. Therefore, the velocity of the particle 
in this interval is given by 


ERE E CO IUE «IE dy 


Atl = 2 s, the velocity of the particle is 6 m s-! and the acceleration 
changes sign. From t = 2 s tor = 4 s, the particle, starting with an ‘initial’ 
velocity of 6 m s-!, decelerates at — 3 m s~?. The velocity of the particle 
at any instant in this interval is given by 

v = 6 — 37’ Onset 
where t-—(r—2)s 


The particle, therefore, comes to rest again att = 4 s. The velocity-time 
graph of the particle can, therefore, be plotted from the following data. 


Table 2.3 
) Se Cae oto EM Ul CE ROC TIBERI UAM 
Time (s) 0 1 2 3 4 
Velocity (ms~1) 0 3 6 3 


0 
Fee SSR a ee: MENS SOO 
Figure 2.11 shows the velocity-time 
graph of the particle. 


(b) The displacement of the particle 
from ; = 0 to? = 2 s is given by 


Es CY ion 


s—ix3xPz-erisp 


v 


Its values att = 0, 7 = 1Isand? —25 
are, therefore, 0, 1.5 m and 6 m. respect- 
ively. 

, From 1 = 2s to 1— 4s or f — to 
1 = 2 s, the displacement of the’ particle 


Velocity (in ms") 
N 


0 . is given by 
Usage MT 5 E 
Time (in s) — S=6t'—34x3 xt" 
Fig. 2.11 =H Or 1, 57/2 


Its values at // = 15 and?! = 2sie.!— 3sand t = 4g are, therefore 
(6—1.5) m and (12—6) m i.e. 4.5 mand6m respectively above the displace- 
ment of the particle at ¢ = 2s ie, 6 m. The values of the displacement at 
t =3sand t= 4$ are, therefore, (6 -+ 4.5) m (= 10.5 m) and (6 +- 6) 
m (= 12 m) respectively, We, therefore, have the following data for plot- 
ting the displacement-time graph. 


Table 2.4 


Time (s) 0 1 2 3 
Displacement (m) 0 155 6 10.5 1 
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The displacement-time graph is, therefore, parabolic as shown in Fig.2.12. 


-NU ruo Oo o 


Example 18: A ‘bug’ on the axle of a wheel ‘observes’ the motion ofa 
point on the rim of the wheel and ‘finds’ it to take its place along the 
circumference ofa circle of radius R with a uniform angular speed w. 
The axle is moving with a uniform speed v relative to the ground. How 
will an observer on the ground describe the motion of the same point? 


Solution: Let the origin of the bug's co-ordinate system be on the axle 
with his z-axis along the axle. The motion of the wheel takes place in the 
x—y plane of this co-ordinate 
System. If at 1 — 0, x — R and 
y = 0, the corresponding values 
of x and y at an instant of time t 
will be 


x = R cos o t, 
y= Rsinot 


We next look at the same motion 
from a co-ordinate system S” fixed 
relative to the ground and assum 
that the ‘two’ origins were coinci- 
dent at ¢ = 0 (see Fig. 2.13). Since 
Sis moving relative to S’ witha 
uniform speed v, along the x-axis, 
we have 


x =x+ut 
= R cos o t + ot 
and y—y-Rsiot 


The graph of y’ against x’, when 
plotted, has the form shown in 
Fig. 2.13 (b). The curve is known 
as a cycloid. Fig. 2.13 
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Example 19: A skier takes off from a ski jump with a velocity of 60 m s~! 
at an unknown angle to the horizontal and lands at a point whose vertical 
distance below the point of take off is 120 m. Neglecting the friction of 
air, calculate the speed of the skier just before landing (Take g — 10 m s72.) 


Solution: Let the skier take off at an angle @ to the horizontal (Fig. 2.14). 
The horizontal and vertical components of his velocity are 60 cos 0 and 
60 sin 8 respectively. 

Considering his vertical motion, 


Downward distance travelled = 120m 
Initial velocity (downward) = 60 sin 6 
Acceleration (downward = g) = 10 m s7? 


Let v' be the final velocit vertical] 
downwards). Using d ; 


——------- 


S—at-2as Fig. 2.14 


we have 7" = (60sin 0? +2 x 10 x 120 
= 3600 sin? 0 + 2400 
The horizontal component of the velocity of the skier remains constant 


at its initial value (we are neglecting air friction), i.e. 60 c S 0. Th lo- 
city (v) of the skier just before landing is, iM DD given b E 


v = v’? + (60 cos 6) 
= 3600 sin? 6 + 2400 + 3600 cos? 0 
= 3600 + 2400 
= 6000 


v = 6000 ms-! 

= 77.4 ms! 
Example 20 
car travelling along the same Toad away from the gun with a uniform 


i is at a distance of 500 m fi 
the gun is fired at an angle of 45° to the horizontal. Boa D ida 


(i) the distance of the car from th it i 
S. 1e Ci e gun when the shell hit it, and 
(ii) the speed of projection of the Shell from the gun. “(IT 1974) 


Solution: The gun and the car are at O and A respectively at t = 0 (Fig. 


; = to, the shell and the car reach B simultaneous! 
so that the shell hits the car when the car is at a distance OB from the a 


Let u be the speed of projection of the shell from the gun. Then the initial 
velocity of the shell = u cos 45? = ulV2 


u 


Fig. 2.15 
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and the initial vertical component of the velocity of the shell = u sin 45° 
= u[V2 
Time of flight of the shell 


- 292 _ VZ (aig 


The car takes this time to cover the distance AB whlie the shell covers 
the distance OB in this time. But 


OB = OA + AB = 500 + AB 


Also OB = Vi 4/2 (ulg) = w/¢ 
and AB — 20 x «2 (Z) = 20 v2 (.* 72 km/h = 20 m s-!) 
u? 


= 500 + 20/2 (u/g) 


or u? — 204/2 u — 500 x 9.8 = 0 
or i$ — 204/2 — 4900 = 0 
T y = 20V2 an dup 4-4x490  ., 


= (101/2 + 4/5300) m s^! 
—10[V/2 + v53] ms 
= 10 [1.414 + 7.280] m s^! = 86.94 m s^! 


This is the speed of projection of the shell from the gun. The distance of 
the car from the gun when the shell hits it is OB where 


2 
oB = fg = SID m 


771.3 m approximately. 


Example 21: A stone is thrown from the ground towards a wall of height 
H with a speed uat an angle «to the horizontal. Show that the stone 
must be thrown from a point distant 


a ^ sin? « + 2ucos « yu? sin? « — 2 gH] 


from the foot of the wall in order that it may just clear it. 


Solution: Let the stone be thrown from a point distant R from the foot 
ofthe wall. The stone willjust clear the wall if, in the time it needs to 
cover a horizontal distance A, it is able to rise vertically to a height H. 
Now, time taken to cover a horizontal distance A is 
R 
u cos « 


The vertical distance moved up by the stone in this time is 


; oA 1 R y 
(u sina) ( cos ;) pe, br a 
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Thus the stone will be just able to clear the wall if 
aN ERE 
Hein s 21? cos? «. 
or gR? — (2 u? cos? «tan a) R -- 2 H w costa = 0 
or gR? — (u? sin 2a) R + (2 H u? cos? a) = 0 


w sin 2 « + V/u*sin22« — 8g H i? cos? a 
S DOTS ARS S OD PNUIAD ED Seem 


[sin 2 « + ou VENRES EEH colt « | 
G sin 2 « +u 2 cos « eTA] 


or R 


l= l= 


Thus if the stone is thrown from a point, distant 
1 ee LM 
m w^ sin 2« +2 u cos a y/u? sin «-igph) 


from the foot of the wall, it will just clear it. 


Example 22: A particle is projected att = 0 from a point P on the 
ground with a speed v, at an angle of 45 to the horizontal. Find the magni- 
tude and direction of the angular momentum of the particle about the 
point P at time t = w/g. (IIT 1984) 


Solution: 1f the co-ordinates of point P are taken (0, 0), then those of the 


point Q where the particle is at time 7 — v/g may be taken to b ) 
Now see Fig. 2.16. j Re». 


Initial horizontal component of velocity of the particle 
= v cos 45° 
pian 
= Us 


and Initial vertical component of the velocity = z sin 45» — 402 


X = horizontal distance covered in time ; = ( 2 


£ 
2 


EMO VO Uo 
V28  gy2 
and Y = vertical distance covered in time t = ( 2) 
8 
me a DE. (27 
Vie TaS 
v 5 o 


Also, the horizontal velocity v, of the particle at Q = 
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and the vertical velocity v, of the particle at Q = —®% — g (2) 


v2 g 
- 35-9 
agas D 
ge. 2 a v2) 2 Vo 


Now by definition, the angular momentum of the particle at Q about P 
(0, 0) is 


m (v, x — vx y) 
Substituting the values we get 


Angular momentum at / = v)/g is given by 


im % EL SNC "MUN C es NA 
-n| EN (à n] 


g V2. V2 28 
a, Jv TI arty al sa eat IM tae Mig Y 
"ah. RU ee Wie 


The direction of the angular momentum will be perpendicular to both the 
— — 
position vector r of the particle and its momentum vector m v at point Q. 


Fig. 2.16 


Example 23: From the top of a tower of height 40 m, a ball is projected 
upwards with a speed of 20ms7! at an angle of 30° to the horizontal. 
When and at what distance from the foot of the tower does the ball hit the 
ground? What is the vclocity of the ball at this instant? (Take g = 10m s7?). 


Solution: The initial horizontal and vertical components of the velocity of 
the ball are (see Fig. 2.17) 


20 cos 30° = 104/3 m s^! and 20 sin 30° = 10 m s~! 
respectively. 


, The ball reaches the highest point P in time 1 after its projection where t 
1s given by 


0 = 10 — 10: or t=1s 
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The time of flight of the ball, i.e. the time taken by it to reach O, where O 
is the point in level with the top of the tower, is, therefore, 2 s. Also A0, 
the ‘range’ of the ball is given by 


AO = 10/3 x 2m = 20 /3m 


——— R a 


Fig. 2.17 


At O the velocity of the ball is again 20m s-! directed downwards as 
shown. The horizontal and vertical components of its velocity are now 


104/3 m s-! and 10 m s-! (downwards) respectively. The ball will hit 


the ground after travelling a vertical distance of 40 m. If the time taken 
for this is t’, we have 


40 — 107 -- 1 x 10 x f? 


or St’? + 10r’ — 40 = 0 

or t? +4 21'—~g=9 

i r= 22E v4Ar3 _ 2+6 
2 2 

Thus HE 


2 s (leaving out the negative sign) 
The horizontal distance LN moved by the ball in this time is given by 
LN —10V3 x 2m = 203m 


Thus the ball hits the ground 


2 + 2) s = 4 s after it is projected. Its dis- 
tance from the foot of the E La er it 1s projected. Its di 


Wer at this instant is 


203 + 20/3 = 40/3 m 69.3 m nearly 


The horizontal component of the velocity of the ball when it hits the 
ground is 104/3 m s~ 


finie - The vertical component (downwards) at this ins- 


10+ 10x 2 = 30 m s“! 
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The resultant velocity of the ball atthe instant it hits the ground is, 
therefore, 


V(10V/3)? + G0)? ms“! DIE 


= 4/300 + 900 m s^! 
= 4/1200 ms“! = 34.64 m s^! 


ít is inclined at an angle « to the horizontal 30 
where (see Fig. 2.18) 
Pus 1i - 
tang = ——= = — y3 
104/3 Jd 
a = — 60° Fig. 2.18 


Example 24: A particle is projected with a certain velocity so as to pass 

through a point at a horizontal distance R from the point of projection. 

Show that if t and t; are the times taken to reach this point in the two 

possible ways in which the particle can be projected with the given velocity, 
en 


th = 2 Rig 


Solution: Let the particle be projected with an initial velocity v at an angle 
9 to the horizontal. The time taken by it cover the horizontal distance R 
is then (see Fig. 2.19). 


R 
AT pens 0 (D 
v Also, the time taken by the projectile to 
reach the highest point in its motion is 
given by 
0=vsin@ — gt’ (2) 
or t' = vsin 6/g 
le e As the projectile takes the same time in 
AC) coming back to the level of its point of 
projection, we have t = 21’ so that 
Fig. 2.19 PEE am o (3) 
g 
From Eq. (1): 
cos 0 = R[vt 
From Eq. (2): 
Em aptos 
sin à = m Dm 
R 2 (£ y 
A St yr 
(5) * 2v 
R2 g t? 
or = 
vt? 4 
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or 4 R?+ g2t#— 4721? =0 
or git—47P+4R2=0 
If ¢? and 73 are the two values of 12 satisfying this equation, we must have 
4mR 
ü 4 = € 
2R 
or tor 
142 g 
Since the negative sign is not permissible, we must have 
2R 
tih = = 
152 g 


which is the required condition. 


Example 25: A projectile is launched with a speed v at an angle @ to the 
horizontal hits an inclined plane inclined at an angle « to the horizontal 
(« < 0) and passing through the point of launching. Obtain an expression 
for the range r of the projectile on this inclined plane. When does the pro- 
jectile hit this plane? 


Solution: Let OAB be the inclined plane making an angle «to the hori- 
zontal and let the projectile hit it at a point A where QA = r (Fig. 2.20) 


At the i 
vertical di | (= r cos x) and NA (=r sin «) respectively, 
Now the time taken to cover a horizontal distance r cos « is clearly 
r cos a/v cos 0. The vertical distance moved in this time being r sin «, we have 
: 1 r cos a 
rsin € = (v sin 0) | ———— 
(o sind) (: cos ;) 


4 2 
or r (sin —tan 0 cos a) = — 1, cos? a 
) 255 cos? 8 ^ 
id zo cr Oi 4 ; 
g cos? a AN 0 COS « — sin a] 


JURE 4 
M Br cos " [ER 8-608 « — 05.8 sin a ; 
8 cos? x cos 0 
2 i? cos 0 


= Peosta Sin (@ — a) 
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Thus the range of the projectile on the inclined plane is 


2 i? cos 0 


`g costa sin (8 — «) 


The time at which the projectile hits the inclined plane being (r cos «/ 
v cos 0), we have 


rco | 2v cos Sin (0 NAI, 
vcosÓ  g cos?« X v cos 0 
iis ; "22sin (0 — «) 
g COS a 


A confirmation of these results is obtained by putting x = 0 for which 
we get 


£ g 
and h 


the usual expressions for the range and time of flight of a projectile. 


Example 26: A ball is thrown from a point in level with and at a horizon- 
tal distance r from the top of a tower of height H. How must the speed 
and angle of projection of the ball be related tor in order that the ball 
may just go grazing past the top edge of the tower? At what horizontal 
distance x from the foot of the tower does the ball hit the ground? Fora 
given speed of projection, obtain an equation for finding the angle of pro- 
jection so that x is at a minimum. 


Solution: Let AB be the tower of height H and O the point of projection 
at a horizontal distance r from A as shownin Fig. 2.21. Let u and 0 be 
the speed and the angle of projection of the ball. 


u 


Fig. 2.21 


The ball will go just grazing past the top edge of the tower if r equals 
the horizontal range of the projectile, i.e. if 
2usinü i? sin 28 


r-ucos6- 
g 
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Thus r, u and @ must be related according to the relation 
£r: a; sin20 


At point 4, tlic velocity of the ball is again w at an angle @ to the hori- 
zontal. The horizontal distance x at which the ball strikes the ground 
from the foot of the tower is the horizontal distance covered with a hori- 
zontal velocity u cos 6 in the time the ball falls vertically through a distance 
H starting with an initial vertically downward velocity u sin 0 and having 
à vertically downward acceleration g. If t is this time, we have 


H = (usin Ot tge 


> 


or BiU UE SIC ih iene OY as 10 
i [lI Dus + V4 sin 0 8g H 
2g 
. 2 usin 0 + 24/i? sin? 8 4- 2g H 
SE EAV sin* Olt 2:8 TH 
2g 


A 34-343 oe 
E : l- u sin @ + yir sin? 8 ---2 g H] 
Taking only the positive sign, we have 
t=! [ Vi? sin? O + 2g H — usin 6] 
Thus 


"3 


= u cosl t 


= most [V2 sin20 + 2g H — u sin 6] 


The pue of projection 0 for which x is minimum for a given value of u is 
given by 


ds 
d 0 
Thus, u cos T i 2 sin ê cos 8 Dd 
g yu? sin? 8 4:2 gH 
Ex Dv/n* Sin? Ose Be A, sin 0] (=t) Z 
8 
i? sin 2 0 cos 0 ucos?6 — sing 
or ES ESOS C Mn Ds ra 
T 
gV sinh 2g H g "hebt Glia gh de qM 
sin? 0 
Aan A 
$ 


i? sin 2 6 cos 0 


: iP sin? 04-0 © H i 
or Vik sU TFH sin 0°V tw sin 9+-2¢ H—ucos 20 = 0 
or sin 2 0 cos 0 ~- sin 0 (u? sin? 8 + 2 2 ll) 


co" cos 2 0i? sin? 8 3 228 H-0 


m of projection for which x is à minimum isa solution of this 
*quation. 
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Example 27: A ball rolls off the top of a stairway with a horizontal velo- 
city u m s-'. If the steps are /r meters high and w metre wide, show that the 
ball will just hit the edge of the n-th step if 


Ihu 


n= ~ 
gw 


Solution: The horizontal and vertical distances moved by the ball while 
just hittting the edge of the n-th step are clearly my and nh respectively 
(Fig. 2.22). 

Let the time taken by the ball for 
these horizontal and vertical displace- 
ments be t. Then. 


nw =ut 
and nh=0+4¢0 


Eliminating ¢ between these two equa- 
tions, we get 


or nh = bora 
288 
2hir 
or nim - 
g ys 


Example 28: Two boys simultancously aim their guns at a bird sitting ona 
tower. The first boy releases his ‘shot’ with a speed of 100m s^! at an angle 
of projection of 30*. The second boy is ‘ahead’ of the first by a distance of 
50 m and releases his ‘shot’ with a speed of 80m s. How must he aim 
his gun so that both the ‘shots’ hit the bird simultaneously? What is the 
distance of the foot of the tower from the two boys and the height of the 
tower? With what velocities and when do the two shots hit the bird? 
Assuming the masses of the two shots to be identical and the energy of 
cach shot at the instant of impact as a measure of the ‘share’ of each boy, 
determine their relative ‘shares’. 


Solution: The two shots will hit the bird simultaneously at some time ¢ if 
the horizontal and vertical displacements of the two shots at time f are as 
follows (see Fig. 2.23). 


First shot: Horizontal displacement = Xı 
Vertical displacement = h 
Second shot: Horizontal displacement = X2 
Vertical displacement = h 


Here x; = x3 + 50 and 7r is the height ofthe tower at which the bird is 
perched. 
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Now, for the first shot, ; 
h = (100 sin 30) t — 4 x 9.8 x r? 
And for the second shot, 
h = (80 sin 89) t — 4 x 9.8 x #2 


E 50m Fo 


Fig. 2.23 
We therefore have 
(100 sin 30°) ¢ — 4.9 2 = (80 sin 0) t — 4.9 72 


5 100 sin 30° ^59 — 
or sin ð = 80 = 80 7 0.625 


9 = sin“! 0.625 = 38° 68' 


Thus, the second boy must aim his ‘shot’ at an angle of 38° 68’ to the 
horizontal, 


Now Xi = (100 cos 30°) + and X = 80 cos (38° 68^) r 
(100 cos 30) ; = 50 + 80 (cos 38° 68^) ; 
or +[ 100 2 — 80 x 07806 | = 50 
or t [86.6025 — 62.4499] — 50 
50 y 
or [2 2415265 ^ 2.070 s 


Thus the two ‘shots’ hit the bird together 2.07s after firing. The dis- 
tances of the foot of the tower from the two boys are 
X; = 100 cos 30 x t= 86.6025 x 2.070m 
= 179.27 m 


X» (80 cos 38° 68’) + = 62.4499 x 2.070 m 
= 129.27 m 
respectively. 
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The height / of the tower on which the bird is perched is given by 
h = 100 sin 30° t — $ x 9.8 x ? 
50 x 2.070 — 4.9 x (2,070)? 
(103.5 — 20.996) m 
82.504 m 
Now, the horizontal and vertical components of the velocities of the first 
shot at t = 2.07 are 100 cos 30° and (100 sin 30°) — 9.8 x 2.07 respec- 


tively i.e. 86.6025 m s^! and 29.72 m s^. The resultant velocity of the first 
shot at the instant of hitting the bird is 


T YATATCY VVAUDROYATTUTEYS z 
4/(86.6025) + (29.72)? = 91.56 m s^! 


For the second shot, the horizontal and vertical velocity components at 
t = 2.07 s are 80 cos 38.68? and 80 sin 38.68° — 9.8 x 2.07 i.e. 62.4499 
ms-! and 29.72 ms™! respectively. The resultant velocity of the second 
shot at the instant of hitting the bird is, therefore, 


a/ (62.4499): + (2972)? = 69.16 ms! 


Since the masses of the two shots are identical, their energies are propor- 
tional to (91.56)? and (69.16)?. This ratio being 1.75 nearly, the shares of 
the boys are in the ratio 1.75: 1 or 7 : 4 nearly. 


y 


Il 


2.5 TRUE—FALSE STATEMENTS WITH REASONS 


Given below are some statements. We have to decide whether they are true 
or false and give reasons for our choice. 


(1) The distances moved by a freely falling body (starting from rest) during the Ist, 
2nd, 3rd, ... nth second of its motion are proportional to1:4:9:,...: n*. 
(2) Two balls of different masses are thrown vertically upward with the same speed. 
They will then pass through their point of projection in the downward direction 
with the same speed. (neglect air resistance). (IIT 1983) 

(3) An arrow is fired vertically upwards with a certain velocity 4 and ‘n’ second 
later another arrow is fired vertically upwards with the same velocity. The two 
arrows will then meet n/2 second after the first arrow has reached the highest 
point. 

(4) A metal ball is allowed to fall (from rest) freely on a perfectly elastic plate from 
a height of A metre . Assuming the vertically downward direction to be positive, 
the variation of its velacity with time is represented by Fig. 2.24. 

(5) A car covers the first half of its distance between two places at a speed of 40 
xm/hour and the second half at 60 km/hour. The average $peed of the car is then 
50 km/hour. 


any  feyg — [2h 
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(6) From the top of a tower, two stones are thrown—one straight up with an initial 
speed v and the second straight down with the same speed n. The two stones 
will then have the same speed when they hit the ground. (Air-resistance is assu- 
med negligible). 

(7) A man in a closed elevator cab with no indicator can find out whether the cab 
is stationary, moving upwards at constant velocity or moving downwards at 
constant velocity by timing the fall of an object. He would find the time of fall 
to be less when the cab is moving upwards at constant velocity and more when 
the cab is moving downwards at constant velocity compared to the time of fall 
in a stationary cab. 

(8) For a projectile projected at an angle tan^! 2, the maximum height and horizon- 
tal range are equal. 

(9) For a constant initial speed and angle of projection of a projectile, the change, 
dR in its horizontal range due to a change dg, in the value of the acceleration 
due to gravity is governed by the relation 


dR dg 
R © 
(10) The path of one projectile as seen from another projectile is also a parabolic 
curve. 
ANSWERS 


l. False. The given ratio series is for the total distance covered in 1, 2, 3,... n 


seconds. The ratio series for the distances covered in Ist, 2nd, 3rd,... nth 
second of motion is1:3:5:..:(2n -- 1). 


12 


True. The maximum height attained and the downward velocity attained at 
the point of projection are independent of the mass of the ball. 


3. True. If t (= u/g) is the time taken by the first arrow to reach the highest 
Point in its motion, its height n/2 second after that (i.e. at a time ¢ + n/2) will be 
the same as that of the senond arrow n/2 second before, i.e. at a time (t — n/2) it 
reaches the highest point in its motion. 


4. True. The (downward) velocity of the freely falling ball increases proportion- 
ally to time till it hits the plate (at a time T= 2 hjg, at which instant its 
velocity gets reversed (i.e. upward) and has the same magnitude ( V2 g h). 


The velocity of the ball becomes zero at a time2 T (= J) after which 


the ball again starts falling downwards and again hits the 
(= ge) and so on. 
g 


5, False. The average speed of the car is (total dist 


plate ata time 3 T 


ance/total time). Assuming the 
total distance to be 2 x km, the time taken is (35 + x) Krena 
9. 


60. 24 h. The 


average speed is, therefore 2 x + x i.e. 48 km/h. 


6. True. The first stone will rise up till its (upward) v 
which it will start falling downwards, Its velocity 


y owns on reaching back the tower 
will be u in the downward direction. The downward motion of the two stones 
from this point onwards is identical so that the tw 


o stones hit the grou it 
the same (downward) velocity, ground with 


clocity becomes zero after 


7. False. The-time of fall would be the same in e 
assumed to move with constant velocity. A 
arise only if the cab is accelerated, 


ach case because the cab is being 
difference of the lype given would 


8. False. The horizontal range ( 
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ve sin 2 0 
=° = le ) and maximum height 


3 cat 
(- =) are equal if 


sin 2 0 = }sin* 8 orif — 4cos8 — sin à 


orif tan 8 = i.e. 0 = tan^! 4, 
9. True. The horizontal range of a projectile being 
om sin20 
g 
we have 
pe = cxt (vo, 0 being constant). 
"his 
d R= - 48n2%ag-- Fade 
so that 
dR —dg 
R g 


. False. The x and y co-ordinates of a projectile being 


x-vcosÓt; y —osinót— gt? 
the ‘co-ordinates’ of one projectile as seen from another projectile are 
X = (cos 0 — va cos 0) t. and Y= (v1 sin 0; — va sin ĝa) t 
Hence the equation of the path of one projectile as seen from another is 
Y | » sin ĝi — vsin 6; 


=-— = - — 1 (Say. 
X  ncosÓ — v4 cos Os (say) 


Thus the path of one projectile as seen from another is always a straight line, 
not a parabolic curve. 


2.6 MULTIPLE CHOICE QUESTIONS 
Select the best alternative in each of the following. 


1 


For the displacement-time graph shown in Fig. 2.25, the ratio of the magnitudes 
of the (constant) speeds during the first two seconds and the next four second is 


— = N 
o n e 


n 


Displacement —* 


(a) 1:1 (c) 1:2 
(b) 2:1 (d) 3:2 
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2. For the velocity-time graph shown in Fig. 2.26, the total distance covered by 
the particle in the last two second of its motion js what fraction of the total 
distance covered by it in all the seven second: ? 


Velocity —. 


1 2 3 4 5 6 7 
Time —» 
Fig. 2.26 
(a) 1/2 (b) 2/3 (c) 1/4 (d) 1/3 
A stone falls freely from rest and the t 
second of its motion equals the distance 
of its motion. The stone remains in the aj 


I2] 


ground in Q. 3 are (take g = 10m 87?) 
(a) 180 m, 60 m s: (b) 125 m, 50 m s-1 
(c) 245 m, 70 m $t (d) 80 m, 40 m 5-2 


5. The variation in the Speed of a car during its two ho 


ur journey is Shown in the 
Braph of Fig. 2.27. The magnitude of the maxi 


mum acceleration of the car 


40 


Speed (in km 5) — 


N 
e 


1-0 1-5 2-0 
Time (in hours) —» 
Fig. 2.27 
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6. A parachutist drops freely from an aeroplane for 10s before the parachute 


ap 


10, 


1. 


opens out. Then he descends with a net retardation of 2.5 m s~*. If he bails out 
of the plane at a height of 2495 m and g = 10 m s-*, his velocity on reaching 
the ground will be 

(a) 2.5 ms-? (b) 7.5 m s-' 

(c) 5ms^ (d) 10 m s^' 

The hodograph for the motion of a particle is defined as follows. From a fixed 
point O, we draw a straight line OP to represent in magnitude and direction, 
the instantaneous velocity of a moving particle. The Jocus of the point P gives 
us the hodograph for the motion of the particle (see Fig. 2.28) 


--- - 


Fig. 2.28 (i) The path of the moving particle 
(ii) The hodograph of its motion 


For a particle moving with a constant speed along a straight line AB, the 
hodograph will be 
(a) a straight line parallel to the line AB 
(b) a straight line inclined at 45? to the line AB 
(c) a straight line perpendicular to the line AB 
(d) just a point 
For a particle moving with a uniform acceleration along a straight line PQ, the 
hodograph is 
(a) a circle 
(b) a straight line parallel to the line PO 
(c) just a point 
(d) a straight line perpendicular to the line PQ 
A caraccelerates from rest ata constant rate « for some time after which it 
decelerates at a constant rate 8 to come to rest. If the total time elapsed is r, the 
maximum velocity acquired by the car is given by 


a B & B 
(a) ent (brem 

a? -|- B? 2» 62 
( €x, w Sr 


The distance travelled by the car in Q. 9 above is given by 
b ap í = +£) 2 
ws (5) wa (E255): 


tay (= + E) e (d) (£5) E 


The acceleration of a particle, starting from rest, varies with time according to 
the relation 
a=kt+e 


w 
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12. 


13. 


14. 


15 


16. 


17. 


18. 


19, 


- It is possible to project a particle with a 


The velocity » of the particle after a time z will be 

(a) kt*c- ct (D kr +c 

(c) (kt? et; (d) Kr*4 ter 

The acceleration of a particle, starting form rest, varies with time according to 
the relation 


a=-—sw*sin wt 


The displacement of this particle at a time ¢ will be 
(a) — 1 (s wè sin œ r) 2? (b) s o sin or 
(c) $ w cos w t (d) ssin o r 


A freely falling particle, falling from a tower of height /i covers a distance 4/2 in 


the last second of its motion. The height of the tower is (take g = 10 m s^?) 
nearly 

(a) 58 m (b) 50 m 

(c) 60 m (d) 55 m 


A body is projected horizontally with a velocity of 4 m s^! The velocity of the 
body after 0.7 s is nearly (take g = 10 m s^?) 

(a) 10 m s! (b) 8 m s^! 

(c) 19.2 m s! (d) 11 ms-! 

At the top of the trajectory of a projectile, the directions of its velocity and 
accelerations are 

(a) parallei to each other 

(b) anti-parallel to each other 

(c) inclined to each other at an angle of 45° 

(d) perpendicular to each other 


A boy aims a gun at a bird from a point, at a horizontal distance of 100 m. If 
the gun can impart a velocity of 500 m s^! to the bullet, at what height 
the bird must he aim his gun in order to hit it? (Take g = 10 m s72) 

(a) 20 cm (b) 10 cm 

(c) 50 cm (d) 100 cm 


From the top of a tower of height 40 m a ball is projected upwards with a speed 
of 20 m/s at an angle of elevation of 30°. Then the ratio of the total time taken 
by the ball to hit the ground to its time of flight (time taken to come back 
same elevation) is (Take g — 10 m/s?) 

10271 è (b)3:1 

(c) 3:2 (d) 4:1 


above 


to the 


The horizontal displacement, from the foot of the tower, 
case is nearly 

(a) 50 m (b) 70 m 

(c) 60 m (d) 80 m 


of the ball in the above 


A cannon on a level plain is aimed at an angle « above the horizontal and a 
shell is fired with a muzzle velocity vo towards a vertical cliff a distance R away. 
Then the height from the bottom at which the Shell strikes the side walls of the 


clit is 
2 
a Rsina—4 -Z8 s Re 
(a) R sina — $ 5i sinta (b) R cosa — | deos à 
gk 2 
(c) R tan x — i E ORE (d) Rtan« — 1 £ R 
0 v sin? a 


given velocity in two Possible ways so 


as to make it pass through a point at a distance r from the point of projection. 
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The product of the times taken to reach this point in the two possible ways is 
then proportional to 

(a) 1/r (b) r 

(c) r* (d) 1/r° 


2. NUMERICAL EXERCISES 


L 


t3 


I1: 


A steel ball is held by an electromagnet and when the current is switched off, it 
starts an electric timer which reads to the nearest 0.001 s. The ball lands on a 
plate 50 cm below its starting point and closes a switch, which stops the timer. 
The time of fall is recorded as 0.320 s. What value does it give for ‘g’? How far 
does the ball actually fall in the first 0.05 s from rest? 

The maximum permissible reaction time of drivers ofa certain type of vehicles 
is 1 s. In one such test, a driver driving a vehicle at a constant speed of 20 m/s 
suddenly ‘saw’ a stationary car that was 95 m ahead of him. The driver applied 
the brakes after his reaction time 4 ¢ and this gave the car a retardation of 2.5 
m/s. Assuming that the reaction time of the driver was good enough to just 
avert a collosion, find his reaction time and thus decide whether the driver will 
pass the test or not? 


. A small ball is dropped vertically from the zero mark of a vertical scale. A 


‘snapshot’ of the falling ball taken and shows that while the shutter is open, the 
ball falls from the 4.9 m to the 5.1 m mark. How long is the shutter open? 

A helicopter ascending with a uniform vertical velocity of 5 m/s was used to 
drop foodpackets for people marooned in a flooded colony. If the packets reach 
the ground in 10 s, find the height of the helicopter when the packets hit the 
ground. 


. A body travels 2 m in the first two second. and 2.2 m in the next four second 


What will be the velocity at the end of the seventh second from the start? 
If a, b, c be the distances moved by a particle travelling with a uniform accele- 
ration during the xth, yth, zth second of its motion respectively, show that 

a(y — 2-b(G—-24c(x-»-—9 
A car is accelerating uniformly between two checkpoints that are 30 m apart. 
The time taken between the checkpoints is 4 s and the cars speed at the first 
checkpoint is 5 m/s. Find the acceleration and the speed of the car at the second 
check point. 


. A balloon rising at 13 ms" releases à bag, at a height of 300 m above the 


ground. Find the maximum height attained by the bag and its position and 
velocity 5 s after being released. When does the bag hit the ground? 

A particle traversed half the distance with a velocity V, the remaining part o! 
the distance was covered with a velocity V’ for half the time and with a velocity 
V" for the other half of the time. Find the mean velocity of the particle averaged 
over the whole of its motion. 

A circus artiste maintains four balls in motion making each in turn rise to 
height of 5 m from his hand. With what velocity does he project them and where 
will the other three balls be at the instant when the fourth one is just leaving his 
hand? (Take g = 10 m s^?) 

A plastic ball is dropped from a height of 1 m and rebounds several times from 
the floor. If 1.3 s elapse from the moment it is dropped to the second impact on 
the floor, what is the coefficient of restitution (i.e. the ratio of the upward velo- 
city v with which the ball rises after the first impact to the down ward velocity v 
with which it struck the floor at the instant of its first impact)? (IIT 1977) 
Three particles are located at the vertices of an equilateral triangle of side a. 
They all start moving simultaneously with a constant speed v but move in such 
a way that the first particle is continually headed for the second, the second for 
the third and the third for the first. Where and when will the particles converge? 
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13. A po'nt moves rectilinearly in one direction. The graph in Fig. 2.29 shows the 


14. 


15; 


16. 


17. 


18. 


distance covered by the point as a function of time t. From the graph, find (a) the 
maximum velocity, (b) the instant of time ¢ at which the instantaneous velocity 
is equal to the mean velocity averaged over the first to seconds. 


2 4 6 8 10 12 14 16 18 20 22 
Fig. 2.29 


A steel ball is dropped from a height of 78 m on a perfectly elastic surface. Tak- 
ing the speed of the ball at t = 0 as zero, draw a graph representing the velocity 
of the ball as a function of time from ¢ = 0 to t = 8 s. What is the velocity of 
the ball at r = 1 sand? = 7 s? 
The displacement of a particle varies with time according to the relation 
x= — 1572+ 20 t -+ 30 

Find the position, velocity and acceleration of the particle at £ = 0. When and 
where will the velocity of the particle become zero? Can we call the motion of 
the particle as one with a uniform acceleration? 
Assuming that a ball released from rest from a considerable height feels a retar- 
dation due to air resistance proportional to its instantaneous velocity, 


verify 
that the downward vertical distance moved by it in a time z is given by 


Slat amb E 
h= k (e-* Diet 


where c is the proportionality constant for the retardation due to air resistance 


and k = g/c*. When will the velocity of the ball become constant? What is the 
value of this constant velocity? 


If the displacement of a particle varies with time according to the relation 
= d —e@ L À 
Miia E) 


obtain the relations for the velocity and acceleratio 
of time and express them graphically. What are th 
acceleration of the particle at / = 0 and t = co? 

An observer in a train moving with a uniform v 
parallel to the train has a speed of 10 km/h in 
train. An object falls from the car and the obser 
car has moved on for one minute, 
km/h and picked up the object tw 


n of the particle as a function 
e displacement, velocity and 


elocity finds that a car moving 
the direction of motion of the 
ver in the train notices that the 
turned back, and moved with a speed of 10 
© minutes after turning. Find (a) the velocity 
of the train relative to the ground and (b) the velocity of the car during its for- 
ward and reverse journeys? Assume that the Object comes to rest immediately on 
fall from the point of view of the observer on the ground. 


ae 


19. 


24. 


28. 
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A ball leaves a bat at an angle of 37° above the horizotal at a speed of 50m s^. 
How high does it go? How much forward is it at its highest point? If the ball is 
caught at a horizontal distance of 175 m from the point where it was struck, find 
how far above the level at which the ball was struck, was it caught? Take g = 
9.8ms^*) 


. An electron moves horizontally between two ‘vertical’ plates in an oscillope 


tube at a speed of 2 x 10° m s™ as it enters the space between the plates. An 
electric field due to charge on the plates causes it to accelerate with a constant 
acceleration of 2.5 x 10! m s^? in a direction at right angles to the initial velo- 
city of the electron. What deflection occurs from the straight line path while the 
electron moves forward 2.4 cm? By what angle is its direction changed? 


. A bullet is fired at an angle of 45° with the horizontal and with a velocity of 


900 m s-'. How high will it rise and what will be its horizontal range? What can 
you say about the horizontal range of the bullet if it is fired at an angle of (i) 
33° and (ii) 57°? 

An aeroplane flying horizontally with a speed of 490 m s7}; releases a bomb 
when at a height of 1960 m. When will the bomb hit the ground and what will 
be its velocity then? If the bomb was aimed at a target at à horizontal distance 
of 10 km from the point vertically below the point of its release, by how much 
distance will the bomb miss the target? 


. A projectile is fired with a muzzle velocity of 400 m s7' at an angle of elevation 


of 15? above the horizontal. At what height will it strike a vertical cliff, distant 
5000 m horizontally from the cliff? What will be its velocity when it strikes the 
cliff? A 

Find the angle of elevation of a gun which fires a shell with a muzzle velocity of 
366.5 m s"! at a target on the same level but 1527 m distant. How high will the 
shell rise? 


. A water hose on the ground shoots a stream of water at an angle of 40 to the 


horizontal with a speed of 20 m s-'. Find the height at which the water stream 
will strike a wall 8 m away. 


. A ball has to be thrown horizontally from a window 152.4 m above. the ground 


in one tall building so as to enter a window 15.24 m above the ground in a 
second tall building that is at a horizontal distance of 60.96 m from the first 
building. What is the speed with which the ball must be thrown? 


27. An observer on the ground finds that an object is falling vertically with a con- 


stant acceleration g. How is the motion of the object described by. an observer 
in the train moving along a straight track with a constant velocity v? Assume 
that the ‘origins’ of the two observers are coincident at t = 0. 


A projectile is fired upward with a velocity vo at an angle @. It strikes a roof 
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inclined at an angle a to the negative direction of the x-axis (see Fig. 2.30). 
With what velocity does the projectile strike the roof in a minimum time? 


. A bomber, if flying level at a speed of 72 m s"? at an. elevation of / = 100 m. 


When directly over the point O (located at x = O), bomb B i.e released and 
strikes a truck which is moving along a level road (the x-axis) with a constant 
velocity v». At the instant the bomb is released the truck is at a distance xo = 
125 m from O. Find the value of v; and the time of flight of B. 


ANSWERS 
MULTIPLE CHOICE QUESTIONS 
1. (b) 2. (c) 3. (b) 4. (b) 
5. (b) 6. (c) 7. (d) 8. (b) 
9. (a) 10, (a) 11. (b) 12. (d) 
13. (a) 14. (b) 15. (d) 16. (a) 
17. (a) 18. (b) 19, (c) 20. (b) 


NUMERICAL EXERCISES 


$0 10 € AY PD oL 


. 44.33 m $71; 4,52 s 


9.765 m s7?, 1.22 cm 


.. 0.75 s, yes 


0.01 s 
490 m 
0.1m s^! 


1.25 m s7?, 10 m s-1 


. 308.6 m, 242 m, 36 m s^! downward, 9.3 s 

2 (K+ WEIT Soy”, 3-2: y) 

. 10m s7', 3.75 4,5m, 3.75 | 

. 0.94 

. CG, t e (7 a3 V 33) 

+ Umax = 1.44 m s^, 14.8 s after the start 

. vı = 9.8 ms, 5; = 8.232 m s~! 

- (30 m, 20 m s^!, — 30 m s); (0.67 s, 36.67 m); yes 


For t > œ, ge 


+ v= u e™, a — by; 0 (O, u, — bu); (ujb, 0, O) 


Up = 3.33 km/h, vop = 13.33 km/h, vep =6.67 km/h 


. 46.2 m, 122.6 m, 37.76 m 

. 1.8 mm, 8.5° 

+ 2.065 x 10! m, 8.265 x 10* m both = 7.551 x 10! m 
. 20 s, 527.4 m s^! at 21° 48' with vertical, 0.2 km 

. 516.2 m, 386.4 m s^* at 4? below horizontal 

. 3.2? nearly, 21.33 m 

. 5.4m 


11.6 m s-! nearly 


+ Y eh — gx't/2 v*, parabola opposite to the direction of motion of the train. 


CREE HIE ETE ae "m lo b 
-Vo= 2g(h— xtana) atan angle tan! sd 


ty cos 0 
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Particle Dynamics 


3.1 REVIEW OF BASIC CONCEPTS 


3.1.1 Newton's Laws of Motion The wellknown three laws of motion, 
as stated by Newton, arc 


First Law A particle remains at rest or moves in a straight line with cons- 
tant speed unless it is compelled to change that state by an external un- 
balanced force. 


Second Law The rate of change of momentum of a particle is directly 
proportional to the force acting on it and takes place in the direction of the 
applied force. 


Third Law When two particles interact with each other, the farce by the 
first particle on the second (action) is equal in magnitude but opposite in 
direction to the force exerted by the second particle on the first (reaction). 

The three laws, taken together provide us with a complete insight into 
the meaning of force, real forces, to be precise. Whereas the first law tells 
us what real forces do (they produce changes in velocity or acceleration), 
the second law tells us that (quantitatively and dimensionally)., ‘force’ is 
given by the rate of change of momentum. The third law tells us that, by 
nature, force is an interaction and that forces exist in pairs. 


3.1.2. Inertial Frames We know that we need a ‘frame of reference’ to 
describe and understand the motion of a particle. The simplest ‘frames of 
reference’ used are known as the inertial frames. A frame of reference is 
known as an inertial frame if, within it, all accelerations of any particle are 
caused by the action of ‘real forces’ on that particle. When we talk ‘about 
accelerations produced by ‘fictitious’ or ‘pseudo’ forces, the frame of refe- 
rence is a non-inertial one. i 

For most practical situations, wherein we deal with particles moving 
with small velocities over small distances and for small time intervals, we 
are quite justified in treating the earth as an inertial frame. This is what 
we usually do. 


3.1.3 Applying the Laws of Motion While considering the motion of a 
system made up of a number of bodies, we find it convenient to consider 
each body separately for applying the laws of motion. We take into account 
all the forces acting on the body and equate the net force acting on the 
body to its mass times acceleration. By doing so for each body, we get 
the ‘equations of motion’ of all the bodies. Each of these equations Is the 
‘free body equation of motion’ of the body. Solving all these equations, we 
can get the values of the unknowns in the problem. 
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The above technique of solving a problem is known as the ‘free body 
technique’. If we represent all the forces acting on a body ona diagram, we 
get the free body diagram of the body. Such diagrams are very useful in 
visualizing the forces acting on each of the bodies of the system. 


3.1.4 Momentum The linear momentum of a body is a special characte- 
ristic associated with it when it is in a state of motion. It is determined by 
the product of the mass and velocity of the body 


Linear momentum == mass x velocity 


Like velocity, momentum is a vector quantity. It is measured in units of 
kg m s^! in the SI system. 


3.1.5 Law of Conservation of Linear Momentum According to this law, 
when no external force is applied to the system, its total linear momen- 
tum remains constant. In other words, in the absence of external forces the 
total linear momentum of a system is a conserved quantity. 

It is important to understand the words ‘external’ and ‘system’ for a 
given problem. Thus, for a system of two interacting particles, the forces 
exerted by one particle on the other are not external to the system. 

The law of conservation of linear momentum along with the general 


form of the law of conservation of energy are the two most general laws 
of physics. 


3.1.6 Friction The opposition to any relative motion between two sur- 
face in contact is referred to as friction, It arises because of the ‘intermes- 
hing’ of the surface irregularities of the two surfaces in contact. We say 
that because of this intermeshing at the points of actual contact, the two 
surfaces may be considered as having formed a ‘cold weld’. The external 
forces tending to produce relative motion between the two surfaces has to 
untangle these ‘intermeshings’ or to break apart these ‘cold welds’. It, 
therefore, experiences an opposition and this manifests itself as the force of 
friction. 

It is clear that this Opposition to the extern 
Sent irrespective of the direction in which the external force may be applied. 
We, therefore, say that the force of friction always Oppose the relative mo- 
tion between the two surfaces in contact. Equivalently, we say that the 


direction of the force of friction is always Opposite to the direction in which 
the motion is intended. 


al force will always be pre- 


3.1.7 Effect of Polishing or Smoothness of the Surfaces When the sur- 


perience a decre- 
tion in the 'inter- 
the ‘intermeshing’ 
number of ‘cold 


meshing’ of the surface irregularities or a reduction in 
of the surface irregularities or a reduction in the 
welds’ between the surfaces. However, if the surface 
their surface irregularities are less than 
tion (~ 10-* m), there is a direct intera 
two surfaces. At this stage, the two 


3.1.8 Static and Dynamic (Kinetic) Frictio icti 
2 | n The frictional forces between 
two surfaces in contact (i) before and (ii) after a relative motion between 
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them has started, are referred to as static and dynamic friction respectively. 
Static friction is always a little more than dynamic friction. 


3.1.9 Limiting Friction Before a relative motion actually starts, the force 
of static friction between the two surfaces is a self-adjusting force. Its 
magnitude is equal to that of the external force. The force of friction (under 
given external conditions) can, however, increase only upto a limit and 
when the external force is increased beyond this limit, the relative motion 
between the surfaces ensues. This maximum value of the force of friction 
between the two surfaces (under given external conditions) is known as their 
limiting friction. 


3.1.10 Laws of Friction The limiting friction between two surfaces in 
contact. 

(i) does not depend upon their (macroscopic) area of apparent contact 
(ii) acts in the plane of motion and opposite to the direction of motion 
(iii) is proportional to the normal force keeping the two surfaces together 

(iv) depends on the (microscopic) area of actual contact. 


3.1.11 Coefficient of Friction The coefficient of friction (p) between two 
surfaces is the ratio of their limiting frictional force to the normal force 


between them, i.e. 
_ limiting frictional force | . F 


normal reaction R 


When there is no relative motion p = ps, the coefficient of static friction. 
When there isa relative motion p = p, the coefficient of kinetic friction. 


3.1.12 Angle of Friction It is the angle which the resultant of the force of 


=z : — 
limiting friction (F) and the normal reaction (R) makes with the direction 
of the normal reaction. If @ is the angle of friction, we have (see Fig. 3.1). 


tan d= 5 =p 


8 = tan! p 
3.1.13 Angle of Repose When a body is kept in contract with an inclined 
plane surface, it just starts sliding down the plane for a certain angle of 
inclination of the surface withthe horizontal. This angle («) is called the 
angle of repose of the inclined surface with respect to the body in con- 
tact with it. 
Referring to Fig. 3.2, we have 
mg sin x = F = force of limiting friction 


<U mg cosa 
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and mg cos x = R = force of normal reaction 
4 E 

Therefore, tan x — ES tan 4 

Thus. gg tanc 


3.1.14. Work Work is said to be done by a force if, as a result of the 
application of the force. its point of application is displaced along some 


direction. It is measured by the product of the force and the distance moved 
in the direction of the force, i.e. 


> > 
W=FS 


In general, the force F and the displacement S of its point of application 
may not be in the same direction. Then 


>> 
W = F:S = F S cos 0 

where is the angle between vectors F and S. 

The SI unit of work is called the joule (J). One joule of work is said to 
be done if, as a result of the application of one newton of force, its point 
of application moves through one metre in the direction of the force. Thus 

| joule = 1 newton x 1 metre = 1 newton-metre 
=1N-m 

3.1.15 Energy The energy of a body is its capacity for doing work. Any- 


thing which is able to do work is said to possess energy. Energy is measur- 
ed in the same units as those of work, namely, joule. 


The energy possessed by a body by virtue of its position or condition is 
known as its potential energy. 


The energy possessed by a body by virtue of its motion is known as its 
kinetic energy. 


3.1.16 Power It is the rate of doing work, i.e. the work done per unit 
time. 
dw 
T 
1 -> > 
Since Ws FS, we have 
E a 
d c PNIS. MF 
When we are concerned with the rate of doing work by a constant force, 
we have, 
»d$ 
>> 
PRA. 
F di Fev 
= Fvcos« 


where #18 the angle between the force F and the velocity » 
X UM unit of power is joule per second. This unit is called the watt (W). 


watt — joule per second 
or Wes 
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3.1.17 Horse Power It is a popular unit of power and is equal to 746 W. 
i.e. | H P = 746 


3.1.18 Electric energy is usually measured in units of kilowatt hours 
(kWh) 
1 kWh = 1000 W x (60 x 60s) 
= 1000 Js“! x 3600 s 
3.6 x 10°J == 3.6 mega joule 


3.0 SI UNITS 
Table 3.1 
a Ee eee a ocior meme 
Physical Quantity ST Unit 
Momentum kilogram metre per second (kg m s!) 
Force newton (N) 
Coefficient of friction No units 
Work joule (J) or newton metre (N.m) 
Energy joule (J) 
Power watt (W) or joule per second (J s~') 


ee —— 


3.3 FORMULAE 


so vdp nudipes aedy AAU dm 
lL F= dr a 00 —mq Tv 7 


where Fis the force and p is the momentum 


Wad ye mE = ma (for constant m); a = acceleration, 


3. p=mv 


— 
4. In the absence of external forces Y, m; vi = constant i 
. 5. p= F|R where p = coefficient of friction, F = limiting frictional 
force, and R — normal reaction. 
6. 0 = tan! p, where 6 is the angle of friction. b. 
7. « = 0, where « is the angle of repose and @ is the angle of friction. 
> — TM x 
8. W =F -S,where W = work done, F = force and 5 = displace- 
ment of the point of application of the force. Equivalently, W = F $ cos 6, 
— XX « 3 T 
ERE 8 isthe angle between F and S. For 0 = 0 (i.c. S parallel to F); 
W = FS. 
_ 9. Potential energy of a mass nı raised through a height /r in the gravita- 
tional field of the earth = m g h where g is the acceleration due to gravity. 
10. Kinetic energy = } m :?, where m = mass, and :-its velocity. 


60 A Course in Physics 


Dh Pe 1E, where P = Power. In general, 


3.4 NUMERICAL EXAMPLES 


Example 1: An object weighing 70 kg is kept in a lift. Find its weight as 
recorded by a spring balance when the lift (a) moves upwards with a uni- 
form velocity of 5 m s~!, (b) moves upwards with a uniform acceleration 
of 2.2 ms ?, (c) moves downwards with a uniform acceleration of 2.8 m s^? 
and (d) falls freely under gravity. 


Solution: (a) When the lift moves upwards with a uniform velocity of 
5m s^! (acceleration is zero), the reaction R or the pressure on the base is 
R=mg=70 x 9.8 N = 686 N 
(b) When the lift is moving upwards with a uniform acceleration of 
A m s^2, the reaction R’ or the pressure on the base increases and is given 
y 
R 


ll 


míg — a) 
= 70 (9.8 + 2.2) N = 840 N 


(c) When the lift descends with a uniform acceleration of 2.8 m s-?, the 
reaction R” is given by 


R" = m (g — a) = 70 (9.8 — 2.8) N == 490 N 
(d) When the lift falls freely under gravity, the reaction R” is given by 
R” =m(g— g)=0 
i.e. the object appears to have become weightless. 
Example 2: The bodies with masses 10 kg and 12 kg are connected by à 
light inextensible string passing over a smooth fixed pulley. Find (a) the 
velocity at the end of 3s (b) the distance covered in 


Pulley — 3s(c). if, at the end of 3 s the string is cut, find the 
distance moved by the bodies in the next 6 s. 


T Solution: Let T be the tension in the string and a 
T the common acceleration of the two masses (see 
Fig. 3.3) 
10kg Writing the equations of motion of the two 
, masses, we have 
12 kg 


12X g—T=12xa 
io and T-l10Xg=10xa 
3 Adding these equations, we get 
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(a) Since the bodies start from rest, their velocity at the end of 3 s is 
v3 = 0 + 0.89 x 3 = 2.67 m s`! 
(b) The distance moved by each body in 3 s is 
5; = 0 + 0.89 x (3)? = 4.005 m 


(c) At the end of 3 s, the string is cut. The bodies now fall freely under 
gravity. We now have 


For the 10 kg mass 


u= 267anis upwards 

a = 9.8 m s™°? downwards 

t=6s 

s = — 2.67 X 6 +4 x 9.8 x (60? 
= 160.38 m 

For the 12 kg mass 

u= 2.61083) downwards 

a=98ms7 downwards 

i = 6s 

s = (2.67 X 6+4% 9.8 x 6)m 
= 192.4m 


Examp!e 3: A cricket ball of mass 150 g is moving with a velocity of 
12 m s^! and is hit by a bat so that the ball is turned back with a velocity 
of 20 m s~!. The force of the blow acts for 0.01 s. Find the average force 
exerted on the ball by the bat. (HT 1974) 


Solution: The impulse of the force exerted by the bat is given by the 
change in the momentum of the ball. Now 
_ 150 
~ 1000 
= 1.8kgms! 
_ 130 
1000 
= — 30kgms'! 


Initial momentum of the ball x 12kgms'! 


Final momentum of the ball == x 20 kgm s~! 


Change in momentum of the ball = [1.8 — (— 3.0)) kg m s^! 
= 4.8 kg m s~! 
This equals the impulse of the force exerted by the bat. Since 


Impulse = force x time 
we have 
j . impulse 
Average force exerted = ry 
A 48kems' 4 51 
er ME 80kgms 


= 480 N 
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Example 4: Two particles of equal masses m and m are connected by a 
light string of length 2/ as shown in Fig. 3.4. A constant force F is applied 
continuously always alorg the perpendicular bisector of the straight line 
joining the two particles at the midpoint of the string. What is the accele- 
ration of approach between the two particles at the instant the distance 
between them has become 2x? + 

Solution: The situation corresponding to the instant when the distance bet- 
ween the two particles has become 2x is shown in Fig. 3.4(b). If T is the 
tension in each part of the string, we have 


2Tsinü —F. or T= 5 sin 8 


Fig. 3.4 (a) and (b) 


The horizontal force acting on each mass is T cos 0, Therefore, the accele- 
ration of each mass is 


E Teost: — F to 
NT OR TO 


From Fig. 3.4 (b), we have 


cot = —— E 
VP — x? 
AE 
2m 4/ [2 — xi 
Since the two particles are approaching each oth i i i 
( I er wit é 
their acceleration of approach is i E on 


F 
2 = E E T 
xa MOI ei ere 
F x 


lcs] USPSA NIC 
m 4m —y 

Example 5: The blocks connected by an inextensible stri i 

: les c ible string passing over a 
light frictionless pulley are resting on two smooth inclined umm a shown 


Fig. 3.5 
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in Fig. 3.5. Determine the acceleration of the blocks and the tension in the 
strings. Assume string to be massless. 


Solution: The forces acting on each of the two blocks are shown in 
Fig. 3.6(a) and (b) respectively. The components of the weights of each of 
the two blocks perpendicular to their respective inclined planes are balanced 
by the normal reactions N and N' respectively at these planes. 


` 


‘A 35g sin 30° 


v 


(b) 


Fig. 3.6 (a) and (b) 


The tension in the string and the acceleration of both the blocks are the 
same, as the blocks are connected by a light and inextensible string pass- 
ing over a frictionless pulley. Writing the equation of motion for the two 
masses, we have 


55g sin 30°— T— S5 Xa 
and T — 35 g sin 60° = 35 Xa 
Solving, we get 
g (55 sin 30 — 35 sin 60°) = (55 + 35) a 


Therefore 
2 5 9:8 G5 ben Oho sae 0.866) 
90 
. 9.8 (27.5 — 30.311) 
m 90 
- QUEDA NEED -à 
EE 0.306 m s 


The negative sign shows that, contrary to our original assumption, it is the 
35 kg mass that moves downwards. Thus the 35 kg mass descends and the 
55 kg mass ascends from their respective planes. 


Tension T is given by 
T = 55 g sin 30° — 55 x (— 0.306) 
= 55 (9.8 x 0.5 4- 0.306) 
= 55 x 5.206 
= 286.33 N 


Example 6: Two cubes of masses m, and m lie-on two frictionless slopes 
of a block A which rests on a horizontal table. The cubes are connec- 
ted by a string which passes over a pulley as shown in Fig. 3.7. To 
what horizontal acceleration f should the whole system (i.e. the block and 
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cubes) be subjected so that the cubes do not slide down the plane? What 
is the tension in the string in this situation ? 


Fig. 3.7 


Solution: Let T be the tension in the connecting string. The forces on the 
two masses are shown in Fig. 3.8 (a) and (b) respectively. 


3 mg sin a 


(b) 
Fig. 3.8 (a) and (b) 


In order that the cubes do not slide down the plane, we must have 
T + m g sin B = m; f cos B 
and mı g sin « — T = m, f cosa 


(i) 
(ii) 
Mo equations can be solved to obtain f and T. Adding (i) and (ii) 


g (m; sin B + m, sin a) = f (m; cos B + m, cos a) 
Thus 


fum sin « + m, sin B 
m, cos a + m; cos B (iii) 


Substituting this value of f in, say Eq. (i) we have 
T = mf cos B — my g sin B 


e. mı Sin « +- m sin B 5 
EM. E [ y 
" cos % -F my cos B ©? Ê — sin B | 
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A mg 2 
= m, cos « + m; cos P [m, sin a cos B 
— m, cos « sin £] 

_ 1 m g sin (z — B) 

~~ m, COS « -+ ms cos B 
Example 7 A light vertical chain is being used to haul up an object of 
mass M kg attached to its lower end. The vertical pull applied has a mag- 
nitude F newton at ¢ = 0 and it decreases uniformly at a rate of f newton 


per metre over a distance h through the object is raised. Show that the 
velocity of the object after it has been raised through / metre is given by 


2h hy) 
= r-a] 
Solution: Let the body rise through a distance y metre in ¢ second . The 
instantaneous pull in the chain is then 
P = (F — f'y) newton 


If a is the upward acceleration of the object at this instant, we have, from 
Newton’s second law, 


a CE See 
M 
_ dui do dy- ydo w 1 diig 
nyi a= dt dydt “dy 24y 


dios 2 TM 
Se) = a (F fy Ma) 


or d@) = 2 — fy — M8) dy 


If V is the velocity of the body when it has risen A metre , we have, on 
integration between the limits y = 0 to y = h, 


' acne 2r ue —Mg)d 
| veu E 


[4e-»a»] -AT 


Examp!e8: An aeroplane requires for take off a speed of 80 km per hour; 
the run on the ground being 100 m. The mass of the plane is 10,000 kg and 
the coefficient of friction between the plane and the ground is 0.2. Assume 
that the plane accelerates uniformly during the take off. What is the mini- 
mum force required by the engine of the plane for take off? (IIT 1977) 


Solution: The engine needs force to (i) accelerate the plane from rest to a 
speed of 80 km/hour (= 200/9 m s7!) over a distance of 100 m and (ii) to 


p? 


I 
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overcome the force of friction (=u R=p mg). The total force needed is 
the sum of the forces needed in (i) and (ii). 

To calculate the force needed for accelerating t 
since 12 — 12 = 2 a s, we have 


2 
(2) —9-22xax 100 


he plane, we note that, 


_ 200 x 200 
4—9x9x 200 


= 2.469 m s7? 
The force needed for providing this acceleration is 
Force = mass x acceleration 
= 10,000 x 2.469 N 
= 24690 N 
The force needed to overcome the force of friction is 
umg = 0.2 x 10,000 x 9.8 N 
= 19600 N 
Hence the total force needed = (24690 + 19600) N 
= 44290 N = 4.429 x 10t N 


Example 9: An object of weight W is resting on an inclined plane inclined 
at an angle Ó to the horizontal. Show that the ratio of the minimum hori- 
zontal force needed to (a) just push the object up the plane and (b) just 
prevent it from sliding down is 


(ires (espesa 
sin ð — pcos 0 JA cos 0 — p sin 0 


ms? 


where pis the coefficient of static friction. 


Solution: Let P, and P; be the minimum horizontal forces needed to (a) 
just push the object up the plane and (b) just prevent it from sliding down 
respectively. The various forces keeping the object in equilibrium in the 
two cases are shown in Fig. 3.9 (a) and (b) respectively. 


Fig. 3.9 (a) and (b) 


For case (a) we have 
R.— W cos 0 + Pi sin 0 
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and P, cos 0 = W sin 0 + p (W cos 6 + Pi sin 8) 
T W (sin 8 + » cos 8) (i) 


(cos 0 — p sin 0) 
For case (b) we have 
R = W cos 0 + Py sin 0 


and Pa cos 0 + p (W cos 0 + Pasin 8) = W sin Ó 
[oem W (sin 0 — p. cos 0) Gi) 


(cos 0 + p sin 0) 


From Eqs (i) and (ii) we have 
PUE (sin à + pcos 0) x (cos 0 + » sin 0) 
P, (sinü — cos) ~ (cos g — p sin 0) 


Example 10: An object is first sliding down an inclined plane of inclina- 
tion 0 with a constant velocity v. It is next projected up the plane with an 
initial velocity u. Calculate the distance up to which it will rise before com- 
ing to rest. What will happen to the object after it has come to rest? 


Solution: Let m be the mass of the object. The forces acting on it when it is 
(a) moving down, and (b) moving up the ‘incline’ are as shown in Figs. 
3.10(a) and (b) respectively. 


(3) 
Fig. 3.10 (a) and (b) 


Case (a): Since the object is sliding down with a constant velocity, the net 
force acting on it must be zero. Thus 


F=mg sin ð 
But F = R = pm g cos 0 
where, my is the coefficient of friction (kinetic). Therefore, 
pj, m g cos 0 = m g sin 0 
or py, = tan 0 


Case(b): Since the body is projected upwards with an initial velocity u, 
it experiences a downward acceleration of magnitude 


(m g sin 0 + p m g cos 0)|m or (g sin 0 + He g cos 8) 
But, pj, 7 tan 6, therefore, 


Downward acceleration = g sin 0 + tan 0. g cos 0 
= 2g sin 0 
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Let x be the distance moved up the plane before the object comes to 
rest. We then have 
0 — i? = 2 x (= 2g sin 0) x 
x = 17/4¢ sin 8 


Once the object comes to rest, the frictional force to be overcome is the 
force of static friction. The object can, therefore, slide down the plane if 
its inclination is tan"! æ, Since p, > ppg and the inclination of the given 
plane is tan! jj, the object will stay at rest and will not slide down again, 


Example 11: Masses Mi, M» and M; are connected by strings of negligi- 
ble mass which pass over massless and frictionless pulleys P, and P, as 
shown in Fig. 3.11. The masses move such that the portion of the string 
between P, and P: is parallel to the inclined plane and the portion ofthe 
string between Pz and M; is horizontal. The masses M2 and M, are 4 kg 
each and the co-efficient of kinetic friction between the surfaces is 0.25. If 
the mass M, moves downwards with a uniform velocity, find 


(i) the mass Mı and (ii) the tension in the horizontal portion of the string. 
(Take g = 9.8m s? and sin 37 = 3/5) (IIT 1981) 


Solution: Let 7, and T; be the tensions in the parts of the string between 
M, and M» and M2 and Mi respectively. The forces on the masses Mi, Mz 
and M; are then as shown in Fig. 3.12 (a), (b) and (c) respectively. 


(a) M29 (gj ie) 
Fig. 3.12 (a), (b) and (c) 


For mass M,, we have 
T, = Mig (i) 
For mass M», we have (since sin 37 = 3/5 and cos 37 = 4/5) 
T, = T; + Mig sin 37° + & M; g cos 37° 
=T +4 x9. x 3/5 + 0.25 x 4 x 9.8 x 4/5 
T; + 23.52 + 7.84 
T; + 31.36 (ii) 


li 


i 
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For mass M;, we have 
T;—F-—y,uR-—puM;g 
= 0.25 x 4 x 9.8 
= 9.8 N (iii) 
Hence T, = (9.8 +. 31.36) = 41.16 N 
Using this value of / in Eq. (i), we get 
My tate Nu kg = 4.2 kg 


Thus the mass M, is 4.2 kg and the tension (T>) in the horizontal portion 
of the string is 9.8 N. 


Example 12: A right angled triangular block A has a body B of mass m 
placed on it as shown in Fig. 3.13 (a). Block A is given a horizontal acce- 
leration a directed towards the left. What is the maximum value of this 
acceleration so that is stationary relative to 4? The coefficient of friction 
1. is such that p < cot 0. 


Fig. 3.13 (a) and (b) 


Solution: The various forces acting on block B when A is given a horizon- 
tal acceleration directed to the left are as shown in Fig. 3.13 (b). Since the 
block has to remain at rest relative to 4, we must have 


masin 0 4 R = mg cosl 
or R = m (g cos 0 — a sin 0) 
and F = p R = p m (g cos — asin 0) 
= m (a cos 0 -- g sin 0) 
Therefore, p g cos 0 — g sin 8 = a (cos 0 + u sin 6) 


adm g (u cos 0 — sin 0) 
(cos 0 + p sin 6) 


or _ &(p cot 0 - 1) 


(cot 8 +- n) 


Example 13: Two blocks A and B of masses Mi and M; respectively are 
placed on each other and their combination rests on a fixed horizontal sur- 
face C. A massless string passing over a smooth pulley as shown in Fig. 3.14 
is used to connect 4 and B. Assuming the co-efficient of sliding fric- 
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tion between all the surfaces to be p, show that both A and B will move 
with a uniform speed if A is dragged with a force » (3 Mi + M») g to the 
left. 


pn 
C PRAA — — e 
Fig. 3.14 
Solution: When A is dragged to the left with, say, a force P, the block B 
starts moving to the right. The forces acting on A and B are, therefore, as 


shown in Fig. 3.15 (a) and (b) respectively. Here T is the tension in the 
connecting string. 


C EC 


xis Sg = <P NB. | pue t AS 
m 


(a) 


Fig. 3.15 (a) and (b) 


When both 4 and B move with a uniform speed, the net force acting 
on each must be zero. We, therefore, have 


P= T+peMig 
and T=p(M, + M)g+uMis 
= 2 (2 Mı + M2)g 


Hence, P=p(2M,+ M2)e¢+uM eg 
= p (3 Mı Ml 


Example 14: A book rests on a table cloth spread over a table as shown 
in Fig. 3.16. The centre of the book is at a distance of b from the edge of 
the table at time ¢ = 0; the table cloth is suddenly pulled at this instant 
with an acceleration a. Show that the cloth will slip from under the book 
if a > u g, where y is the coefficient of sliding friction between the table 
cloth and the book. Assuming this condition to be satisfied, calculate (i) 


i UN SERA R 
5n . 
m " vas a Fe R 
(Boo) MET — Fey 
b -——4 srin f 
NC aes aa ui Table 
—— EM.) Eloth 
W=mg 
(a) (b) 


Fig. 3.16 
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time instant, (ii) the velocity, and (iii) the distance of the centre of the book 
from the edge of the table when the edge of the table cloth passes over the 
centre of the book. 


Solution: The forward pulling of the table cloth will tend to push the 
book backwards. The force of friction on the book will, therefore, be in 
the forward direction and will have a magnitude 


F=pR=pmeg 
where m is the mass of the book. The acceleration of the book will, there- 
fore, be 

F pmg 


n m 
Thus if, p g < a, the acceleration of the table cloth, the cloth will slip 
from under the book. 

At the instant (say ¢ = £t), the edge of the table cloth comes under the 
centre of the book, the distance of this table cloth edge and the centre of 
the book from the edge of the table must be the same. Now the distance 
moved by the edge of the table cloth (the initial distance from the edge of 
the table is zero) in a time 1 is 


x = 0 + 4a f? (the table cloth is at rest at £ = 0) 
The distance moved by the centre of the book in time £ is 
x = 0 + 4 (u g)t? (acceleration of the book = p g) 


SRS 


The time instant ¢ is, therefore, given by 
jat = fugi Fb 
or ?(a—pg)=2b 


2b 
3 “Ja rð 


The velocity of the book and the distance of its centre from the- edge of 
the table at this instant are given by 

BOT Ne 

(a-- u8) 

_ [IEE 

~ N(a— pg) 


VE Or eg 


b 
un. eb ois C 


a sone}. 


sais 
(a — n g) 
Example 15: A 0.5 kg block slides from point A (Fig. 3.17) ona horizon- 
tal track with an initial speed of 3 m s-! towards a weightless spring of 
length 1 m and having a force constant 2 N m“'. The part AB of the track 
is frictionless and the part BC has coefficients of static and kinetic friction 
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as 0.22 and 0.20 respectively. If the distances 4B and BD are 2 m and 2.14 
m respectively, find the total distance through which the block moves be- 


fore it comes to rest completely. (Take g = 10 m s~2). (HT 1983) 
—3ms! 421m 
7 e| 
ZZ ; 
A B D C 
b= 2m— 2-14m—4 


Fig. 3.17 


Solution: The book possesses KE (= $ mo = $ x 0,5 x 3? J = 2.25 J), 
a part of which is used in doing work against the force of (kinetic) friction 
over the part BD of the track. The remaining energy of the block is used 
up in compressing the spring through a distance, say x. The block will 
come to rest at this stage if the restoring force developed in the compress- 
ed spring is not sufficient to make the block move against the force of 
(static) friction: otherwise, the block will be pushed backwards and will 
Start oscillating before coming to rest. 


To find out what happens to the block, we first calculate x. The work 
done against the force of (kinetic) friction over the part BD of the track is 
W = (umg) X BD = 0.20 X 0.5 x 10 x 2.14J 

= 2.14) 
The energy left with the block when it meets the spring is, therefore, 
equal to (2.25 — 2.14) J = 0.11 J. Ituses this energy to compress the spring 


through a distance x. Now the work needed to compress a spring of force 
constant K through a distance x is given by 


mi L I x0 elon E ud 
ft 3 


While compressing the spring, the block again does work against the 
force of (kinetic) friction over a distance x, We, therefore, have 


0.11 = 0.20 x 0.5 x 10 x NEIK? 
—x4-4$xX23 ug 
Therefore, 
+x = 0.10 = 0 
d A 0:44 0) — LS 
or v= EV OM Be oA 


where the negative value of x has been neglected. 


Thus the spring gets compressed through a distance of 0.1 m. The res- 
toring force developed due to this compression is 


A= KS ODN 2 se 0.1 N =: 0,2 N 
The force of (static) friction. on the other hand, is 
Hs mg = 0.22 x 0.5 x 10N = LIN 


Thus the restoring force developed in the com 
t 1 
cient to make the block move dnd; thereby, 


pressed spring is not suffi- 
cause its oscillations, The 


ignc 
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block, therefore, comes to rest after compressing the spring through a dis- 
tance of 0.1 m. 


Hence the total distance moved by the block before coming to rest is 
d = AB -- BD + x 
= (2.0 + 2.14 + 0.1) m 
= 4.24 m 


Example 16: A string, with one end fixed on a rigid wall, passing over a 
fixed frictionless pulley at a distance of 2 m from the wall, has a point 
mass M = 2 kg attached to it at a distance ot 1 m from the wall, as 
shown in Fig. 3.18. A mass m = 0.5 kg attached at the free end is held at 
rest so that the string is horizontal between the wall and pulley and verti- 
cal beyond the pulley. What will be the speed with which the mass M will 
hit the wall when the mass m is released ? (LIT 1985) 


Solution When mass mm is released, it will start rising up and the mass M 
will movz along the curved path as shown in Fig. 3.19. 


M=2kg 


m=0-5kg 
Fig. 3.18 Fig. 3.19 


The figure shows the instant the mass M hitting the wall. At this instant the 
mass M is at B which is 1 m below the fixed point A on the wall. The mass 
m has risen through a height DE which is given by 


DE = CB + BA — AC 
=(/5 +1—2) =(V5— 1) m- 


It is clear that the lighter mass m gains potential energy while the heavier 
mass M loses potential energy. Thus, 


Decrease in potential energy of M =M Xg X 1 
=20xgxl=28 

where g = 9.8 m's? 

Increase in potential energy of m = mX g X DE 
=05x gx (V5—1 


Since both the masses are moving, their kinetic energies increase. Let v be 
the velocity with which the mass m rises and V be the velocity with which 
ee nae M strikes the wall. It is clear from Fig. 3.19 that v and V are re- 
ated as 3 
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r = Vecos? 


2 . sé 
— V (since cos à =2/ y 5) 
\5 


Thus, we have, 


Increase in kinetic energy of 
M = } MV: 
=4x 20x 4/577 
=4/§ pe 


Increase in kinctic energy of 


= yis (since v = 2 V/V 5) 


Since the total energy is conserved, the decrease in the potential energy 
of mass M equals the increase in the potential energy of mass m and the 
increase in the kinetic energies of masses m and M. Thus, we have, 


MXgX1-:4 MV am? --mxgx DE 


or 20x g x L&2 V? + V5 +05 (7/5 —1)x g 
or EE TC = 5) 


Sx 


Sx 29 (5 — 3) 
= 3.36 ms“! (approx.) 


Example 17: A weight is moved from the bottom to the top of an inclined 
Plane. Show that a smaller force will be required to drag it along the plane 
than to lift it if the co-efficient of friction is such that 


i. € tan (7/4 — 6/2) 
where is the inclination of the plane to the horizontal. 


Solution: Let P be the force necded to drag the body along the inclined 
plane (sec Fig. 3 20). 


Since the force of friction, in this case, will act downwards, we have 
P=Wsin@ -yF 

= Wsin 60 +» W cos 0 

= W (sin 8 + p cos 0) 


The force P’ needed to lift the body up 
is, of course, just W., Thus, 


P< pU 
W (sin 0 + p cos 8) < W 
or (sin? 4. p cos 8) <= | 


| — sin 8 
Fig. 3.20 DN da m 
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1 — sin? sin? 8/2 + cos? 0/2 — 2 sin 8/2 cos 9/2 


now cos @ —— — cos $2 — sin! 8/2 
a (cos 8/2 — sin ey —— 
(cos 8/3 -- sin 8/2) (cos 8/2 + sin 6/2 
_ 008 0/2 — sin 6/2 
Gos 9/2 F sin 8/2 
Thus P< P 
f < 8 8/2 — sin 0/2 _ (i - tan $1) 
- K< cos 0/2 + sin 8/2 i tan 6/2 
tih (i P 8 
= 4 5) 


Example 18: Two blocks of masses M, and M: are kept touching cach 
other on an inclined plane of inclination x with the horizontal. Show that 
(i) the force of interaction between the blocks is 


(u — 2) Mi M; g cos x 
(M, * 2. 
and (ii) the minimum values of x at 
which the blocks just start sliding is 


J E. Mi +p M 

a = tan “rt E b Mj 
where p, and a, are the coefficients of 
friction between the block M, and the 
inclined plane and between the block M; 


and the inclined plane respectively. (See 
Fig. 3.21) Fig. 3.21 


Solution: We note that, whereas the block M; will press the block Mi, 
downwards, the block M, will try to ‘hold’ the block M: from sliding 
downwards. Let P be the value of this force of interaction between the two 
blocks. The various forces acting on the two blocks are shown in Fig. 3.22 
(a) and (b) respectively. 


Fig. 3.22 (a) and (b) 
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Since the blocks are just in equilibrium, we have 

Mr g sin « + P= F = uM, g cos x (i) 
and M: g sin « — P = Fy, = mM, g cos z (ii) 
Multiplying Eq. (1) by M, and Eq. (ii) by Mi, we get 

(My + M3) P = (m — m) MM; g cos a 


P = Ut = n) MiMs g cos a Gii) 
(M, + M2) 


Using this value of P in Eq. (i) we get 


M, g sin x = 14M, g cos x — (t — #2) MiM, g cos z 


(M, + M3) 
or sin æ = uj cosa — Ut — H) M» cos & 


M, + M; 


= orci [is (My + M3) = (p, — m) M2) 


cos x 
= (M, + M5) (uM, + pM) 


. — Mı + p2M» 
Do i SUC TMCLEAS 


= tan-1 441 M, + m Mi 
or & = tan [eios Ms 


Example 19: A mass lying on an inclined plane of inclination @ is connect- 
ed to an equal mass hanging vertically through .a massless String passing 
Over a pulley. Find the limits of 0, in terms of the angle of friction A so 
that motion may take place (i) up the inclined plane and (ii) down the in- 
clined plane. 


Solution; The various forces acting on the two masses are shown in 
Fig. 3.23. The force of friction F acts down the plane in case (i) and up 
the plane in case (ii). 


Fig. 3.23 


Case (i) In this Case, we have 


T — m g for the mass hanging vertically 
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and T=megsin§ +F 
= m g sin Ó +- p m g cos 0 
where p, the coefficient of friction, equals tan A, 
mg = m g sin 0 + (tan A) mg cos 8 
or sin 0 + (tan A) cos @= I 
or R sin (0 + x) = 1 


where Rcos« = 1 and R sin x = tan A. Therefore, 


sin (84st) REDE = at 
yv b+ tan? A 
= cos A 
m 
= si ic rer À 
sof) 
But, 
tan a = an = tan \ so thata = A 
Thus, when 6 = = — 2, the body will move up the plane, 


Case (ii) In this case, we have 
T = mgand T + F=mgsin@ 
mg + pm gcosô = meg sin 8 
or | + tan A cos @ = sin 8 
or | = sin ð — tan A cos 8 
Again putting 1 = r cos f and tan À, — r sin B, we have 
rsin(0 — B) = 1 


or sin (0 — B = + = ea = 008) 


@—B=5—A 


Since B. = A, we have 0 = 7/2 
Thus when 0 — 7/2, the body will move down the plane. 
Example 20: A uniform rod is made to lean between a rough vertical wall 


and the ground. Show that the least angle at which the rod can be leaned 
without slipping is given by 


1— m r) 
pee. -í a 
6= tan ( 2 ua 


78 A Course in Physics 


where i, and j« stand for the coefficient of friction between (i) the rod and 
the wall and (ii) the rod and the ground, 


Solution: Figure 3.24 shows the various forces acting on the rod 4B when 
it is leaning between the wall and the ground without slipping. 


Wali 


o 


Fig. 3.24 


,, Since the rod is in equilibrium, the net force as well as the net torque on 
it must each be zero, Considering the forces acting on the rod: we have 


Ric F’) = 0..-or Ry = m R, 
and Rid F+(— W)=0 or R2 + wy Ry == W 
Considering next the moments of all forces about 4, we have 
Ry X OB = W x ON + H3 Ry X OA 


or Rx AB con. = W x docet ex AB sin g 
or cos 0 (R» — M//2) = sin 8 (uw, R3) 
or tan o = R = W12) 
p2 R2 
Now W = Rr + p Ri = R, + Hy (42 R3) 
= Ri (l + py m) 

; Rim WI ERTA SEE ua) 

2 D uuu R 

pem (;- on x s — pim) 
i tan@ = Ae (l-pim2)  (1— y 

2 12 Ry 2 m2 


js Bee tae} {ee} 


Hz 


Example 21; A small mass slides dow. incli inclinati 
) D r n an inclined plane of inclination 0 
with the horizontal. The coefficient of ffiction = a X, where x is the 
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distance through which the mass slides down and po is a constant. Find the 
distance covered by the mass before it stops. Wnat is its maximum speed 
over this distance? 


Solution: We consider the mass at the instant when it has slid down a dis- 
tance x along the inclined plane (sec Fig. 3.25). 


^ 
B 


- 
omy 


- 


d t 
^A 


Fig. 3.25 


The net downward force at this instant is 

m g sin 8 — F=mgsinð — p R 
m g sin 8 -— (po X) m g cos 0 
= m g (sin 0 — po X cos 0) 


n 


The instantaneous acceleration a of the mass is, therefore, given by 
_ meg (sin 0 — mo x cos 0) 
m 


- g (sin 8 — p, X cos 8) 


Bu Ru Lakes 
us: a qur STOP REMO S Ea 
lod A M 4 
5 4 (2) = g (sin @ — po N cos 0) 


or d (2) = 2 g (sin 0 — po X cos 0) dx 


Let S be the distance moved by the mass before it stops again. The 


0 s 
| d (2) = | 2 g (sin € — ji x cos 0) dx 
0 0 


5 225 
or Q—2gsinÜ|x| — 2g nos 0 [5] 
o iy 
52 
SE 2g sin 6 S — 2g Ho (cos 97 =0 
or since S20,» 2' sin. 8 = (uo cos 8) S 
2 
or S= = tan 0 
Ho 


Thus the block again comes to rest after covering a distance 


S = 2 tan 0 
Ho 
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The maximum velocity is attained at the instant the instaneneous accele- 
ration becomes zero. This happens for a value x, of x for which 


g (sin à — py Xo cos 0) = 0 


| sin? tan 8 
[iy Cos 8 Ho 


Let vmax be the maximum velocity of the block when x = xy. We then 
have 


Umax ite 
| d?) -= | 2g (sin 0 — py x cos 0) dx 
0 0 


or Umax = (2g sin 8) xo — g po (cos 0) xà 
Putting the value of xj, we have 


sin 0 MONIS sin? 0 
SAM EAE S MS a 
no cos 0 "^ 5 l'o pe cos? 0 


5 


Unas 772 g sin 0 


in? 0 3 
g in S sin 0 tan 6 
Hy cos 0 [m 


Umax = JE sin @ tan o) 
lto 


Example 22: An engine is hauling a train of mass M kg ona level track 
at a constant speed of v ms-'. If the resistance due to friction is f N kg, 
what power is the engine producing? What extra power must the engine 
develop to maintain the speed up a gradient of 1 in /? 


Solution: The engine has to do work only against friction on the level track 
asthe train is moving at a constant speed. The force needed to overcome 
friction is M f newton. Since the distance moved in one second is » metres, 
the work done per second or the power of the engine is 


P = M fv watt 
When the train is being hauled up an incline of | in / (sin 0 = 1//), the 


engine has to do extra work against the downward component (= Mg sin 0 
= Mgjl) of the weight of the train. The work per second is 


Mg Mvg 
Tone NEN 
The extra power needed is, therefore, M v g//. The total power develop- 
ed by the engine now is 


M f v -- M v gll. 
or P (fle og) 


Example 23: A particle of mass m has half the kinetic energy of another 
particle of mass m/2. If the speed of the heavier particle eiie need by 
2.0 m sl, its new kinetic energy equals the original kinetic energy of the 
lighter particle. Calculate the original speeds of the two particles, 
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Solution: Letv and v’ be the original speeds of the heavier and the lighter 
particles respectively. We then have 


4 mv =f (2)] 
v= 47" 


or V =20 


When the heavier particle is speeded up by 2.0 m s™!, its kinetic energy 
becomes $m . (v + 2). Since this equals the original kinetic energy of the 
lighter particle, we have 


4 m (v + 2} = 4 (m/2) (4 x°) 
ry+t4t+4v=20? 


or v—41—4=0 
4+V/16+16 442-8 
pe e ee 
2 2 
3.24 ms"! 


v = 20=648ms! 


Thus the original speeds of the heavier and the lighter particles are 
3.24 m s^! and 6.48 m s^! respectively. 


Example 24: Two identical cylindrical vessels with their bases at the same 
level, each contain a liquid of density p. The height of the liquid in one 
vessel is /; and that in the other vessel is hj. The area of either base is A. 
What is the work done by gravity in equalizing the levels when the vessels 
are interconnected ? (IIT 1981) 


Solution: The work done by gravity equals the change in potential energy 
of the system after the vessels are interconnected. We may regard the liquid 
in each vessel as equivalent to a point mass kept at their respective centres 
of gravity. Remembering that the mass of the liquid is given by (4p) 
and that the PE of a mass at a height h in earth's gravity is m g h, we have 

h h 

Total PEat start = (A hı p) 8g 5 + (A hop) g 5 

A 
= EE qi + 1) 


After the vessels are connected, the-height of liquid in each vessel is 
(hi + 13)/2. Hence 


h h 
PE after connection = 2 {A p (=) g (=) 
= ELE Ch + In? 
Change in PE = Aes (Qn + ha)? — 2 (n + hy 


A 
= — TEE (h = h)? 


"ip 
e -apg (" : r) 


82 A Course in Physics 


This must be equal to the work done ‘by’ gravity on the liquid. Thus 
the work done ‘by’ gravity is 


Example 25: A gun weighing 5 kg fires a bullet of mass 10? kg with a speed 
of 5 x 10 ms". Obtain the kinetic energy of the bullet and the gun. Also 
obtain the ratio of the distance the gun moves backward (while the bullet 
is in the barrel) to the distance moved by the bullet. 


Solution: Kp = kinetic energy of bullet = 3m, X v 
Given 
m, = 107? kg, %» —5x10ms! 
Kg 4 X102 X (5X 102)? 
= 12 Shae 


When the bullet is fired, the gun recoils with a speed v. From the law 
of conservation of linear momentum, we have 


y 


0 = m, vy + m, i, 
y, = — My vy[ Me 


10:2-5«5519€/108 91 
ic eame amio 


——1ms! 
Kg = kinetic energy of the gun 
= tm: Ue 
BP O yiosen Oe 
E0051] 


Considering the bullet and the gun to constitute a single system, the 


centre of mass of the system is at rest and the linear momentum is conser- 
ved. Therefore, 


0 = m, v, T m, vj 


4) 


where 4 x, and 4 x, stand for the distance moved by the gun and the 
bullet respectively. Hence 


eal 
VG Mg 
1072 À 
=- = —3 
5 2 x 10 


Example 26: A hammer of mass M drops from a hei i 

i SA ght /i. It strikes a 
nail placed vertically on the ground and drives it into the ground through 
a distance d. Calculate (i) the average resistance offered by the ground, 
assuming that the hammer and nail remain stuck together after impact, 


(ii) the time for which the nail is in motion and (iii in kineti 
Mr ii) the los i 
enéray in impact, (iii) the loss in kinetic 
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Solution: The hammer of mass M falls freely under gravity through a 
distance A. Let V be the speed acquired by the hammer when it strikes the 
nail. Obviously 


y—wv2gh (i) 
On impact, the hammer and nail are stuck together. Let V be the speed 


of the combination after impact. The law of conservation of lincar momen- 
tum gives 


MY —(M +m) V' F (ii) 
where m is the mass of the nail. 
Let F; be the average resistance (or resistive force) exerted by the 
ground. The net upward force F on the hammer-nail combination is 
F= Fo —(M+m)g 


The combination moves through a distance d against the net upward 
force. Obviously, the work done against the force Fina distance d must 


be equal to the kinetic energy the combination had just after impact. Hence 


+ (M +m) V? = FX d 
= [Fe — (M + m)glx d (iii) 


Using Eqs (i) and (ii), we can rewrite Eq. (iii) as 


Pu + » e s] = [Fo — (M mgl x d 


M? 

. = E d 

or i GIG S [Fg — (M + m) g] x 
idee ; 

or Feige et E (iv) 


(ii) Let the hammer-nail combination be moving for a time 4 1, before 
coming to rest. If 4 P is the change in momentum, then from Newton's 


second law, we have 


AP 
eI Fg; — (M +m) g 
Also AP=(M+m)V' —0 
MV 
PU i (M + m) 
= MV 
AP 
A ta —— 
: Fg — (M + m)g 
nh MV 
pi M+ gh ; S Uu 
la pee P + (M + m) et (M + msg 
TAMET m) d DOO m) d — 
d QM CURE M. Kim gh V 2gh 
Duc m na 


M fis] 
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(iii) The kinetic energy of the hammer-nail combination just before the 
impact is 4 MV? and after impact, it is 4(M + m) V^. Therefore, 


loss in kinetic energy =} MV? — 4 (M+ m) V^ 


M? y? 
EA 2 Pkt eA 
TEMPE (M + m) 
Mm. y? 
* (M + m) 


Example 27: Two monkeys are connected to each other by a massless, 
inextensible string passing over a pulley as shown in Fig. 3.26. The system 
is let go from rest and the heavier monkey starts descending. At the end 
of 5 s, suddenly another monkey of mass M joins the ascending one. Calcu- 
late (i) the resultant speed after t = 5 s and (ii) the loss of kinetic energy 
of the descending monkey when the other monkey gets attached to the 
ascending one. 


A M 
M | B M N 
2M Mg | 

Lighter V2Mg Y 
monkey : 2Mg 2Mg 

Heavier 

monkey (a)t« 5s (b) t» 5s 

Fig. 3.26 Fig. 3.27 


Solution: (i) Figure 3.27 (a) shows the situation before 5 s. Let Tbe the 
tension in the string and.a the common acceleration of A and B. Obviously. 


2Ma=2Mg—T 
and T—Mg=Ma 
Therefore 3Ma=Mg 


ree 
or gms 


If V is the speed acquired by A in the downward direction (or the speed 
acquired by B in the upward direction) at / = 5 s, then 


vV=0+ax5 


a 
38 (i) 


_ When another monkey of mass M is attached to B, the situation is shown 
in Fig. 3.27 (c). Now the resultant force on the system is zero and, there- 
fore, the acceleration is reduced to zero. Also, the system has a momentum 
of 3 MV before the monkey joins B. Let V be the speed of both the mon- 
keys when the new one has joined B, Obviously, now the momentum is 
4 MV’.From the law of conservation of momentum we have 


3 MV — 4 MY' 
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I 
dines 
or y' -ig (ii) 


(ii) The kinetic energy of A before the new monkey joins, is à (2M) yi 
Its kinetic energy after the new monky joins B is 3 (2M) V". Therefore, 


L e i Choa nd un v 
oss of kinetic energy = 3 (2 M) (5 zh 3 (2 M) rai 


= 1.215 M J 


Example 28: A heavy mass M resting on the ground is attached to a sm- 
aller mass m via a massless, inextensible string passing over a pulley as 
shown in Fig. 3.28. The string connected to M is loose. The smaller mass 
m falls freely through a height A and the string becomes taut. Obtain the 
time from this instant onwards when the heavier mass again makes con- 


tact with the ground. Also obtain the loss in kinetic energy when mass M 
is jerked into motion. 


Mg 
(a) (b) (c) 


Fig. 3.28 Fig. 3.29 (a) (b) and (c) 


Solution: Figure 3.29 (a) shows the situation when mass m has descended 
through a height / and the string is just. about to become taut. At this 
moment the speed acquired by mass m is v. This gain in the kinetic energy 
of m is equal to the loss in its potential energy. Therefore, 


mgh =m? 


or u= V2 g li (1) 


Figure 3.29 (b) shows the situation just after the string has become taut. 
Now, mass M is also joined to mass m. Let v’ be the common velocity of 


both m and M at this moment. From the law of conservation of linear 
momentum, we have 


(M 4-m)v —mv 


Put T NEUEN 2) 
p ; Mem’ ( 
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Figure 3.29 (c) shows the situation when the heavier mass M has just 
left the ground. The forces acting are also shown in the diagram. If a is 
the acceleration of M in the downward direction and that of m in the 
upward direction, the equations of motion of the two masses are 
[ Ma=Mg--T 
and ma=T—mg 
where 7 is the tension in the string. Hence, 

a(M +m) =(M — m) g 
M — m ; 
M+mé @) 
At this moment, mass M has a speed v in the upward direction and an 


acceleration a in the downward direction. It will rise up to some height 


above the ground and come to rest. Let mass M come to rest momentarily 
after time ¢ second . Then 


or 


O=v'—at 


D 


u 
or [-—— 
a 


2b m» I - m) 
(M + nn] VM + m 8 


‘ aerate) 


‘The heavier mass will now start from rest and begin moving downwards 
with an acceleration a. Obviously, it will strike the ground after ¢ second 
from the moment when it was momentarily at rest. Hence, the heavier 
mass M will touch the ground after 21 second , i.e. after time given by 

2m AT 

Wap A/2 g hie 
Ia 2m 2h 
(M—m) dg 


The kinetic energy of mass m just before it was to jerk M, was 3 mv? and 


that after if had jerked up the mass M was 1 (M + m)v’2, Therefore, loss in 
kinetic energy = $ m? — 1 (M + m) v? 


zl S DEM 
Sd (a -f x) 


Example 29: A force of 100 N acts, 
ona block of mass 10 k 


the speed acquired by tl 


i in the direction as shown in Fig. 3.30, 
g ne A a smooth horizontal table. Calculate 
T M ne block after it has moved a distance of 10 m. If 
REE poon MAR coefficient of friction between the block 

-4, what would be f ir c r the 
aime aan Geese € the speed acquired by the block under the 


100N 
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Solution: The various forces acting are shown in Fig. 3.31. 


w=10x ION 


Fig. 3.31 


EI 


The force of 100 N has (i)a horizontal component of 100 cos 30 


= ioo Y? N = 50 V3 Nand (ii) a vertical component = 100 sin 30° 


= 50 N. 
Since the block is always in contact with the table, the net vertical force 


must be zero, i.e. 
R=W+50 
= (10 x 10 + 50) N Car g = 10m:s~) 
= 150 N 


When the block moves along the table, work is done by the horizontal 
component of the force. Since the distance moved is 10 m, the work done 


is = 50/3 x 10 = 500 3/3 J. 
If vis the speed acquired by the block, the work done must be equal to 
the kinetic energy of the block. Therefore, we have 


500 1/3 = 4 x 10x #2 
or 2 = 1004/3 
v = 13.17 ms' 


. When the table is not smooth, the various forces acting are as shown in 
Fig. 3.32. As before 
R —150N 


B s 


PER m^ xb 


F=pR 


SON 4 w=10X10N 
Fig. 3.32 
The frictional force Fris 


Fry =p R = 0.4 x 150N 
= 60 N 
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Now, when the block moves through a distance of 10 m, the net work 
done is given by 

W = (50 4/3 — 60) x 10J 

= 260) 

The speed »' acquired by the block is given by 

4 x 10 x v” = 260 

v = 7.22m s`! 

Example 30: A block of mass m starts from rest to slide along a smooth 


frictionless track of the shape shown in Fig. 3.33. What should be the 


height / so that when the mass reaches point A on the track, it pushes the 
track with a force equal to its weight ? 


Fig. 3.33 


Solution: When the block starts from the top of the track, it has a poten- 
tial energy equal to m g h. As it reaches point A, it has both kinetic as well 
as potential energies. If v is the speed of the block at A, its kinetic energy 


is im w. Its potential energy at A is m g (2R). Obviously the law of 
conservation of energy demands that 


mgh = m g (2R) + àmo (1) 
The forces acting on the block at A are 


(i) its weight m g acting vertically downwards 
(ii) the centrifugal force m?/R in the radially outward direction. 


The resultant of these two forces is (m v?/R) — mg. We want this resultant 
force to be equal to mg. Therefore 


m v? 
— — mg —m 
R g g 


or v = 2 Rg 
Combining Eqs (1) and (2), we get 


mgh = mg (2R) + mgR 
= 3 mgR 
hkh=3 R 


(2) 
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Example 31: Figure 3.34 shows a ballistic pendulum. A bullet of mass m 
and speed » striking and getting embedded into a block of mass M. After 
impact, the pendulum swings through an angle 9. Show that 


ae (= + M ) A/3 gl (1 — cos 6) 


Solution: Let V be the speed acquired by the combined masses and M 
immediately after the impact of the bullet. According to the law of conser- 
vation of linear momentum 


mv = (M + m) V 
m 
or Bat (er (1) 


The combined mass (M + m), therefore, acquires kinetic energy equal 
to 3 (M + m) V?. The pendulum swings through an angle 0 and is momen- 
tarily at rest. In the process of swinging, the centre of gravity of the sys- 
tem rises through a distance h as shown in Fig. 3.35. 


0 


-nansa 


> 


= 
"le 
D 
D 
1 
! 
` 


O@--- 
V 


Fig. 3.34 Fig. 3.35 


. Obviously, in this new position, the whole of kinetic energy is converted 
into potential energy. Therefore, 


1 (M + m) V? — (M + m) gh 
or y = 4/2 gh 
From the diagram, it is clear that 
hze1—9Gc. 
—1— l cos 8 = I (1 — cos 0) (2) 
Combining Eqs (1) and (2) we have 


n 


= we A/221(1 — cos 0) 


V 


v= 
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Example 32: A small block slides from rest from the top of a frictionless 
sphere of radius R (see Fig. 3.36). How far below the top does the block 
lose contact with the sphere? The sphere is at rest all through. 


Fig. 3.36 


Solution: As the block slides down the sphere, it acquires a velocity due 
to a loss in its potential energy. As the block moves with a finite speed, a 


centrifugal force comes into play. Figure 3.37 (a) shows the situation be- 
fore the block flies away. 


A 


(a) (b) 


Fig. 3.37 (a) and (b) 
The forces acting are 


(i) W — mg in the vertically downward direction 
(i) Fa; the centrifugal force directed radially outwards 


(ii) The reaction force N of the sphere on the block. This is along the 
radius at the point of interest. 


The component of weight along the radial direction is mg cos 0. So 
long as mg cos 0 > F 


cents N is finite and the block is in contact with the 
sphere, When the block is about to fly off mg cos % = Fent and N = 0 
as shown in Fig. 3,37 (b). It is clear from this diagram that 

mg cosa = E 


(1) 


Also v is the speed acquired by the mass as itfalls through a vertical 


distance x. Hence 


12.12 ee (2) 
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From the diagram, it is also obvious that 


(R — x) 


z G) 


cos « = 


From Eqs (1) and (2) we get 


» (RI x) 29x 

g TS m —&- 
or R—x:-—2x 

RU 

SARS 


Example 33: AB is a quarter of a smooth circular track of radius 4 m (see 
Fig. 3.38). A particle P of mass 5 kg moves along the track from A to B 
under the action of the following forces: 


(1) A force F, directed always towards point B; its magnitude is cons- 
tant and equals 4 N. 

(2) A force F, that is directed along the instantaneous tangent to the 
circular track; its magnitude is (20 — 10 sj newton where s is the 
distance travelled in metre . 

(3) A horizontal force F, of magnitude 25 N. 


2 a the particle starts with a speed of 10 m s~!, what is its speed at point 


Fig. 3.38 Fig. 3.39 


Solution: We shall first calculate the work done by each individual force 
as the particle moves from A to B. 


(1) Work done by force Fi 


Let the particle be at point P at some instant of time t = f. It moves to a 
position Q ina small time interval dt. The direction of force on the 


n cd s n 
particle at P is PB (sce Fig. 3.39). The small amount of work done in time 
eatis 

— — 
d Wi = Fi ds 
= Fi cos 0 ds 
='4 R cos 0 d0 (1) (ds = Rd 9) 
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The total work done as the particle moves from 4 to B is given by the 
integral of Eq. (1) with in limits 0 = 0 to 0 = 7/4. 


m=4xa] cos 6 d 0 


7/4 
0 


ll 


16 isin Í 


TJA 
0 


—84/2-1132J (2) 
(2) Work done by force F, 


The force F, is always along the direction of the instantaneous tangent 
which is also the direction ofthe instantaneous displacement. Therefore, 
the small amount of work done as the particle moves from P to Q is 


dW2 = F, X ds 

= (20 — 10 s) ds 
R0 and ds = Rd 
(20—40)x4d9 


But S 


li 


` 
= 
I 


Hence, 


7/4 
m=] Q0 —40)x 4d0 
0 


80 x vj4 — 18 jaye 


= (253.6 — 4.93) J 
= 248.67 J 


(3) Work done by force F, 


Since force F; is always horizontal and has a constant magnitude of 25 N 


and as the particle moves from A to B, the net horizontal displacement 
is OB, i.e. the radius of the circular track, Therefore, the work done by 
this force is 


W; = 25 x 4J = 100J 


Work done against weight In addition to the above three forces, there is 
another force, namely, the weight of the particle equal to 5 x 9.8 N = 
49 N acting. vertically downwards. As the particle moves from A and B, 
the net vertical displacement produced is again equal to the radius of the 
track. Since the force due to the weight is always constant, in magnitude 
and direction, the work done by the force of gravity is 


Wr = —49x 4) = — 196) 


The negative sign is indicative of the fact that the forces of the weight and 
displacement are opposite directions. 


The total work done in the presence of all the forces is 
W=Wi+ Wy + W; + W, 


= (11.32 + 248.67 +- 100 — 196) J 
163.99 J 


ll 
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Let v, and vg be the velocity of the particle at A and B respectively. 
From the work-energy theorem, we have 


or 


or 


t mog —4 moo} = W 
4x 408 —4 x 4x 10? = 163.95 
$ - 181.797 


vh = 13.42 ms! 


3.5 TRUE-FALSE STATEMENTS WITH REASONS 


We are given some statements below., We have to decide whether they are 
true or false giving, in brief, the reasons in support of our answers. 


1. 


N 


10. 


Di 


12. 


I3: 


14. 


15. 


Newton's first law tells us that in the absence of nearby objects—the cause of 
‘real’ forces—it is possible to find a family of reference frames in which the 
particle has no acceleration. 

A physical quantity can be regarded as a vector if we can associate a magnitude 
as weil as a direction with it. 

1t is possible to sometimes have a single isolated force. 


. A spring is attached to a ‘stand’ at one end and has a block, at rest, suspended 


trom its other end. In general, such a spring will exert different forces on the 
stand and the block. 

We will need different forces to give the same acceleration, say a, to a given 
body in (a) gravity-free space and (b) a horizontal frictionless surface on the 
earth. 

An object kept on a smooth inclined plane of 1 in lcan be kept stationary rela- 
tive to the ‘incline’ by giving a horizontal acceleration of giv E — 1tọ thein- 
clined plane. 

The total energy of a body in motion is equal to the work it can do in being 
brought to rest, 


. The work done by a force F (x) in displacing a particle from a position x: to a 


position x» is equal to the area enclosed by the F (x) versus x curve; the x-axis 
and the two ordinates at x = x, and x = x». 

A body is moving down a long inclined plane of 1 in 2. The coefficient of fric- 
tion between the body and the plane varies as p = 0.49 x, where x is the dis- 
tance moved down the plane. The body will then have its maximum velocity 
when it reaches the bottom of the plane. 

An insect crawling up a fixed hemispherical bowlof radius R can only crawl 
upto a height of 68% of the radius of the bowl if the coefficient of friction is 
1/3. 

If two surfaces are progressively polished or smoothened, the frictional force 
between them will continue to decrease indefinitely. 

An open knife-edge of mass m is dropped from a height h on a wooden floor. If 
the, blade penetrates $ cm into the wood, the average resistance offered by the 
wood to the blade is mgh/S. ~ 

When a body is moved along a straight line by a machine delivering constant 
power, the distance moved by it in time t is proportional to ¢°/°. 

A uniform chain of length L and mass M is lying on a smooth table and one- 
third of its length is hanging vertically down over the edge of the table. The 
work required to pull the hanging part of the chain on to the table is MgL/18. 
The time period of a simple pendulum in a lift accelerating upwards with an 
acceleration g/8 is 2V 2/3 times its value in a stationary lift. 
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ANSWERS 


True The first law tells us that a body persists in its state of rest or of uniform 
motion in a straight line, unless it is compelled to change that state by forces 
impressed on it. Since the acceleration of a body is dependent on the reference 
frame used to measure it, we can regard the first law as a statement about refe- 


rence frames. 


. False A physical quantity is regarded as a. vector, if in addition to havinga 


magnitude and direction, it also obeys the laws of vector addition. 


. False Forces in nature always occur in pairs—action and reaction. Any sirgle 


torce is only a ‘one-sided view’ of a mutual interaction between a body and its 
surroundings or between two bodies. 


. True In general, the weight of the spring has to be taken into account. It is only 


when the spring is assumed to be ‘weightless’ that it may be regarded as trans- 
mitting a force from one end to the other without change. 


. False The force needed in both the cases is ma, where m, the mass of the body 


is the same in both the situations. 


. True As shown in Fig. 3.40, a horizontal acceleration a to the inclined plane 


has a component a cos 0 down the plane. If this equals g sin 8, the acceleration 
of the object down the ‘incline’, the object will appear stationary relative to the 
incline. Thus 


a cos 0 = g sin 0 


or a = g tan 6 
=e/VE=1 


OR 
Jaa 


Fig. 3.40 


. False It is not the total energy but only the kinetic energy that is ‘used up’ when 


the body is brought to rest. We must, therefore, say that the Kinetic energy of a 
body in motion is equal to the work it can do in being brought to rest. 


. True For a variable force F (x), the work done is given by 


wW- f * F(x) dx 
L4! 


and this equals the area enclosed b E 
j y the F (x) versus x curve, the x-axis and the 
two ordinates at x = x: and x = x: (see Fig. 3.41) 3 


F (x) 


XzXi X=X, 
—X 


Fig. 3,41 


— 


Particle Dynamics 95 


. False The instantaneous acceleration of the body down the plane is (g sin 8 — 


p g cos 0) = g (sin @ — 0.49 x cos 0). The body will, therefore, first accelerate 
(upto x < tan 6/0.49), reach a maximum velocity (at x = tan 0/0.49 = tan 30°/ 
0.49 = 1.18 m), and then start decelerating (for x > tan 0/0.49). Thus the maxi- 
mum velocity is attained after travelling 1.18 m down the plane and not at the 
bottom of the plane. 


. False The insect will crawl up the bowl till the component of its weight down 


the plane just equals the force of limiting friction. Thus, as shown in Fig. 3.42, 
we have 


= Wsin« and N= Wcos« so that tana T =p = 1/3 
But tan (7/2 — a) = cota = SS 
VR — x2 


3 
so that x= ~= = 0.949 R 
v10 


h = R — x = 0.051 R = 5.1% of R 
Thus, the insect can climb upto only about 5% of R. 


Fig. 3.42 


. False The frictional force at first decreases rapidly but later on increases very 


rapidly. This is because when the two surfaces become so smooth that their sur- 
face irregularities are less than the range of intermolecular attraction (~ 137* 
m), there is a ‘direct interaction’ between the molecules of the two surfaces and 
we can consider the ‘points’ of contact’ of the two surfaces as spread over the 
whole surface. The force tending to produce relative motion between the surfaces 
thus encounters large opposition i.e. the frictional force increases. 


. True The potential energy (= (gh) of the blade is used up in doing work 


against the resistance of the wood. If the average resistance is F, we have FS = 
work done = mgh. Hence 


F = mgh/S 


. True The work done W = force x displacement = mas. Hence, power P = 


W/t = maS/t so that a = Pt|mS. The distance S moved in time / is given by 
S = 0-r iat? — b Pr*[mS 
Stat? or Sat? 


. True A mass Mj3 has its CG raised through a distance 1/2 (L/3) = L/6. The 


work done in this process is M/3g L/6 = Mg L/18. 


. True The effective value of ‘g’ in this case, being g + g/8 or 9/8 g, the time 


period will go ‘up’ by a factor of V 8/9 or 2 2/3. 
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3.1 MULTIPLE-CHOICE QUESTIONS 


Select the best alterative in each of the following. 


1. A bullet hits and gets embedded in a solid block resting on a frictionless surface. 
In this process 
(a) momentum is conserved 
(b) kinetic energy is conserved 
(c) both momentum and kinetic energy are conserved 
(d) neither momentum nor kinetic energy is conserved. 


2. A ball of mass 0.1 kg is thrown against a wall. It strikes the wall normally with 
a velocity of 30 ms~* and rebounds with a velocity of 20 ms™? in the opposite 
direction. Then the impulse of the force (in newton-second) by the ball on the 


wall is 
(a) 50 N—s (b) 0.5 N—s 
(c) 1.0 N—s (d) 5 N—s 

3. A body slides down an inclined plane of inclination? The coefficient of friction 
down the plane varies in direct proportion to the distance moved down the 
plane (= kx). The body will move down the plane with a 
(a) constant acceleration = g sin 0 
(b) constant acceleration = (g sin à — u g cos 8) 

(c) constant retardation = (u g cos 6 — g sin) 
(d) variable acceleration that first decreases from gsin@to zero and then be- 
comes negative. 

4. A gun is ‘aimed’ at a target ‘in line’ with its barrel. The target is released (and 
allowed to fall freely under gravity) atthe very instant the gun is fired. The 
bullet will 
(a) hit the target (b) pass above the target 
(c) pass below the target (d) certainly miss the target. 

5 


- Equal masses (m each) are attached at the two ends of a string passing over two 
pulleys. Another mass is attached at the centre of the string. In order that there 
is no sag in the string, this mass should be 
(a) m (b) m/2 
(c) 2m (d) infinite 


ev 


- Along spring, when stretched by x cm, has a potential energy V. On increasing 
the stretching to nx cm, the potential energy stored in the spring will be 
(a) Vin (b) nV 
(c) n? V (d) V/n? 
7. Two bodies of masses m and 4m are 
of their linear momenta is 


(a) 1:4 (4:1 

(c) 1:2 (d)1:1 
8. Two bodies of masses m and 4m a 

ratio of their kinetic energies is 


moving with equal kinetic energy, The ratio 


Te moving with equal linear momentum, The 


(3)1:4 (b)4:1 
(b)1:1 (d)1:2 
9. A jet of water with a Cross-sectional area a is strikin 


8 to the normal and rebound elastically. If the velo 
the normal force acting on the wall is 


(a) 2a v* p cos 8 
(c) 2av»cos 8 


£ against a wall at an angle 
city Of water in the jet is v, 


(b) av? pcos 6 
(d) a v p cos 9 


. Two identical frictionless pulleys are arrange 
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. Three different objects of masses mi, m» and ms are allowed to roll from rest 


from a common point O along three different frictionless paths OP, OQ and OR. 
The speeds of the three objects on reaching the ground will be in the ratio 

(a) mi : nis : ms (b) 12151 

OP , OQ , OR 


(c) m OP: m OQ: ms OR (d) 4 
nu m2 ms 


. A ball is moving to and fro about the lowest point O of a smooth hemispheri- 


cal bowl. If it is able to rise upto a height of 45 cm on either side of O, its speed 
at O must be (Take g = 10m $74) 


(a) 4.5 ms"! (b) 9 m s™ 
(c) 3 ms* (d) 0.045 m s? 


. In the arrangement shown in Fig. 3.44, masses Mı and M2 are both descending 


with a uniform speed 2. The a mass M will ascend with a speed 


Fig. 3.44 
(a) » cos 0 (b) 2 v cos 0 
(c) 2 v/cos 8 (d) v/cos 0 
. A block of mass M is pulled along a horizontal frictionless surface by a rope of 
mass m. If a force P is applied at the free end of the rope, the force exerted by 
the rope on the block will be 
(a) PMI(M + m) (b) Pm/(QM + m) 
(c) Pm/(M — m) (d) P 
. A container, filled with water and having a wooden block floating in it, is 


allowed to fall freely under gravity. During the ‘fall’, the upthrust on the woo- 
den block will be 

(a) equal to the weight of the block in air i 

(b) equal to the weight of water displaced. by the immersed portion of the block 
(c) equal to the loss of weight of the block in water 

(d) zero . 
d separately as shown in Fig. 3.45 

(a and (b). Assuming that the string has negligible mass, the acceleration of 
mass 7n, in the two cases will be 
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2m Fz2mg 


(a) (b) 
Fig. 3.45 (a) and (b) 
(a) the same but different from g 
(b) more in case (a) than in case (b) 


(c) more in case (b) than in case (a) 
(d) the same in the two cases and equal to g. 


16. The relationship between the force F and position x ofa body isas shown in 


17. 


18. 


Fig. 3.46. The work done in displacing the body from x — 1 m to x= 5 m will 
be 


Fig. 3.46 


(à) 20 J 


(b) 15J 
(c) 25 J. 


(d) 30 J 
A man is pulling on a rope attached to a block on a 
The tension in the rope will be the same at all points 
(a) if and only if the rope is not accelerated 
(b) if and only if the rope is massless 
(c) if either the rope is not accelerated or is massless 
(d) always 
A spring balance A and a beam balance B are used to ‘weigh’ a Biven object at 
different points on the earth. Then 


(a) the readings of 4 and B will be different a 

(b) the readings of 4 will be different but th 
Tent points on the earth 

(c) the readings of 4 will be the same but those of B will be different at diffe- 
rént points on the ea rth 


Smooth horizontal table. 


t different points on the earth 
ose of B. will be the same at diffe- 


(d) both 4 and B Will have the same readings at different points on the earth. 


20. 


21. 


22. 


23; 


24. 


25. 


3.7 
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. A plumb lineis hanging from the ceiling ofacar. When thecar is moving 


along a horizontal track with an acceleration a, the plumb line gets inclined at 
an angle 

(a) tan? (a/g) (b) tan-* (g/a) 

(c) cos (a/g) (d) sin^! (gla) 

A block can slide on a smooth inclined plane of inclination 8 kept on the floor 
of a lift. When the lift is descending with a retardation a, the acceleration of 
the block relative to the incline is 

(a) (g — a) sin 6 (b) (g + a) sin 8 

(c) g sin 6 (d) (g — a) 

An automobile moves along a straight horizontal road with a speed (i) v and 
(ii) 3 ». Assuming identical conditions, the ratio ofthe shortest distance in 
which the automobile can be stopped is 

(2) 1 53 (b)1:9 

(c) 1 : 27 (d) 1:81 

A given object takes n times as much time to slide downa 45°rough incline as 
it takes to slide down a perfectly smooth 45° incline. The coefficient of kinetic 
friction between the object and the incline is given by 


(a) ue = 1/1 — n?) (b) p. = 1 — 1/n* 
1 I-—Im 
Om = Jas (a) Vi= In 


Several forces varying both in magnitude and direction are used to move a 

particle along a smooth curved horizontal path. ‘The work done on the particle 

by the resultant force equals the change in the 

(a) total energy of the particle 

(b) total energy of the particle or its kinetic energy depending on the nature of 
the path 

(c) kinetic energy of the particle 

(d) total energy or its kinetic energy depending on the magnitude of the result- 
ant force. 

A body of mass m accelerates uniformly from rest to a speed u in a time T. 

Then the instantaneous power delivered to the body as a function of time t is 


given by 
lmu? 1 mu à 
(a) mí (b) 5 TU! 
2 
(c) T t Cs 1 


If g is the acceleration due to gravity on the earth’s surface, the gainin poten- 
tial energy of an object of mass M raised from the surface of the earth toa 
height equal to the radius R of the earth is 

(a) MgR/2 (b) 2 MgR 

(c) MgR (d) MgR/4 


NUMERICAL EXERCISES 


. The head of a hammer moving at a speed of 10 m s-!strikes a nail and drives 


it into a wooden block, the duration of the impact is 0.005 s. If the hammer 
head weighs 1.5 kg, find the average impact force and the distance the nail has 
penetrated into the wood. 


. A disc of mass 20 g is kept floating horizontally by throwing 20 marbles per 


second against it from below. Assuming that the marbles strike the disc nor- 
mally and rebound downwards with the same speed, calculate the speed with 
which the marbles are striking against the disc. 
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3. 


A container of volume V cubic metres filled to the brim with water of density » 
kg m-* is counterpoised against suitable weights on a balance. A constant 
stream of water is poured from a height of / metres into the container at a 
constant «ate of m kg s^. If the excess water is allowed to overflow horizon- 
tally from one Side of the balance, what, if any, is the percentage increase in the 
"weight" of the container? 

Two masses m and 2 m are connected by a massless string which passes over a 
light frictionless pulley. The masses are initially held with equal lengths of the 
string on either side and are initially 13.08 m above the ground. Find the velo- 
city of the masses at the instant the lighter mass moves up a distance of 6.54 m. 
The string is suddenly cut at that instant; calculate the velocities with which the 
two masses hit the ground. Also calculate the time taken by each mass to reach 
the ground. (IIT 1977) 


- A ball of mass 100 g is projected vertically upwards from the ground with a 


velocity of 49 m s™!, At the same time another identical ball is dropped from a 
height 98 m to fall freely along the same path as that followed by the first ball. 
After some time, the two balls collide and sirick together, Find the time of 
flight of the balls. (IIT 1985) 


- The human heart forces 4 litres of blood per minute through the arteries under 


A pressure of 125 mm. Calculate the HP of the heart. Density of blood = 1.03 
< 10° kg m7? and 1 HP = 746 W, i 


- A block of mass 2 kg slides on an inclined plane which makes an angle of 30 


shi a ial The coefficient of friction between the block and the surface 


(a) what force should bea i to the blo o 
a pplied he block t i 5 i 
l that it moves down without 
(b) what force should b i 
applie K S at it moves vithout a 
; € applied to the block so that it ves up wi any 
(c) calculate the r. i 4 ove cases, if OC 
[s I ü he ratio of the power needed in the ab ve two cases, if the block 
moves with the same speed in both the cases, (IIT 1976) 


- A body s$ i ; incli 
y starts rolling down an incline of | in 2 from rest. The body is brought 


to rest j E i 

is “atlas ei d vr dun verlos a a eee de plane 
Oa x Smooth and the lower half is rough: the for iia, 
tion in this rough half equals the weight of the body. BM R ot me 


In Fig. 3.47 (a) an ~ ineli 

"bius un E nd nce are fixed inclined planes. BC > EF 

rA due Es AC and Teaches C with a speed Ve. The same block is 

S fee a point D and slides down DGF and reaches the point F 
J. The coefficient of. kinetic friction between the block and both 


th 
€ surfaces AC and DGF are # each. Calculate V, and Vy CUT 1980) 
A 
D 
y y G 


Fig. 3.47 (a) and (b) 


10. 


is 


13. 
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Two blocks A and B are connected to cach other by a string: and a spring; the 
string passes overa frictionless pulley as shown in Fig. 3.48. Block B slides 
over the horizontal top surface of a stationary block C and block A slides along 
the vertical side of C both with the same uniform speed. The coefficient. of fric- 
tion between the surfaces of the blocks is 0.2 and the force constant of the 
spring is 1960 N m7. If the mass of block 4 is 2 kg, calculate the mass of 
block B and the energy stored in the spring. (ILT 1982) 


Fi9. 3.48 


Two bodies 4 and B of masses m and 2 m respectively are placed on a smooth 
floor. They are connected by a spring. A third body C of mass m moves. with a 
velocity vo along the line joining 4 and B and collides elastically with 4 as 
shown in Fig. 3.49. At a certain instant fo after the collision, it is found that 
the instantaneous velocities of Aand B are the same. Further, at this instant, 
the compression of the spring is found to be xo. Determine (a) the constant 
velocity of A and B at the time to and (b) the spring constant. (IIT 1984) 


Fig. 3.49 


Two bodies 4 and B of equal mass aré arranged on a block Pas shown in Fig. 
3.50, The coefficient of friction between P and either of A or B is #. Assuming 
the pulley and the string to be massless and the pulley to be smooth, calculate 
the minimum horizontal acceleration. with which block P should move so that 


both A and B remain stationary, relative to it. 


Sas 


Fig. 3.50 


rough horizontal ground with its up- 
h horizontal rail ata height /. If the 
he coefficient of friction between 


A uniform ladder of length / rests on à ! 
per end projecting slightly over a smoot 
ladder is just on the point of slipping. what is t 
the ladder and 'the rough horizontal ground? 
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14. A body of mass m rests on a horizontal plane having coefficient of friction n. 
— — 
Att — 0, a horizontal force F is applied that varies with time as F (t) = 
> 


SE : 
Fot, where Fo isa constant vector. Find (a) the time instant /o at which 
motion starts and (b) the distance s moved by the body in t seconds (£ > to) 
after the force begins to act. What is the distance moved in ¢ seconds if £ < to? 


5. A block of mass 2 kg slides on an inclined plane making an angle of 30° with 
the horizontal. The coefficient of friction between the block and the surface is 
3/2. Calculate the force to be applied to the block so that it moves (a) down 
and (b) up without any acceleration. (IIT 1978) 


16. A ladder is resting equally inclined between a rough vertical wall and ground. 
If a man whose weight is half that of the ladder starts ascending on it, show that 
the man can climb up to 71.4% of the length of the ladder before it just starts 
slipping. Also show that this man can just make it to the top of the ladder if 
a boy of weight 1/4 that of the ladder stands against the ground end of the lad- 


der. Take the coefficient of friction between the ladder and (i) ground and (ii) 
wall as 1/2 and 1/3 respectively. - 


7. A mass of 500 kg is kept in equilibrium on a rough inclined plane of 1 in /5 
bya horizontal rope. Show that the maximum and minimum tensions in the 
rope are in the ratio 7 : 3 when the coefficient of friction between the surface is 
0.2. 

8. A sphere of mass M lying ona rough inclined plane of inclination 0 is held in 


equilibrium by a horizontal string attached to the highest point of the sphere. 
What is the tension in the string? 


p 


9. A uniform cube of side a and mass m rests on a rough horizontal table. A hori- 


epe eA 
zontal force F is applied normal to one of the faces of the cube at a point that 
is directly above the centre of the face at a height 3 a/4 above the base, Show 
ras the minimum value of F for which the cube begins to tip about an edge is 
2/3 mg. Assume that the cube does not slide, (IT 1984) 
0. A system of blocks is arran 


3.51. There is no friction between block Band the surface on which it 


nN 


25 i 
e eee a cart of mass m along a horizontal surface at a constant speed. If 
cient of kinetic friction is Hx and his ‘pull’ P is inclined at an angle 0 


to the horizontal, w RS 7 
UE: » What work does he do in displacing the cart through a dis- 


Fig. 3.51 


m deep. The average horse power deve- 


7» How much water pas 
TAS cua "Mb passes through the 
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23. A box of mass 50 kg is just on the point of sliding down an inclined plane of 
an incline of 1 in 2. What force must a person apply to make it just move up 


the plane if he pushes (a) horizontally and (b) up along the plane? The coeffi- 
cient of friction is 0.5. 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


l. (c) 2. (d) 3. (d) 4. (a) 5. (d) 
6. (c) 7. (c) '8. (b) 9. (a) 10. (b) 
11. (c) 12. (b) 13. (a) 14. (d) 15. (c) 
16. (b) 17. (c) 18. (b) 19. (a) 20. (b) 
21. (b) 22. (b) 23. (c) 24. (c) 25. (a) 


NUMERICAL EXERCISES 


1. 3000 N, 2.5 cm 
2. 0.49 m s-! 


100 m TP 
3. zu 2 hig 


4, 20.66 m s7!, 13.07 m s-!, 4.77 s, 2.67 s 
5. 6.535 

6. 112.76 x 107* HP 

7. 0.6 N, 30.62 N, 0.0196 

9, Ve= Vy = V26(9— BX) 

10. 10 kg, 0.098 J 

11, 29/2, 2 m và[3 xo 

12. g (1 — e) + p) 

13. hy P. — Re) + hè) 

14, ME, 2 Fe o — to), zero 
15. 10.99 N, 30.59 N 

18. Mg tan? 6/2 

20. 5.25 cm 


21, (Heme x cos 0) 
` (cos 0X + p, sin 0) 


22, 539 metric tons 
23. 741.9 N, 457.7 N 
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41 REVIEW OF BASIC CONCEPTS 


j i h 
d. ngular Quantities A particle in circular motion moves throug 
a ies duh moves a died $ measured around the circumference 
of the circle (Fig. 4.1), - 
Arc s is called the linear displacement and angle 0 the angular bue 
ent. Angle @ is measured in radians. A radian (rad) is the angle P 2 
arc equals the radius of the circle; it is equal. to about 57.3? (see Fig. 4.2). 


8 = E or 5—rÓ (6 in radians) (4.1) 


The angular Velocity is the rate of change of angular displacement: 
w = lim (=) eee) (4.2) 
4t>90 \A4t dt 
Linear velocity (v), an 


gular velocity (w) and the radius of the circle (r) are 
related as 


v=rw (4,3) 
Where w is measured in rad s-!, 


A LÀ 


Fig. 4.1 


Fig. 4.2 (a) and (b) 
Similarly. angular acceleration is the rate of change of angular velocity 
and is given by 


; 4 o dw 
T 7) =e 4 
d sy n dt (4.4) 


al - 
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Linear acceleration a and angular acceleration + are related as 
a-—-ra (4.5) 
where % is measured in rad s^? 


In general, analogous to the equations governing linear quantities, we 
have the following equations governing angular quantities. 


w = Wy + at (4.6) 
Aya s = 2) / (4.7) 
"T sd we ale 24D, (4.8) 

0 o feta t f (4.9) 


Equations (4.6) to (4.9) are valid in any consistent set of angular units. 
However, Eqs (4.1) and (4.5) require the use of the radian measure, since 
linear and angular quantities appear in the same equation. 


4.1.2 Uniform Circular Motion In this kind of motion, the magnitude 
of velocity is constant but its direction continually changes along the 
circular path (see Fig. 4.3). This must be due to the component of the acce- 
leration normal to the velocity. Obviously, the tangential acceleration, in 
this case, must be equal to zero. The acceleration is directed towards the 
centre of the circle and is called centripetal acceleration. 


ey 
Q 
ood 
V2 
Fig. 4.3 
The magnitude of the centripetal acceleration is. 
aq = wr (4.10) 
Thus, since » = rw, we have 
a= wi=w?r (4.11) 
Alo ^ "a-er-(i-E (4.12) 
ry r 


icle moves through 2 7 radians (one 


In uniform circular motion, the part s 
) and hence the angular speed is 


revolution) in T seconds (periodic time 
2T (4.13) 


io = 
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The distance moved in T seconds is 2 mr, therefore, the linear speed in a 
circular path is given by 


ae (4.14) 
NN 
Centripetal acceleration can also be expressed in terms of T: 
2a (2ar\ _ 4x2 (4.13) 
«ce-H(g)- t 
Since the frequency v — 1/T, we have 
a= 4mpy (4.16) 


4..3 Centripetal and Centrifugal Forces As in the case of linear motion, 
forces are needed to produce acceleration in bodies having mass (Newton's 
second law of motion). The centripetal force, which causes centripetal 
acceleration, acts on the body in circular motion and is directed towards 
the centre of the circle, Any type of force can serve as a centripetal force. 


form circular motion of a body. Numerical examples in this chapter will 
illustrate this fact. 


If there is a force directed toward the 
in a circle, by Newton’s third law. 
from the. centre exerted by the body. 


F is the frictional force, we have 


m v2 
Pam (4.17) 


Speed round the curve andr is tl 
radius of the curved path. The hi BOUT 18 the 
Speed at which the irte can be SL PEL yee of F, the faster is the 


circular 
“4. Let R, and Rz be the reaction at 
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each tyre due to the road. Then the total reaction is R = R, + R» acting 
in the middle of the car. If @ is the angle of banking, the vertical compo- 
nent R cos supports the weight mg ofthe car while the horizontal com- 
ponent R sin ð provides the necessary centripetal force. Therefore, 


R sin ð = 77, Rcos0—mg 


2 
so that tan 8 = = (4.18) 
rg 


Thus, for a given velocity v and radius r, the angle of the banking of the 
track must be 


6 = tan”! (£) (4.19) 


rg 


so that there is no skidding of the car. For the same reason the outer rail 
of a curved railway track is raised slightly higher than the inner rail. 


R cos 8 R 
m v? 
DES Cyclist 
mg 
8 
R sin 8 
Fig. 4.5 


inwards to provide the neces- 
him from falling down. Figure 4.5 

shows a cyclist leaning at an angle @ to the vertical. R is the reaction due 
to the surface inclined at an angle 0 and passing through the centre of 
gravity. : 

Onceagain the relations (4.18) and (4.19) hold. If v is larger orr is 
smaller, angle @ would be larger. In other words, the cyclist must bend 
more if he wishes to negotiate a curve at a higher speed or if the curve 1s 
sharper (i.e. having a smaller radius). Also, note that angle 8is independ- 
ent of the mass of the vehicle. ` 

The force of friction, F, between the road and the tyres gives the nor- 
mal reaction, F = p R, where p is the coefficient of friction. If the cyclist 
does not lean (0 = 0); R = mg, or 


F = umg (4.20) 


zd 
The cyclist will, therefore, skid if F is less than = or 


: 2 
if HE > umg 
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or e Hug ; (4.21) 


Thus, skidding will occur if the speed is large, the curve is sharp and the 
coefficient of friction is small. 


4.1.5 The Conical Pendulum If a particle of mass m attached at the 
end of a string of length L suspended from a rigid fixed point is allowed 
to move in a horizontal circle, the string sweeps over the surface of a cone. 
If T is the tension in the string, it is clear from Fig. 4.6 that 


2 
Tsin 0 = TE Toos§=mg (4.22) 


where @ is the angle the string makes with the vertical. Hence 


vr r 
tan ð = — =- oy ae beat 
an ray or v 7 
But [ n 
where T is the period of revolution. 
Garr? 0p? g 
V: 
pes T L cos 0 7 
or Tate flay, icm (4.23) 


mg cos 8 


Fig. 4.7 


4.1.6 Motion in a V i 
attached to the and ad Cet F 


igure 4.7 shows a 
point O. 


o dass WS a particle of mass m 
f a cord OP, moving in a vertical circle about a fixed 
This js ; : 

the, Sped cree wien ie adi Dt moon. Because of gravity 

when ; : 1$ comi 
hen it moves up, At Point P, the centripetal po is heran ove 

mv 
UrOCT-mgcos8 (4.24) 
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where T is the tension in the cord. 
ae 
T=m [fen + g cos a) = ma, (4.25) 


where a, is the normal component of acceleration. The tangential force 
and acceleration respectively are mg sin @ and g sin 6, which is the same 
as those of a body sliding on a frictionless inclined plane of slope 8. 


At the lowest point of the circle @ = 0, then 
T-m (f = 2) (4.26) 


Here the acceleration is purely radial in vertically upward direction. 
At the highest. point of the circle, 0 = 7 and 


2 
T =m ( — e) (4.27) 


The acceleration is again purely radial but inthe vertically downward 
direction. 

To keep the body of mass m in a circular path the centripetal force must . 
be greater than or equal to mg (the weight of the body) at the highest 
point. Thus 


ne 
mv = ing or |v = re (4.28) 
n 
gives the minimum velocity in order to complete the circle. 
If v, is the velocity at the lowest point, then 


w—w-L2*x2rg (using o — u? = 2g h 

v? = rg + 4rg —5rg (4.29) 
The minimum velocity the particle should have at the lowest point is 

n= V5re (4.30) 
The tension at this point is given by 

Tı = m (È +s) = ome (4.31) 


In case, », < w/S rg, the body will either oscillate about the lowest point 
Sorleave the circular path altogether. The tension along the cord is 
maximum at the bottom and minimum at the top. At no point the tension 
can be negative, otherwise the body will fall down without completing the 
circle. 


The tension in the cord at the highest point is given by 
2 
15 = n —mg 
where v is the velocity at the top. The tension in the cord at the bottom is 


m v 
Ti 9 + mg 


T, — 13— MU — i2) + 2 mg 
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But ú — = 2gh=4rg 
2 1 (4.32) 


Thus the difference between the tensions along the cord at the highest 
and the lowest points is six times the weight of the body. 


4.1.7 Gravitation Newton’s law of gravitation is expressed by the rela- 
tion 


F=G "e (4.33) 


where F is the force of attraction between to Spherical bodies whose masses 
are m, and m, and whose centres area distance r apart. The numerical 
value of the constant G depends on the units used for the measurement of 
force, mass and distance. In SI units, G has been found to be 6.67 x 10- 
Nm? kg. j 

The space in which a body experiences a force due to its mass is called 
gravitational field. The force experienced by a unit mass in a gravitational 
field is known as the gravitational i; 


ntensity or gravitational field strength. 
Gravitational field is said to be unifi 


orm if the gravitational intensity has 
the same value at every point in space. 


Considering the earth as an isolated mass, 


dy near it. This force is directed toward 
has a magnitude mg, where g is the accelerati 


ae (4.34) 


a force is experienced by a 
s the centre of the earth and 
on due to gravity, 


F=mg=G 


body in the Vicinity of the earth) 


x (4.35) 
This indicates that all bodies near t 
tion. The acceleration is directed to 


The gravitational field ol 
from the centre of the sphe 


where M is the mass of the earth and R its radius (nearly constant fora 
Be 8 =G 


he earth fall with the same accelera- 
wards the centre of the earth. 


fa spherical mass M ata point P, distant / 
T€ I$ given by 


M 

g(P)=G 2 (4.36) 

and is directed towards the centre. The gravitational potential at P is 
M 

Vy SG = (4.37) 

The gravitational potential energy of a Small mass m placed at P is 
2.gMm 
PE--g Tm (4.38) 


The tota] mechanical e. 


ner, m 
energy and potential ¢ EY (IME) Ora bod 


is t : LJ 
nergy and is jg by Y isthe sum of its kinetic 

fent » 
E cum (4.39) 
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A body is said to be bound if its TME is negative. The binding energy is 
the energy supplied to free the body, i.e. to raise its TME to zero. If the 
only force on the body is the gravitational force, the total mechanical 
energy remains constant or the TME is conserved. In a gravitational field, 


a body at a given position has more binding energy when it is at rest than 
when it is in motion. 


4.1.8 Escape Velocity The total work done bya body of mass min 
escaping from the earth’s surface (i.c. in moving away to an infinite dis- 
tance from it) is 


-(- c Mn). o em 
r P 


where R is the radius of the earth and M its mass. 


If v, is the escape velocity, then the initial kinetic energy of the body is 
$ m i2, which must at least be equal to the energy required by the body in 
freeing itself from the gravitational pull of the earth. Therefore, 


1 2 Mm 
2 mu =G TR 
d S JA (4.40) 


Equation (4.40) can be obtained by simply putting the TME in Eq. (4.39) 
equal to zero. This means that the escape velocity is the minimum velocity 
required to free a body from the binding of the gravitational field. Escape 
velocity is independent ofthe mass ofthe body. However, the force re- 
quired to accelerate a body until it acquires the escape velocity does 
depend on the mass of the body. 


4.1.9 Satellites A body revolving around a much larger body under the 


influence of the latter is called a satellite. Thus, moon is a satellite of the 
earth. 


Consider a satellite of mass m moving with a velocity » ina circular 
orbit of radius r around the earth. Then 


Kinetic energy (KE) = 43m»? 


Potential energy (PE) = — G En E) 
The centripetal force is given by 
mig Mm EOM (4.42) 
r p$ n 
KE =G Mm (4.43) 


2r 


Thus the potential energy of a body in a circular orbit is numerically twice 
its kinetic energy and has the opposite sign. Total mechanical energy in 
the orbit is 


Mm , 1 g; Mn, g Mm 4.44 
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The orbital velocity of the.satellite, from Eq. (4.42) is 
E / AU MR (4.45) 
PNE ENS RTT 
where R is the mean radius of the earth and 4, the height ofthe satellite 
above the earth’s surface. 


From Eq. (4.35), GM = gR?. 
Therefore, 


E SI E Ru (4.46) 
iR ato 


If h < R (for a satellite a few hundred km above the earth's surface) we 
can write 


v= ER (4.47) 


The periodic time T of a satellite is the time it takes to complete onè 
revolution round the earth. 


mita (R+h) _, (R + hy) (4.48) 
v R g 2 
For satellites with h & R, 
T=27 le (4.49) 
g 


Equation (4.46) gives the minimum velociiy v, to maintain the satellite in 
a circular orbit of radius r. The following co 


nditions hold: 
v <u, body will fall back to earth 
v> 


Vm but < ve, the body will execute an elliptical orbit. 


v 2 Ve, the body frees itself from 
and moves away alon 
(v = ve). 


the gravitational pull of the earth 
& aparabola (v > v) or a hyperbola 


4.1.10 Variation of ‘g 


l. Effect of altitude Fora body at a hei 


7 ght h above the surface of the 
earth, the acceleration d 


ue to gravity is given by 
M 


= G x E (4.50) 
Using Eq. (4.35) we get 
y R \2 
en =g bos) (4.51) 


For ^ < R, using binomial expansion, we get 


8,7 g (1 P z) 
Thus the acceleration due to gravit 
earth. The relation (4.52) applies adl 
negligible in comparison to its radiu 


(4.52) 


decreases on moving away from the 


y when the distance from the earth is 
s. 
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2. Effect of depth Considering the earth to be a homogeneous sphere 
of uniform density p and radius R, the gravitational force on a body of 
mass m, placed on its surface is 
Mm (4/3) Rom 4 


mg =G 5 3* R p mG (4.53) 


If the body lies at a depth d inside the earth, the effective mass of the earth 
which attracts it is due to a concentric sphere of radius (R — d). If the 
acceleration due to gravity on the surface of this sphere is gy, then 


Sens 

mg, = GAD TR gom) F(R — d) pmG (4.54) 
From Eqs (4.53) and (4.54) we obtain 

d 

Ba E (1 = 2) (4.55) 
Thus g, is directly proportional to the distance from the centre and hence 
becomes zero at the centre of the earth (d — R). Moreover, the value of g 
at a distance below the earth's surface is greater than at the same distance 


above it compare Eqs (4.52) and (4.55). The results forthetwo cases are 
illustrated graphically in Fig. 4.8. 


Surface of 
earth 


Dre 
aS 


Variation of g (gravitational 
acceleration) 


Fig. 4.8 


3. Effect of Rotation Due to rotation of the earth about its axis from 
west to east, a body on its surface experiences a centrifugal force on ac- 
count of which the body can be thrown off the surface. But the gravi- 
tational forc» prevents it. This tendency is the greatest at the equator, 
Where the speed isthe greatest and the least at the poles where the speed 
is the least. The rotation of the earth causes a part of the gravitational 
force on a body to be used in supplying the centripetal force to it. 

Considering the earth to be a homogeneous sphere of radius R the appa- 
rant weight of a body of mass m at a point on the equator can be shown 
to be equal to 
m v 


dE. (4 56) 
R 


W =W — 
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where v is the speed ofa point on the equator. Here W is the earth's 
gravitational attraction or the true weight. If the earth were not rotating, 


$ W, 
the free-fall acceleration go = =) then 


gi 30s (4.57) 


—2zR 2s xX 6.38 x 106 _ H 
Lin reu Soren M ems 


2 
we have = = 0.0337 ms"! 


It can be shown that, at a latitude 4, the value of g is given by 


& = 28 — É cos! ¢ (4.58) 


= go — 0.0337 cos? $ 


Equations (4.56) can be used to discuss ‘weightlessness’ in satellites. A 
body moving in an orbit in space is like a freely falling body, with an 
acceleration a towards the centre of the earth equal to the value of the 
acceleration due to gravity gat the height of the orbit. The apparent 
weight W from Eq. (4.56) is given by 


W=W, —ma=m(g—a) (4.59) 


Hence W = 0 because g = a. Thus an astronaut in an space vehicle is 
said to be in a state of ‘weightlessness’ (a state of zero g). 


4.1.11 Kepler's Laws of Planetary Motion Johannes Kepler formulated 
three laws which describe planetary motion. They are as follows: 


um ak a orbits: Each ps revolves about the sun in an elliptical 
orbit with the sun at one of the foci of the ellipse. The orbit of a planet is 
shown in Fig. 4.9 (a) in which the two foci, Fe in "i 
and A, are far apart. For the planet earth, F, PI 

and F are very close together. In fact, the orbit met 

of the earth is practically circular. 


2. Law of areas: A line drawn from the sun 
tothe planet (termed the radius) sweeps out 
equal areas in equal intervals of time. In Fig. 
4.9 (b), Pi, Pa, P3 and P, represent positions of 
a planet at different times in its orbit and S, the 
position of the sun. 


, According to Kepler's second law, if the time 
interval between P, and P, equals the time 
interval between P, and P4, then area 4, must 
be dea S area A>. Also the planet has the 
greater speed in its path from P, to P, than i 

its path from P, to P4. COENA 


. 3. Law of periods: The squares of th - 

iods of the planets Are proportional i tip 

cubes of their mean distances from the sun If 

Tı represents the period of a planet about the 4 

sun, and R, its mean distance, then Fig. 4.9 b 
na g. 4.9 (a) and (b) 
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If T; represents the period of a second planet about the sun, and Rz its 


mean distance, then for this planet 


T2 « Ri 


These two relations can be combined since the factor of proportionality 


is the same for both. Thus 


4.1 SI UNITS 


Table 4.1 
Physical Quantity SI Units Symbol 
Angular velocity radian per second rad s^! 
Angular acceleration radian per square second rad s^? 
Linear velocity metre per second ms^ 
Linear acceleration metre per square second ms? 
Time period second s 
Frequency hertz Hz 
Gravitational constant newton metre squared N m? kg? 
(G) per kilogram squared 
Energy joule J 


, Bey o DU E E 


4.3 FORMULAE 


1; I radian 65 nae 
zin ird. AMOR i 
2. (a) Average angular speed ^ = 5 rad s^; 0 in radian 


6 Leal 
(b) Angular velocity o = T = w, if w is a constant 


3. Linear velocity v =r ® 
4. Linear acceleration a = r % (« in rad s?) 


5. Angle of rotation 0 = wre t; Wo, 9 


being the initial and final angular speed. 


6. Final angular velocity œ = “o +at (for constant a) 
2 


. Angular acceleration * = (w? — w3)/2@ ^ (for constant a) 
. Rotation in time f, 0 = «eo! + fat? (for constant «) 


1 

8 

9. Centripetal acceleration 4. = ^ p — wh r — vir 
0 


: 2 Qar _ 27 
, Time period T es c acy 
2 
11. Centripetal force F. = m = mwr 


(4.60) 
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4.4 


. Gravitational potential energy (PE) = 


—6 — 
c M 
. Intensity of gravitational field g (P) = G 


. Total mechanical energy of an orbiting body = — G gem 


. Value of g at a depth d; g4 = g (1 — x) 
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The proper velocity V ona road banked by an angle 0 with the 
horizontal V = 4/rg tan 0 


. Maximum velocity without skidding (on a level road) 


V=Vrep 


. Maximum velocity without skidding on a banked road: 


V = Au rg tan 0 


iL 8 
. Time period of a conical pendulum T = 27 / orm 


. Minimum speed at the top to complete the circle v = V/rg 
. Minimum speed needed at the bottom v = 4/5 rg 


. Universal law of gravitation F= G T 

: ; M 
. Acceleration due to gravity on the surface of the earth g — G ra 
. Gravitational potential V (P) = — G x 


Mm 


(P outside the surface). 


2r 


. Minimum velocity in a circular orbit v„ = í DM. 


(R + H) 


. Time period of a satellite T = 27 {eae R+ is 


. Value of g at a height h; g, = g (e) 


R 


. Value of g at a latitude; g = gy — 0.0337 cos? $ 
. Relation between time periods and orbital radii 


VALUES OF SOME IMPORTANT CONSTANTS 
G = 6.67 x 107! Nm? kg? 


g = 9.8 m s? on earth’s surface 
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Table 4:1 Astronomical Data 


Ee 


Sun Earth Moon 
Mass 1.99 x 10% kg 5.98 x 10% kg 7.36 x 10°* kg 
Radius* 6.96 x 10° m 6.38 x 10* m 1.74 x 10 m 
Density* 1460 kg m^? 5500 kg m^? 3340 kg m^? 
Radius of orbit* : 1.49 x 10" m 3.84 x 10! m 
Period of revolution 
around the Sun 3.16 x 10 s 2.36 x 10's 


*Average value 


45 NUMERICAL EXAMPLES 


Example 1: A body of mass 2 kg is tied at. one end of a string 1 m long. 
The other end is fixed and the body revolves in a horizontal circle. The 
maximum tension which the string can withstand is 2000 N. Find the maxi- 
mum number of revolutions per minute the body will make and its linear 
velocity when the string just breaks. 


Solution: The centripetal force is provided by the tension in the string. 
T-—morc-(n?r 


The tension increases as the speed of revolution increases. If n is the num- 
ber of revolutions completed when the string just breaks, then 


2 x (2n nf x 1 = 2000 
or n? = Bat c5 25.33 


n = 5.03 rev s^! 
= 302 rpm 
Let » be the maximum linear velocity when the string breaks, then 
v=rw 
= r (2m n) 
= 1 X 2r x 5.03 
= 31.6 m s~! 


After the string breaks, the body will move 
gential to the circle at that point. 


e here the 
Example 2: A car is travelling at 36 km hv’ on a level road and where | e 
coefficient of friction between the tyres and the road is 0.8. Find the mini 
mum turning radius of the car. Take g = l0ms 
Solution: The maximum centripetal force that the frict 


2 
m 
f= p mg = 


ata speed of 31.6 m s^! tan- 


ion can provide ís 


e (om) ee 02,5 m 


r= ug 60 x 60 / 0.8 x 10 


118 A Course in Physics 


Example 3: Find the proper banking angle for cars moving at 54 km h7! 
to go round in a curve 300m in radius. If the curves were not banked, 
what coefficient of friction would be required between the tyres and the 
road? Take g = 10 ms". 


54 x 1000 -1i 
Solution: 397—360. l5ms 


pud Six S 
tan?= rg 300 x 10 


@ = tan-! (0.075) = 4.3° 
The coefficient of friction # is given by 


= 0.075 


ee 
tie 0.075 = (see Ex. 2) 


Example 4: A train has to negotiate a curve of radius 300 m. By how 
much the outer rail be raised with respect to the inner rail for a speed of 
54 km h-!? The distance between the rails is 1.5 m. Take g = 10 ms". 
Solution: Speed of the train 
_ 54 x 1000 
~ 60 x 60 


Radius of the curve = 300 m 


z15m;s: 


Let the outer rail be raised to a height A with respect to the inner rail so 
that the angle of banking is @ (see Fig. 4.10) 


2 
Then tanl = cl ie La) 
h 1.5 rg 
ENE EM KA A Eo] 
— NES TST 
ga 300 x 10 
Fig. 4.10 = 0.1125 m = 11.25 cm 


Example 5: A string of length 1 m is fixed at one end and carriesa mass 
of 100 g at the other end. This string makes 2/v revolutions per second 
around a vertical axis passing through its second end. Calculate (a) the 
angle of inclination of the string with the vertical, (b) the tension in the 
string and (c) the linear velocity of the mass. (IIT 1976) 


Solution: Let T be the tension in the string. Figure 4.11 sh 
I i ‘i ow: 
acting on the system. F Bere 
Tension T can be resolved into two mutually perpend:cul 
) t 1 :cular components. 
The horizontal component T sin 0 provides the centripetal ed B ibo 


circular motion. The vertical component T cos 6 i : 
OF tke BS: P is balanced by the weight 


T cos 0 — mg 


and Tsin 0 = m w?r, but r = L sin 0 
T sin 0 = m o? L sin 0 
or T= ma 


m = 100g = 0.1 kg, L = 1 m, n = ay s7! 
T 
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(a) mg = T cos 0 = m o? cos 0 
EXT ERU 
cos 0 = t ee PUE 
= 0.6125 
6 = cos! (0.6125) 
= 52.23° = 52° 
(b) T = m a? = 0.1 x 4r n 
= WA TAA E 
—].6N 
(c) Linear velocity 
yer 
= 2m n Lsin 6 


2 DM Leirie etd ili 
=2e xox ixvi — cos? 0 = 4 4/1 — (.6125)? 
= 3.162 ms"! 


Example 6: A small body of mass m = 0.1 kg swings in a vertical circle 


at the end of a cord of length | m. If its speed is 2 m s^! when the cord 
makes an angle 0 = 30° with the vertical, find 


(a) the radial and tangential components of its acceleration at this ins- 
tant, 


(b) the magnitude and direction of the resultant acceleration and 
(c) the tension in the cord. 


Solution: Force mg can be resolved into two rectangular components as 
shown in Fig. 4.12. 


(a) The radial and tangential com- 


ponents of acceleration respectively are 


v? 


a 
2x2 
1 
= 40ms? 
a, = MEINE — g sin 0 


= 9.8 x 0.5 = 4.9ms7 


(b) The magnitude of the resultant 
acceleration is 


a= Ad ris a d 
mg = A/ (4.0? + (4.9) 
Fig. 4.12 = 6.33 ms? 


mg cos s 
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If ¢ is the angle the resultant makes with the radius at P, 


then ¢ = tan (&) = 50.8" = 50° 48' 


r 


(c) Tension T in the cord is given by 


T=m (ż + g cos 8) 


= 0.1 (4 + 9.8 x 0.866) 
= 1.25 N 


Example 7: A one kg ball suspended by a thread deflects through an angle 
of 30°. Find the tension in the thread at the moment the weight passes 
through the equilibrium position. 


Solution: At the moment the weight passes through the equilibrium posi- 


tion, the tension T in thread is given by (sce 
Fig. 4.13) 


2 
T=mgt+ ae 
where m is the mass of the ball and v its 


speed. 


At position B, the potential energy of the 
allis mgh, which is converted into kinetic 
energy when the ball reaches A. 


mgh = 4 m? 
(conservation of energy) 
Fig. 4.13 or v = V2gh 
But h = I — l cos a = I (1 — cos o) 
mv? 
Hence = 7 (2gh) = 2mg (1 — cos «) 


T = mg + 2mg (1 — cos a) 
= mg [1 + 2 (1 — cos 30°) 
— 1X 9.8(1 4- 2 x 0.134) 
= 12.4 N 
Example 8: A small body slides down a frictionless track after being relea- 


sed from rest from a point at a height A. The track ends in a cireular loop 


of diameter D in the vertical plane. The bod ins i i 

: r ne. y remains in contact with the 
loop as it moves along it. Establish a relation between height / in terms of 
the diameter D of the loop. 


(IIT 1966) 
Solution: The body i + ; 
of the circle. (Fig. 474) raid at point P from a height’h above the base 
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At any point on the track, the forces acting on the body are its weight mg 
and the normal reaction Fdue to the track. At the highest point on the 
loop, both mg and F point towards the centre C. Thus we must have 


v? 


Fig. 4.14 


where ris the radius of the track. The minimum velocity of the body at 
B, if it is to describe a circle, must correspond to F = 0 or 


2 "eb 
mo 
HE cr or v= y gr 


If the velocity is less than y gr, the downward pull of the weight is greater 
than the required centripetal force, and the body will separate from the 
circle before reaching point B. 


To obtain the corresponding height 4, consider the total energy at 
point P. 


E(P) = KE + PE =0+mgh Cv = 0) 
At point B, h=2r and Ż = gr 


5 
E(B) = jm (gr) + mg Qr) = 5 mgr 


Since the energy is conserved, we have 


E(P) — E(B) 
or T 
mgh — 5 mgr 
5 
h= 3 r= 3? 


which is the minimum height of the starting point of the body if it is to 
Successfully describe the circle. 


Example 9: A particle sli he highest point of a vertical 
: : article slides from rest from the hignest p I 
Circle of radius raleng a smooth chord. Show that the time of descent is the 
Same irrespective of the chord chosen and find it in terms of g and r. 
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Solution: i i i lides, the compo- 

: If AB is the chord along which the particle s ; omp 
nent of gravitational acceleration along AB = g cos 0,as shown in Fig. 
4.15. 


If r is the radius of the circle, the length of the chord is 2r,cos 0. There- 
fore 


2r cos 0 = (à4gcos0 ?  [:s—ut4 iar] 
4r We 
2l]l-l r= A 
Hence t " or z 
which is independent of the length of the chord. 


A 
/ 


Fig. 4.15 Fig. 4.16 


Example 10: A spring which Obeys Hooke's law is 


found to extend by 1 
cm when a mass is hung on it. It extends further by 3 cm when the attach- 


ed mass is moving uniformly in a horizontal circle making two revolutions 
per second. Find the inclination of the spring to the vertical, the length of 
the unstretched Spring and the radius of the circle, 


Solution: According to Hooke's law, 
F= kx 


where xis the extensio. 
mg stretches the 


the stretching force F is given by 


n and k is the force constant of the spring. A force 
spring by 1 cm. When the mass is describing the 
horizontal circle, the total extension in the spring is 1 cm + 3 cm 
= 4 em. Hence the force when the mass is describing the circle 
must be 4 mg. 


Let T be the ten 
vertical components, 


2 
H m 
T sin 8 = TY = mo?y 


where risthe radius of the circle. Now 
© = 27 n = 4r rad g-1 
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Let L be the length of the unstretched spring. Then 


r — (L 4- 4) sin 8 
T sin 0 = m x 167? x (L + 4)sin 8 
or T = 16r? m (L + 4) = 4 mg 
yea! MEEBO 
L+4= {3 Canon 
L = 20.8 cm 


r = (L + 4) sin 0 = 24.8 sin 0 


T cos 0 = mg 


8 = cos! (4) = 75.52° 
sin (75.52°) = 0.968 
r = 24.8 x 0.968 = 24.0 cm 


Example 11: A mass of 2.9 kg is suspended from a string of length 50 cm 
and is at rest. Another body of mass 100 g moving horizontally with a 
velocity of 150 ms~', strikes and sticks to it. (a) What is the tension in 
the string when it makes an angle of 60° with the vertical? (b) Will it com- 
plete a circle? 


Solution: The total mass after the two masses join together is 
2.9 + 0.100 = 3.0 kg 
Initial momentum — 0.100 x 150 — 15 Ns 
If vis the velocity of the composite mass, its momentum — 3.0 » Ns 
Since momentum is conserved 
3ue- 05 
v—65ms! 


(a) When the body hits the stationary mass, the composite mass starts 
executing circular motion in a vertical plane. The situation when the string 
Makes an angle 60° with the vertical is shown in Fig. 4.17. 


mg cos 8 


Fig. 4.17 
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The force m g on the mass can be resolved into two components. If T is 
the tension in the string, we have 


= © mg cos 0 


= 3 (50 — 4.9) = 1353 N 
(b) At the lowest point, the velocity is Sms. In order to complete 
the circle, the minimum velocity at the bottom of the circle is given by 
n= Vg = M 5x 05 X 98 = 495m s! 
which is less than 5 m s~!, Hence, the body will complete the circle. 


Example 12: A boy is seated on the top of a hemispherical mound of ice. 
He is given a very small push and starts sliding down the ice. Show that 
he leaves the ice at a point whose height is 2R/3 if the ice is frictionless. 


Solution: As the boy is given a small push, his initial speed can be taken 


to be zero. Let vbe the speed with which he leaves the ice. The energy 
conservation gives, 


4 my? = mg (R — h) 


The forces acting on the boy are the weight mg and^ the normal reaction 
F, as shown in Fig. 4.18. 


Resolving mg into its rectangular components, we find that at any 
point P, 


Q— pU 
mg cos F R 
Combining the above two equations, we get 
mg cos 0 — F = 2mg (4A) 


As the boy leaves the mound, the normal force 
vanishes. Thus putting F = 0, we have 


RIA 
[pn En 
cos 2 ( R ) 


or h==R 


Example 13; A small Particle of mass m initi i 

Pos ; Initially at A, slides down a 
Videns surface ADB. When the particle is at the point C, Buon that 
am velocity and the force exerted by the surface are: (see Fig. 


w = Vig sin æ/r, F = 3mg sin « 
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ADE b B 


D 
Fig. 4.19 


Solution: At the point A, the potential energy of the particle is mgr where 
ris the radius of the semi-circular surface ADB. Draw a line OD perpendi- 
cular to AOB. Then angle AOD = 7/2 and we call / poc = B. (See Fig. 
4.20). 


Fig. 4.20 


As the particle slides down, some of the potential energy is converted into 
inetic energy 


At the point C, the total energy is 
KE + PE = mg x PD + à m? 
Where » is the linear velocity at this point. 
The energy conservation gives us 
mgr = mg.PD + à mr? o? 
= mg (OD — OP) + 4 m w? 
= mg (r — r cos B) + $ mr? w? 
gr = gr (1 — cos B) + $r? w? 
w? r? = 2gr — 2gr (1 — cos P) 
= 2gr cos B 
o? p? = 2gr sin (B + 7/2) 
= 2gr sin (B + « — B) 
= 2gr sin « 


or 


2g sin « 
P. 


w = 


Also mo? r = 2mg sin x 
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Now, at point C, the weight mg can be resolved into two components mg 
cos B and mg sin 8. Hence the total force at C is 
F—meo'r- mgcosf 
= 2mg sin « + mg sin a 
F — 3mg sin « : 


Example 14: A boy whirlsa stone in a horizontal circle 2 m above the 
ground by means of a string 1.5 m long. The string breaks and the stone 
flies off horizontally, striking the ground 10 m away. What is the centri- 
petal acceleration during circular motion? 


Solution: | Centripetal acceleration 


d. = > 
LUE 


To obtain a, we need to calculate v. When the string breaks, the stone is 
projected in a horizontal direction, which means that there is no initial ver- 
tical velocity. Therefore 


2-24g (x s=ut+ har) 
The horizontal distance is given by 

10=vt 
Combining these two equations, we have 

2 = } g (105 


or v =} x 9.8 x 100 = 245 
o? 45 
a= Le SL 163.3 m s? 


Example 15: A rocket is launched vertically from the surface of the earth 
with an initial speed of 10 km s-!. How far above the surface of the earth 
would it go? Radius of earth —6400 km. Ignore the atmospheric resistance. 


Solution: On the surface of the earth, the tota] energy is 
1 
E mel ds mM 
KE + PE zm 7 —G R 
At the highest point 
(PES EE 
(R+h 


where Ais the maximum height attained, 
From the law of conservation of energy we have 


2 R CRED 
Lp aigtl ek 
jv diu 2v) 
=[g M) AR 
(4) 
E TRE 
SRAN 
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Rh OEZ 
Therefore ee 
-1 
or h=R Ge — 1 ) 
2 x 9.8 X 6.4 x 106 a 
- a (LEBER o n 
h — 3.93 R 


— 3.93 x 6.4 x 10? km 
h = 2,5 x 10* km 


Example 16: Suppose a hole were drilled completely through the earth 
along a diameter. Show that the force on a mass z at a distance r from 
the centre of the earth is 


p SENE 
= SE 


assuming that the density of the earth is uniform. 


Solution: As illustrated in Fig. 4.21, the gravitational force on mass m 
arises only from a sphere of radius r enclosing 
the mass. The mass of this sphere is 


Mos $ "rp 
where p is the density of the earth. Hence the SoH eta CSC 
force on the mass m is | 
mes a m 


The negative sign indicates that the force is 


attractive. This force is directed towards the Fig. 4.21 
centre of the earth. Rewriting the above equa- 
tion, we have 

p (GM) M' mR 

+ R* JM? 
Where M is the total mass of the earth. 
7" V 3 

But M, ee ee 

Cas = (43) 7 Rp R 
r? m RÈ r 

F= — SR e -——mg R 


Example 17: Compute the mass of a planet that has a satellite whose time 
Period is T and orbital radius is r. 


se : j describes a circular orbit 
* Suppose that a satellite of mass m de 

around ier ce mass M. The force of attraction between the planet 

and its Satellite is 


mM 


F= d 
d 
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This force must be mass times the ceucripetal acceleration, i.e. 


La = w?r 
r 
; 4r? mM 
Thus, mar = d ete 
4723 
or M= GT 


Example 18: A body is released at a distance r from the centre of the 
earth. Compute the velocity of the body when it Strikes the surface of the 
earth. 


Solution: Since the initial velocity of the body is zero, its total energy is 


E= — ç Mm 


where m is the mass of the body and 2f is the mass of the earth, 


When the body reaches the earth’s surface, its velocity is v and its distance 
from the centre of the earth is the earth’s radius R. Therefore, 


Equating the values of E in the above two equations and neglecting the air 
resistance, we have 


; mw — 

Solving for i? we have 
Til 
2 = — m = 

$—2GM ( i) 

Also 8 = GM/R? (see Eq. 4.35) 


Yo = V2Rg 
which is the expression for the escape velocity. 


Example 19: A satellite is to be put into an Orbit 600 km above the sur- 
face of the earth. If its vertical velocity after launching is 2400 ms-! at this 
height, calculate the magnitude and direction of the impulse required to put 
the satellite directly into Orbit. The mass of the satellite is 60 kg and the 
radius of the earth is 6400 km. Assume that g == 10 ms-!. 


Solution: If v is the initia] velocity required for an orbit 
TË anM (CM) ge R 


re ae) ama 2 Sm 


of radius r, then 
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ass i = gR2/r 
Here r = 600 + 6400 = 7000 km 


2 _ 9.8 X (6400 x 103) 
~ 7000 x 102 


v = 7572.6 m s^! 


Referring to Fig. 4.22, the vertical component of momentum at this height 
is given by 


U, = mv = 60 x 2400 Uy 
= 1.44 x 105 kg ms"! Ux 
The horizontal component of momentum is 
U, = 60 x 7572.6 Ü ub 
= 4.5436 x 105 kg ms! 
n resultant of the two is the impulse required. Fig. 4.22 
hus 
U = vÜ? + U? 


= [(1.44)? +.(4.5436)2]'? x 105 
= 4.77 x 10% ke mss! 
The angle 0 made by the total impulse with the horizontal is given by 


Wag 28). 
tan ô = UT 0.317 


= 17.6 4 


Example 20: Two equal masses of 6.40 kg are separated by a distance of 
0.16 m. A small body is released from a point P equidistant from the two 
masses and at a distance 0.06 m from the line joining them (see Fig. 4.23). 
(a) Calculate the velocity of this body when it passes through Q. (b) Com- 
Pute the acceleration of this body at P and Q if its mass is 0.1 kg. 


Solution: Let the mass of the body be m. Then the total energy of this 
mass at P is equal to its potential energy. Therefore 

, f mm 
r 


Where r is the distance of the point P from either mass. 
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From Fig. 4.24, the distance r is given by 


r = (0.06)? + (0.08? = 0.1 m 


0.08m. Q 


0.08m z 
Fig. 4,24 
The potential energy of the mass m' at point Q is 
mm! Ware jt mm' 
LSU Us 2G yog 
If v is the velocity of this body at Q, its kinetic energy is 
b 
2 m 5 


1 


(a) Total energy at Q must be equal to the energy at P 
` jm 


‘0-26 0 = 20 mm 
= gm 
Tmi 
3"? = 2G mm ( i 


a) 


008 ~ 04 
v = 4G m (12.5 — 10) — 10 Gm 
= 10 X 6.67 x 107! x 5.4 
Far eee o BST: CS 
v= V6.67 X 64 X 1078 — 6.53 x 1075 
(b) When the body is at Q, the net 
at A and B is zero; hence the body h 
When the body is at P, there 
and PB. The magnitude of eith 


or 


ms^! 

gravitational force due to the masses 

as no acceleration at this point. 

are two forces of equal magnitude along PA 

er force!is 
mm' 

G 7 = f (say) 
0.08 

tana = 0.06 = 1.333, « = 53.13°, 2a = 106.26° 

The resultant force F on m is alon 


8 PQ and its magnitude is given by 

F=VF +f —2f?cos2z 

-— OTN A ener NAE, 

= VIJe — cs 10665) 

= 2f1 —————— 

=f AXI — cos 73.145) — 137 

= 12 x 6.67 x 19-1 
Cn Do 5.12. ipo N 
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The acceleration of the body at P 
= Fm 
1 5,12::x00 107. 
A; 0.1 
= 5.12 x 10% ms? í 
Example 21: What would be the speed of rotation of the earthin order 
that a body on the equator has no weight? Determine the apparent weights 


of the bodies situated at a latitude of 60° and at the poles. The radius of the 
earth = 6400 km and g = 9.8ms~. 


Solution: The body will become weightless if the gravitational force mg on 
it is entirely used up in providing the centripetal acceleration for the rota- 
tion of the earth. Then 


mg = me = mat R 
wo? 248 NR 
R 6400 x 10? 


w = 1.237 107 rad s^! 


If the earth rotates at this speed, the bodies on the equator will have no 
weight. 
At a latitude 4, the apparent weight W4 is given by 


2 
W, = mg (1 = a cot! 4) 
Here, however, g — «? R 
Therefore, W, = mg (1 — cos? 4) 
When $ —60,cos$ = 1 
1 3 ; 
W, = ma (1 — i) = 7 X true weight 
At poles, == 7/2 
: W, = mg = true.weight 


Thus, a body situated on the poles remains unaffected, whatever the 
speed of rotation of the earth. 


Example 22: Calculate the minimum energy required to launch a 250 kg 
satellite from earth’s surface in a circular orbit at an altitude of 2R, where 


Ris the radius of the earth and is equal to 6400 km. 


Solution: The total energy of a satellite of mass m in a circular orbit of 
radius r is 


mM 


l 2 
E-5 mv? — G F 


Where ris measured from the cntre of the earth. 


From Eq. (4.44) we have 
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Here, r=2R+R=3R 
.mM 
E> SEDE 
Mm 
The potential energy on the surface of the earth = — Gy 
; ] na mM Mm 
Minimum energy required = — % G en (- G T ) 
5 .mM 
Sane 
5 
ms mgR 
-i x 250 x 9.8 x 6.4 x 10° 
21:35 10? J 


Example 23: An artificial satellite is describing an equatorial orbit at 1600 
km above the surface of the earth. Calculate its orbital speed and the period 
of revolution. If the satellite is travelling in the same direction as the rota- 
tion of the earth (i.e. from west to east), calculate the interval between two 
successive times at which it will appear vertically overhead to an observer 
at a fixed point on the equator. Radius of earth — 6400 km. 


Solution: Radius of the orbit = 6400 + 1600 = 8000 km 
Period of the satellite is 


r? 
ZR? 


[4m2 x (8000 x 10) — 
T = | 3.8 x (6400 x int | TES 


Orbital speed v = V G/Mr (see Eq. 4.45) 
Et. gR? 1/2 oe 2 d 9.8 an * 
v= ( - ) = 6400 x 10° [sco y Tp = 7083.5 ms 


Let t be the time interval between two successive moments at which the 
satellite is overhead to an observer at a fixed position on the equator. Dur- 
ing time z, let 


T = 21 ( ie (see Eq. 4.48)) 


a, = angle through which the earth rotates, 


x, = angle through which the satellite revolves 


Then ee S m NR 
t t t 
m 
TUA angular speed of the satellite 


and 
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l ir estu oet 
oF I F Oe ie yh fay 


where T is the period of ‘the satellite. 
T, = 7096 s 
T, = period of earth's rotation 
= 24 x 60 x 60s = 8.64 x 10* s 


T, T, 7096 x 8.64 x 10* 
T cp 7.93 x 10* 
= 7731 s = 129 min. 


t= 


{| 


4.6 TRUE-FALSE STATEMENTS WITH REASONS 


Given below are a few statements. We have to decide whether they are true 
or false, giving the reason for our answer in each case. 


1. Drops of water or mud fly off a rapidly rotating wheel in a radial direction. 

2. The outside ‘horses’ on a merry-go-round get more acceleration than the inside 
ones, 

3. A simple pendulum with a bob of mass m swings with an angular amplitude of 
40°. When its angular displacement is 20°, the tension in the string is greater than 
mg cos 20°. (IIT 1984) 

4. It is possible to put an artificial satellite into orbit in such a way that it will always 
remain directly over New Delhi. (IIT 1984) 

5. The gravitational attraction of the moon is much less than that of the carth. 

6. When water in a bucket is whirled fast overhead, the water does not fall out at the 
top of the circular path because the centripetal force on water is less than. the 
Weight of water. 

7. Yf the earth stops rotating about its axis, the value of g at equator will increase by 
w?R where R is earth’s radius and w its velocity of rotation. 

8. An earth satellite continues to move in an orbit duc to the centripetal force pro- 
vided by the burning of fuel in its engine. 

9. Two identical trains are moving on rails along the equator on the earth in oppo- 
site directions with the same speed. They will exert the same pressure on the rails. 


ANSWERS 


l. False. Drops of water or mud fly off in a direction tangential to any point on the 
wheel because that is the direction of the velocity at every point In circular mo- 
tion, 

2. True This is so because the linear acceleration is directly proportional to the dis- 

tance from the centre (sec Eq. 4.5). 
* True The tension T in the string is given by 


mv? 
T = mg cos 8 + ea 


E 


Where r is the length of the string making an angle 0 with the vertical and v is the 
velocity with which the bob moves. For & = 40^, » = 0. Tension at 20° is given by 


2 
T (20°) = mg cos 20° + “= 


r 


T (20°) -- mg cos 30° = = > 0 


T (20°) > mg cos 20° 
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4. False To put an artificial satellite into an orbit such that it remains directly over- 
head at a fixed location, its time period should be related to that of the earth in 
the equatorial plane; a geostationary satellite cannot be used for New Delhi. 


$. True The gravitational force on a given mass depends upon M/r* which is smaller 
for moon (sce the Table 4.1). 

6. True The water does not fall from the bucket when it is at the top of its circular 
path because the centripetal force on the water is less than its weight at this posi- 
tion. 

7. True g = go — cRat the equator where go is the value at the poles. If o — 0, 
the value at the equator will increase by o*R. 

8. False The centripetal force is provided by the gravitational force. Fuel is needed 
only at the time of launching of the satellite to provide the energy to overcome the 
gravitational pull of the earth. 

9. Fulse Due to the rotation of the earth, the effective weight of a body of mass m 
is equal to m (g — w*r). Let v be the effective velocity of the body located at a 
distance r from the centre of the earth. The velocity of the earth will be added to 
the velocity of one of the trains moving in the same direction and it will be sub- 
stracted from the velocity of the second train. The effective value of velocity v 
therefore, will be different. This results in a different value for the weight m 
(g — wr) and hence the effective value of pressure on the rails will be different. 


4.7 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives. 


1. When a fan turns through an integral number of revolutions, the angle in radians 
is an even multiple of 
(a) 7/2 (b) 7 
(c) 27 (d) 37/2 
2. In the equation for the linear acceleration a = ar, where « is uniform angular 
acceleration, the radian measure for « 
(a) must be used (b) may be used 
(c) cannot be used (d) none of these 
3. In applying the equation for motion with uniform angular acceleration, o = wo 
-+ af, the radian measure 
(a) must be used for both w and « 
(b) may be used for both w and a 
(c) may be used for w but not for a 
(d) cannot be used for both « and w 


4. Centrifugal force is an inertial force when considered by 
(a) an observer at the centre of the circular motion 
(b) an outside observer 


(c) an observer wbo is moving with the particle that experiences the force 
(d) none of the above 


. On a railway curve the outside rail is laid higher than the inside one so the resul- 
tant force exerted on the wheels of the railcar by the tops of the rails will 
(a) have a horizontal inward component 
(b) be vertical 
(c) equilibrate the centripetal force 
(d) be decreased 


co 


. A body travelling in a circle at a constant speed 


- If g is the acceleration due to gravity © 


* The escape velocity for a body project 
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. Mars has about 1/10th as much mass as the earth and half as great a diameter. , 


The acceleration of a falling body on Mars is about 
(a) 9.8 m s7? (b 196ms^* 
(c) 3.92 m s^? (d) 4.9 m s~? 


. If Mis the mass of the earth and R its radius, the ratio of the gravitational 


acceleration and the gravitational constant is 
(a) R?/M (b) MIR? 
(c) MR? (d) Mir 


. An object weighs W newton on earth. Tt is suspended from the lower end ofa 


spring balance whose upper end is fixed to the ceiling of a space capsule in a sta- 
ble orbit around the earth. The reading of the spring balance will be 

(a) W (b) less than W 

(c) more than W (d) zero 

The escape velocity from the earth is Ve. What is the escape velocity from a planet 
whose mass and radius are twice those of the earth? 


(a) V, (c) 2V. 
(c) 4 V. (e) 16 V. 
. In order to cause a moving body to pursue a circular path, it is necessary to apply 
(a) inertial force (b) gravitational force 
(c) centripetal force (d) centrifugal force 


(a) has a constant velocity 

(b) is not accelerated 

(c) has an inward radial acceleration 
(d) has an outward radial acceleration 


. A 2 kg stone at the end of a string 1 m long is whirled in a vertical circle at a con- 


stant speed. The speed of the stone is 4 ms". The tension in the string will be 
52 N when the stone is 


(a) at the top of the circle 

(b) halfway down 

(c) at the bottom of the circle 
(d) none of the above. 


- A hole is drilled through the earth along à diameter and a stone is dropped into 


it. When the stone is at the centre of the earth, it has a finite 


(a) mass (b) weight 
(c) acceleration (d) potential energy 
n the earth's surface, the gain in the poten- 


tial energy of an object of mass m raised from the earth's surface to a height equal 


to the radius R of the earth, is 

(a) 1/2 mgR (b) 2 mgR 

(c) mgR (d) 1/4 mgR 

ed vertically upward from the surface of the 


carth is 11.2 km s-*. If the. body is projected in a direction making an angle 45* 


With the vertical, the escape velocity will be 
(a) 11.2///2 km s (b) 11.2x V/2 km s"* 
(c) 11.2 x 2 km s (d) 11.2 km s* 
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4.8 NUMERICAL EXERCISES 


Unless otherwise stated, assume that g = 9.8 m s 7. If required, the valucs 
of other constants may be taken from Table 4.1? 


12 


A sphere of mass 200 g is attached to an inextensible string of leagth 130 cm 
whose upper end is fixed to the ceiling. The sphere is made to describe a horizon- 
tal circle of radius 50 cm. 

(a) Calculate the time to complete one revolution 

(b) What is the tension in the string? (IIT 1974) 
A spaceman in training is rotated in a seat at the end of a horizontal rotating arm 
of length 5 m. If he can withstand acceleration up to 9 z, what is the maximum 
number of revolutions per second permissible? The acceleration of free fall (g) 
may be taken as 10 m s^?*. 


- A string 0.5 m long is used to whirl a 1 kg stone in a vertical circle at a uniform 


velocity of 5 m s7'. What is the tension in the string 


(a) when the stone is at the top of the circle? 
(b) when the stone is at the bottom of the circle? 


. A particle of mass 100 g is suspended from the end of a weightless string of length 
1 m and is allowed to swing ina vertical plane. The speed of the mass is 2m s^? 
when string makes an angle of à = 60° with the vertical. 

Determine 

(a) the tension in the string at — 8 = 60° 

(b) the speed of the particle when it is in the lowest position. (IIT 1971) 
- A plane comes out of a power dive, turning upward in a curve whose centre of 


curvature is 1200 m above the plane. The speed of the plane is 300 m s-', Calcu- 
late the upward force on the 80 kg pilot of. the plane, What will be the upward 
internal force on 0.08 kg sample of blood in the pilot’s brain? 


- A cylindrical drum of radius 9.8 cm rotates about its vertical axis. A small body is 


in contact with the drum. The frequency. of revolution is more than 200 rpm but 
falls at lower frequencies. Determine the coefficient of friction between the body 
and the surface of the drum. 


- Astone tied to a string 50 cm long rotates uniformly in a vertical plane. At what 


number of revolutions per second will the string break if it is known to do so under 
a load equal to ten times the weight of the stone? 


- A particle is placed inside a hemispherical bowl which rotates about its vertical 


axis with constant angular velocity w. It is just prevented from sliding down when 
OP is inclined at 45° with the axis. (O is the centre of the Sphere and P is the 
Position of the particle), The radius of the bowl is 10 4/2 m, coefficient of fri- 


ction between the particle and the bowl is 0.5. Find the magnitude of w (g = 10 
m s-*). 


S 
Fig. 4.25 
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9. A nail is located at a certain distance vertically below the point of suspension of a 


20. 


MH. 


simple pendulum. The pendulum bob is released froma position where the string 
makes an angle 60* with the vertical. Calculate the distance of the nail from the 
point of suspension such that the bob will just perfo:m revolutions with the nail 
as centre. Assume the length of the pendulum to be 1 m. (IIT 1975) 


. A body of mass 5 kg is attached to the end of a string and is at rest on a smooth 


horizontal table. The other end of the string passes through a small hole in the 
table and carries another weight of 0.5 kg. A length 1 m of the string is on the 
table. Find the number of revolutions per minute with which the body on the 
table has to revolve so as to balance the other weight. 


. Determine the internal gravitational potential energy of 8 particles, each of mass 


m, located at the vertices of a cube of side r. 


. An artificial satellite moving in a circular orbit around earth has period of revolu- 


tion equal to that of its rotation about its own axis. Find its distance from earth's 
surface. Radius of earth — 6400 km. 


. Find the velocity acquired by a body in falling to the surface of earth from 


(a) far away distance 
(b) a point distant twice the earth's radius from its surface. R = 6400 km. 


. A stonc of mass 0.5 kg is attached to a string 0.5m long which will break if the 


tension in it exceeds 20 N. The stone is whirled in a vertical circle, the axis of rota- . 
tion being 1 m above the ground. The angular speed is slowly increased until the 
string breaks. In what position is this break most likely to occur and at what an- 
gular speed? Where will the stone hit the ground? 


. A research satellite of mass 200 kg circles the earth in an orbit of average radius 


3R/2 where R is the radius of the earth. Assuming the gravitational pull on à mass 
1 kg at the earth's surface to be 10 N, calculate the pull on the satellite. 


. Taking the earth to be a uniform sphere of radius 6400 km, and the value of g at 


the surface to be 10 m s~?, calculate the total energy needed to raise à satellite of 
mass 2000 kg to a height of 800 km above the ground and to set it into a circular 
orbit at that altitude. 


. A highway has a curve with a bank of 10°, the radius of the curve being 100 m. 


What speed is the curve intended for? 


. The combined mass of a motorcycle and its rider is 100 kg. What is the necessary 


force of friction if the rider is to go around a curve of 80 m radius at 20 m s7*? If 
the coefficient of friction is 0.6, will the rider negotiate the curve successfully? At 
what angle should he lean over to avoid a fall? 


| In an ultracentrifuge a G-field of 300,000 times gravity is realized (this means that 


the acceleration is 300,000 g). If the rotor is 10 em in radius, what must be the 
rotational speed? 

At what distance r from the centre of the moon is the point at which the strength 
of the resultant of the earth's and moon's gravitational field is equal to zero, if the 
earth’s mass is assumed to be x = 81 times that of the moon and the distance bet- 
ween their centres, n = 60 times greater than the radius R of the earth? 

A satellite revolving in a circular equatorial orbit of radius r = 2 x I0* km from 
West to cast appears over a certain point at the equator every 7 — 11.6 hours. CMS 
culate M. the mass of the earth, the value of gravitational constant G=6.67 X10 

N m? kg7?. 


MULTIPLE CHOICE QUESTIONS 


) HO 5. (a) 
1. (c) 2. (a) 3 (5 4. (c) 
6. i 7. (b) 8. (d) 9. (a) 10. (c) 
11. (c) 12, tc) 13. (a) 14. (a) 15. (d) 
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1.( 22s, — (b) 212N 

2. 0.675 rev s~* 

3. (a) 40.2N, — (b) 59.8 N 

4, (a) 0.89 N, — (b) 3,71 m s! 

5.674N, 68N 

6. 0.228 

7. 2.1 rev s! T 


8. w m wm $ 

9. 0.8m 

10. n = 9.45 rpm 

11. — 22.8 Gm'jr 

12. 3.594 x 10 km 

13. (a) 1.12 x 104m s~, (b) 9.145 x 10! m s 

14. Vertically below suspension, 7.7 rad s~}, 1.22 m away 
15. 889 N 

16. 7.1 x 10'* J 

17. 47 km h^! 

18. 588 N, the rider will be able to negotiate the turn, à = 27° 
19. 5.18 x 10* rnm 


20. r= ARM + V3) = 3.8 x 10 km 
4e Ty 
21. Mss S): + T) =6 x 10" kg, 
where T is the period of earth's rotation about its own axis 


5 


Collision and Rigid Body 
Rotation 


roach to the problem. 


5.1.2 Centre of Mass ‘For a system of particles, the centre of mass is 
defined as that point where the entire mass of the system is imagined to be 
oncentrated, for considerations of its translational motion. 
‘Ina uniform gravitational field, the centre of mass and the centre of 
— gravity of a system are coincident. 

_ The concept of centre of mass is useful because a problem involving 
"many particles (or a continuous distribution of mass) can be tackled in the 
ame manner as that a point mass. 


5.1.3. Collisions A collision is said to take place between two particles 
| when the two come into contact (not necessarily a physical contact) with 
i ‘One another for a short duration of time and then move away. A collision 

involves an abrupt change in the motion of the particles. It is possible to 
- Clearly separate out the parameters of motion ‘before’ and ‘after’ a collision. 


5.14 Elastic and Inelastic Collisions If there are no external forces act- 
ing, the total linear momentum is conserved in a collision. Collisions may 
be elastic or inelastic. In an elastic collision the total kinetic energy of the 
ystem is conserved, whereas, in an inelastic collision, the total kinetic 


ergy of the system is not conserved. 


5.1.5 One-dimensional Elastic Collision In a one-dimensional elastic 
| collision, the speeds before and after collision are related to one another 
as 


i , (MM PON 

; n= (M) a + (arra H 

o a ME (i) 

h a= (am) a TAM, FM ia 

/ Where M, and M; are the masses of the two particles; v, and v; are the 


eeds of the two particles before collision and v; and vz their speed after 
Collision. 
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5.1.6 Rigid Body Bodies of a finite size can be regarded as made up 
of a collection of a large number of point masses. If the relative orienta- 
tion of the point masses constituting a body does not change under exter- 
nal forces, the body is said to be rigid. No object is perfectly rigid. Gene- 
rally solids can be regarded as rigid bodies. 


5.1.7 Axis of Rotation A rigid body is said to be rotating if every point 
mass that makes it up, describes a circular path of a different radius but 
the same angular speed. The circular paths of all' the point masses have a 
common centre. A line passing through this common centre is the axis of 
rotation. 


5.1.8 Moment of Inertia The rotational inertia of a rigid body is referred 
to as its moment of inertia. The moment of inertia of a rigid body, about a 
given axis, is a measure of the inertness’ of a body to changes in its state of 
rotational rest or uniform rotation. It is numerically defined as 


T 
I-- 


where ris the couple producing an angular acceleration a. 


Numerically, moment of inertia is equal to the couple required to pro- 
duce à unit angular acceleration. The moment of inertia of a body depends 
on (i) the axis of rotation and (ii) the distribution of mass in the body. 

Moment of inertia, / has dimensions M L2 and its SI unit is kg-m?, 


5.1.9 Radius of Gyration For a body having moment of inertia J, about 
a given axis, it is Possible to define a Aak js such that if a point mass 
equal to M, is imagined to be placed at a distance k from the axis of rota- 
tion, the moment of inertia of the point mass is the Same as that of the 
actual body. This distance k is known as the radius of gyration. Obviously, 


I= Mk? 


5.1.10 Theorem of Parallel Axes Let J be inerti 
: : the moment of inertia of a 
body about an axis yy passing through O as shown in Fig. 5.1. If G is the 
Position of the centre of mass of the body and Y'Y' 
: the axis parallel to XY and passing through G, 
en 


= lç + Mh 


where J is the moment of inertia of the body about 
XY and M is the mass of the body. The alte state- 
ment is known as the theorem of parallel axes. 


5.1.11 Analogy between Rotational and Translatio- 
nal Motion The rotational angular momentum Z of 
a body having moment of inertia 7 and angular 
Speed o is 


Fig. 5.1 L=Tw 


In an exactly similar manner, the rotational kineti i 
anner, t inetic energy is 1/2 Jw. In 
act, for every parameter in linear motion, there is a scd dy i para- 
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5.1.12 Law of Conservation of Angular Momentum The law of conserva- 
tion of angular momentum states as follows. 


If there is no external couple acting, the total angular momentum of a rigid 
body or a system of particles is conserved. 


5.2 SI UNITS 


Angular momentum 


kilogram (metre)? 
radian per second 


Table 5.1 
Physical Quantity SI Unit Symbol 
Angular displacement radian rad 
Angular speed radian per second rad s^! 
Angular acceleration radian per second squared rad s^* 
Torque or couple newton metre Nm 
Moment of inertia kilogram metre squared kg m* 
Radius of gyration metre m 


kg-m* rad s^! 


LR 


Rotational kinetic energy joule J 


53 FORMULAE 


LP 
l. The position vector of centre of mass (R) is determined from the 


formula 
N, > 
ED 
ae ET 
R = x 
Yom 
Lat 
> 
Cr d r dm 
R= 


: sal i 
Where — r, = position vector of the j-th particle 


m; = mass of the j-th particle 


dm = mass of an element around the point having position vector 
— 
r. 


2. Moment of inertia / is defined by 


Where m, = mass of the j-th particle 
r; = distance of the j-th particle from the axis of rotation 


3. The radius of gyration is defined by 
k = A/TIM 


- he 
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where m is the point mass and r is the distance of the point mass from the 
axis of rotation 
4. Relation between angular momentum and moment of inertia is 
L-—le 
5. Rotational kinetic energy is given by 
Koa = $1 w? 


6. The expressions for moment of inertia of a few bodies of regular 
shape about some common axis of rotation are tabulated below. 


Table 5.2 


Shape of body Axis of Rotation Expression for 


moment of Inertia 
eee 


1. Circular ring of mass (i) through centre, perpen- M R? 
M and radius R dicular to plane of ring 
(ii) any diameter 1/2 MR* 
(iii) any tangent in the plane 3/2 MR? 
of ring 


(iv) any tangent perpendicular 2MR* 
to plane of ring 


2. Circular disc of mass (i) through centre, perpen- 1/2 MR* 
M and radius R dicular to plane of disc 
(ii) any diameter 1/4 MR* 
(iii) tangent in the plane of 5/4 MR* 
the disc 
(iv) tangent perpendicular to 3/2 MR* 
plane of disc 
3. Sphere of mass M (i) any diameter 2/5 MR* 
and radius R (ii) any tangent plane 7/5 MR? 
4. Cylinder of mass M (i) own axis 1/2 MR* 
radius R and length L (ii) through centre perpen- M (R*/4 + 1/12) 
dicular to length | 
(iii) through end faces and M (R*/4 + L3/3) 
4 to length 
5. One dimensional rod (i) centre of rod and 1 to length M L*/12 
of mass M and length £ (ii) one end and | to length M L?/3 
6. Rectangular lamina (i) length of lamina and in its M B?/3 
of mass M, length L plane 
and breadth B (ii) breadth of lamina and in M L*/3 
its plane 
(iii) centre of lamina and MB? ML? 
Parallel to length or Fiz ae 
breadth in its plane 
(iy) centre of lamina and M (= + =) 
1 to its plane 12 
(v) centre of length and M (5 2 =) 
1 to its plane 12 3 
(vi) centre of breadth and M L5. i 
4 to its plane (= is G) 


(Contd.) 
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7. Rectangular block of (i) through centre of block we (Bite 
mass M, length L, and parallel to length or ( 12 ) PE 
breadth B and height H breadth or height of the block H? +L 

M (7 or 
L? + B 
M ( 12 
(ii) through end face and M (& Un 1) 
parallel to length or breadth 3 12 
H 2 2 
or height of the block M (= 4 2) pa 
3 12 
2 2 
M (5 + 5) 


54 NUMERICAL EXAMPLES 


Example 1: Particles of masses 1 kg, 1 kg, 2 kg and 2 kg are placed at the 
corners A, B, C, D of a square of side L as shown in Fig. 5.2. Find the 
centre of mass of the system. 


Y4 
In 1k 
Al 9g 9 


Solution: Referring to Fig. 5.2, let us choose the sides DC and DA to 
define a Cartesian co-ordinate system. The position vectors of the various 
Masses are 


> " ^ 
ra =Oi+Lk 
— ^ ^ 
rp = Li--Lk 
x ^ ^ 
rc Li4 Lk 
ipd ^ ^ 
rp =Oi+ ok 


Let R = Xi+y j be the position co-ordinates of the centre of mass. By 
definition, 


— 
pd 
ioo 
, ho LOUET A E14 2(L1) +2 0 
or xí vj mie EEK A M m5 
3Li+2Lk 


— 


6 
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Comparing coefficients of 7 and È we obtain 


The position of the centre of mass is shown in Fig. 5.2. 


Example 2: A circular hole of radius | m is cut off from a disc of radius 
6 m. The centre of the hole is 3m from the centre of the disc. Find the 
centre of mass of the remaining disc. 


Solution: Let O be the centre of the disc and O' that of the hole (Fig. 
5.3). 


Fig. 5.3 


To find the centre of mass, we use the fact that a body balances at this 
point, i.e. the algebraic sum of the moments of the weights about the centre 
of gravity is zero. The weight W, of the disc acts at point O. The hole can 
be regarded as a negative weight W, acting at O. If Y is the distance of the 
centre of gravity of the combination, then 

x" x90-t(- W) x 3 
Wi + (— W) 
Also Wi = pt x 6? = 36 pz 


W = pr x P = pm 


where pis the mass per unit area of the disc. 
Substituting the values of W, and W;, we get 


NI 64 
X giis der 2385 n 
The negative sign indicates that the centre of TU Te 
point O. ot gravity is to the left of 


Example 3 A circular plate of uniform thickness has a di 
: : : a : 
A circular portion of diameter 42 cm is removed Eo DM ripe RM 
vu as shown in Fig. 5.4. Find the centre of mass of the remaining 
on. 


(IIT 1980) 
Solution Referring to Fig. 5.4, let 4B 


s S = 56cm be the di 
circular plate. BC = 42 cm is the diameter of the Senla: i Eur 
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The centres of the two circles are at O and O. Obviously, 
OO’ = OB—OB 
= (28 — 21 cm) = 7 cm 


Fig. 5.4 


If the plate and the hole were taken separately, the centre of mass of 
each would be at their respective centres. To determine the centre of mass 
of the “left over” portion, we imagine a mass M, and a mass — M; placed 
at O and O, and take their moments about G. Since the body balances, the 
total moment about G must be zero. Now, 


M, = mass of disc of radius 28 cm 
= 7(28* x p 
and M; — mass of circular hole of radius 21 cm 
=n (21)? Xp 
Where p is the mass per unit area of the disc. 
Let the distance of G from O be x. Then 
GO, = 7 


Taking the moments of M, and M; placed at O and O; respectively, 
Obout G, we have 


M; x = — Mı (7 — x) 
or Xo MP -(&) 
7—x Mi 28 
= — 9/16 
or 16x = —63--93 
or Tx = — 63 
or x--—9ecm 
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This means that actually, the centre of mass of the remaining portion is 
to the left of point O and at a distance of 9 cm from itas shown in Fig. 
5.6. 


Example 4: An equilateral triangle stands on a square. The sides of the 
triangle and the square are equal to | m. Find the centre of gravity of the 
combination. 


Solution: Let ABCD be the square and ABE be the equilateral triangle each 
of side | m. The two are arranged as shown in Fig. 5.7. 


Y 


- E 
1 
1 
I 
I 
Li 
L 
L 
A 8 
"f 
(ym) 
pi ad 
MEC x 
Um 
Fig. 5.7 


Bence M; be the masses of the square and the triangle respectively. 


M,=px 1? 


| à 3 
Mı =p x (ix | x cl X cos 60°) =p 
4 


where pis the mass per unit area 


Let us choose a rectangular co-ordinate s i i 
ystem with point D as the origin 
and AD and DC as the y and x axes respective 
is i given be p ly. The centre of mass of the 
qc. MS la 
TRIE 2 s 54 


The C.G. of the triangle is at a point G3 such that 


Ult 


where h= EF v3 m 


ll 


— i — 
Let r, be the position vector of Go. Then 


ree Ons ^ 
Puer FEE; 
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Also G2 F = EF — EG, 
V3 2/30 13 
2 30g aS 
ANI 
24/3 
r 


ae lS bee ys 
= ght (LEES 


= ^ 
Let R= X i + Y j be the co-ordinates of the centre of mass of the combi- 
nation. Obviously, 


— — 
| Min t Min 
} M; + M; 


Comparing the coefficients of f and j, we obtain 
X = 1/2 $ 
S+2V3 Gr2wv3,(4-v3 
204 V3 244+V3 @—V3) 
.4*3y3 
zm 26 


Example 5: A solid cone and a hemisphere have a common base. Calcu- 
late the ratio of the height of the cone and the radius of the hemisphere so 
that the centre of mass of the common structure coincides with the centre 
of the common base. 


Soluti i dius of the 
Solution: Let 4 and R denote the height of the cone and the ra 
hemisphere reipectively: If p is the density of the material, we have 


M, = mass of the cone 
— p x volume of the cone 


f. a Rh 
=pxX 3 


aud M; = mass of the hemisphere 


-ex (FR) 
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Let us choose a cartesian co-ordinate system as shown in Fig. 5.8. Let G, 
and G be the centre of mass of the cone and hemisphere respectivity. We 
know that 


AG, = 3/4 h ył 4 
and DG;—3/8r : 
C i 
The position co-ordinates r, and r; of G, and  : 
G; are i 
TOROS l ^ H 
n=5i+ (za) | 
rco WU i 3 ^ B > 
nis ie JE 


We want the centre of mass of combination 


— 
to beat the point D. Obviously, if R is the 
position vector of the centre of mass Fig. 5.8 


— a ^ 
R= Rj 4-0j 
Also by definition 
— m z> 
R= (Mi ri + M: r))I(M, + M3) 


— (R21 (My + Ms) + (1/4) h Mi — (3/8) R M9] 
MES OPTICS me 


= Ria (awn Mi — (3/8) R M3)]IM + M.) 


Comparing coefficients of i and j 


R/2 = RD 
1/4h M, — 3/8 R M; _ 
and AM, EMA =0 
| (rs) 
(1/4 IDJOf8 R) = MyM, = —3— 1. 
gm AR: h) p 
2h 2R 
IR h 
or hos 3R7 
or h|R = V3 


Example 6: Calculate the centre of mass of a non-uniform rod, whose mass 
per unit length p varies as 
x2 
pu PT 


where po is a constant, L is the length of rod and x is distance of any 
point on rod measured from one end. 


Solution: Let the rod OA be placed along the x-axis and its end O be 
chosen as the origin of the x-axis (see Fig. 5.9). Considera sm:ll element 
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PQ of the rod lying between x and i 
du g nd x + dx. Let dm be the mass of this ele- 


dm = p dx 


EMI I AE 
p dx 


STEEL MERE 
Ae on À 


L 


Fig. 5.9 


If X is the distance of the centre of mass from end O; then, by definition, 


x= 
| dm 
0 
L 
Al x dx 
= Aute 
^| x2dx 
al 
L$ 
E 
AUD: 
3 
1a 
IA 
Example 7: Obtain the centre of mass of a uniform hemispherical ball of 
radius R. 


ction of the hemispherical ball of radius R in 
the plane of the page (Fig. 5.10). Let the centre O of the hemisphere be 
chosen as the origin of a co-ordinate system as shown in Fig. 5.10 

It is obvious from symmetry that the centre of mass must lie on the 
x-axis. To locate its position, consider a section of the ball by two 
planes DE and EF at distances x and x + dx from O. It is clear that this 
section is a circular disc of radius y and thickness dx. The CG of this disc 
lies along the x-axis at the centre of the disc, i.e. at point H. 

Mass of circular disc = P (7 y?) X dx 


= 7 p (R — x’) dx 
circular disc about O 
= mpg (R — x?) x dx 


Solution: Let ABC be the se 


The moment of the weight of the 
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The algebraic sum of the moment of weights of all circular discs that make 
the hemisphere 


x=R Y 
=f m pg (R? — x?) x dx 


x=0 
| 


R x? x4 
02] Patera 


‘ll 


49 


R* 
RE Ses 


Let x be the distance of the centre of mass of 
the hemisphere from the point O. Obviously, 
the moment of the weight of the hemisphere 
about O 


NALA TTT 


e 


So Rp xe Abas 
A - 
Hence, Wig d pL F c. 5.10 
4 3 
3! 
or x= Rk 


Example 8: A ball 4 of mass 2.5 kg undergoes an elastic collision with 
another ball B that is at rest. After collision, ball A continues moving in 


its original direction with a speed 1/5 h of its original speed. Determine the 
mass of ball B. 


Solution: The situation before and after collision is shown in Fig. 5.11 (a) 
and (b) respectively. 


A v At rest A v/s B v 
2 PI OR *g5 S. ———  — —ÁÀ e- — 


mz? 


(a) BEFORE COLLISION (b) AFTER COLLISION 


Fig. 5.11 


Since the collision is elastic, 


c, both energy and momentum must be con- 
served. The law of conservatio 


n of momentum gives 
2.5V = 2.504 mv 


or 2V = mi’ (1) 


The law of conservation of energy yields 


1 Bi oh VV 1 rA 
;X25V —-3X 2s(f 4} me 


or 2.4 V? = m” (2) 
Combining Eqs (1) and (2), we get 
1/2 
3j d (5) i 
m 
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or 2 = m? (24)? 
or m — 4[2.4 kg = 1.667 kg. 


Example 9: A particle of mass M moving with a speed V undergoes an 
elastic (headon) collision with a stationary particle of mass m. After the 
collision, both particles move along the initial direction of motion. Calcu- 
late their speeds after collision. Show that 

(a) If M = m, the ball of mass M comes to rest whereas the ball of mass 
m starts moving with a speed V. 

(b) If m > M, the ball of mass M bounces back with speed V whereas 
the ball of mass m remains stationary. 

(c) If the ball of mass M is a neutron (M = 1.8 x 107% kg) and the ball 
of mass m is a deutron (m = 3.6 x 10-?? kg), and V = 105 m s^!, calculate 
the speeds of the neutron and the deutron after the collision. 


Solution: Let 4 and B be the particles of masses M and m respectivey, 
Figure 5.12 (a) shows the situation before the collision. After the collision 
let the speeds of A and B be V' and v' respectively, as shown in Fig. 5.12 (b) 


A V v=0 A v* B v^ 

ee ° —— $———— 9 

M B m 

(a) BEFORE COLLISION (b) AFTER COLLISION 
Fig. 5.12 


Since the collision is perfectly elastic, both energy and momentum must 
be conserved. 


The conservation of linear momentum gives 
MV -4-mx O=MV'+ mi’ 
or MV = MV’ + mv (1) 
From the law of conservation of energy, we have 
} MV? = 1/2 M V^ + 1/2 mv” 


or MV?=MV" +m" (2) 
Solving Eqs (1) and (2), we get 

v= rx) v (3) 

M+m X 
and re veo yi (4) 
(a) When M = m, we have from Eq. (3) 

KoSo 
and from Eq. (4), 

=V 


after the collision, the particle of mass M becomes statio- 


Tn other toa rts moving with a speed V. 


nary and that of mass m sta 
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(b) Ifm > M 


M —mz-—m 


M + mem 
Therefore, Eqs (3) and (4) reduce to 
Ve—y 
and eee MOS (. ¥<1) 
m m 


In other words, after collision, the particle of mass M boinces back with 
the same speed and the particle of mass m remains stationary. 


(c) M = 1.8 x 107 kg 
m = 3.6 x 107?! kg 
V=108ms! 


Substituting these value in Eqs (3) and (4) we obtain 


y (1.8 x 10727 — 3.6 x 1077) x ag i 
= BÓ ARR ‘ 
(8 10771 3:7 5110777) 


= — 3.33 x IO m s^! 
Phy Xp VBC 10720; 5108 

"T0 01:8:353:6) Sen LO ah 
6.66 X 10° ms! 


The negative sign of V’ indicates that the direction of motion of the neut- 
ron is reversed after collision. 


and v m s^! 


Li 


Example 10: Blocks A and B of masses 1 kg and 4 kg respectively rest on 
a smooth horizontal table as shown in Fig. 5.13. Initially blocks A and B 
are moving with speeds of 20 ms“! and 5 m s^! respectively. A massless 
spring of spring constant 10° N m^! is attached to block B. The blocks 
collide and stick together. Assuming that the spring obeys Hooke's law, 
calculate the maximum compression of the spring. 


E 4kg 


Fig. 5.13 


Solution: Let v be the speed of the combination of the blocks A and B 
stuck together after the collision. Applying the law of conservation of 
linear momentum, we have 


1x 20+4x5=5xV 
V-$ms! 
The total initial kinetic energy of the system 
l 
=3 X1x (20? +5 x 4x (5) 
= 250J 


Collisions and Rigid Body Rotation 153 


The total kinetic energy after collision 


The energy difference of 90 J must be stored in the spring as potential 
energy. Let a be the maximum compression of the spring. The potential 
energy stored in the spring 


—3ka 
ah M 28 
po X 10x aJ 
1 x 10° x gi = 90 
or a = 180/1000 m? 
= 0.18 m? 
y a= VOAR m? 
or a = 0.416 m 


Example 11: A neutron of Mass 1.8 X 10-?' kg moving with a velocity of 
10 m s-! collides with a stationary deutron of mass 3.6 x 107?’ kg. 
Assuming that the collision is headon and elastic, determine the speed of 
each particle after the collision. 
Solution: Let v, and vy respectively be the velocities of neutron and deu- 
tron after the collision. Since the collision is headon and elastic, we have, 
from the laws of conservation of linear momentum and conservation of 
kinetic energy, 

m, x 108 + m; x 0 = mv, + Ma va 

1 1 2 

; x m, x (109? + 0 = Mn 2+ 3 Ma va 
where m, = mass of the neutron and Mm = mass of the deutron. Substi- 
tuting the values of the masses, we have ; 

1.8 x 1077 x 106 = L8 x 10777 o, + 3.6 x 107? v, 


and 


or 1.8 vn + 3.6 vg = 1.8 X 10$ 
or e, + 2v 10$ 
ae vn = (10° — 29). 
and 1.8 x 10-27 x 10!2 = 1.8 x 10-27 o} + 3.6 X 107? ij 
or và pe 
: (106 X 22 + 242 = 10? 
or 6:2— 4v, x 106-0 
or 2 v4 (3 vg — 2 x 109 = 0 
vy = 2/3 x 106 m s^! = 0.67 x 105 m s-' 
and ty = (1 - ;) x 109m s! = — 0.33 x 106m s~! 


ision, the deutron moves forward with a speed of 
T of the neutron and the neutron rebounds with 


1/3rd of its original speed. 
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Example 12: Three balls A, B and C are arranged over a smooth horizon- 
tal surface as shown in Fig. 5.14. The ball A moves with a speed v, to- 
wards balls B and C that are at rest and undergoes an clastic collision. 


Show that 
Va 
Qu © ©) 
m n M 


Fig. 5.14 


(a) if M < m, there are two collisions and 


(b) if M > m, there are three collisions. In each case, find out all the 
final speeds. 


Solution: The situation before collision is shown in Fig. 5.15 (a). The first 
collision will be between balls 4 and B. Since both have the same mass, 
after collision, A will come to rest and B will move with a speed of v. 
This is shown in Fig. 5.15 (b). Now ball B moving with initial speed v, will 
collide with the stationary ball C. After this second collision, let the speeds 
of balls B and C be v, and v; respectively. This is shown in Fig. 5.15 (c). 


CF © ©) 


(a) BEFORE COLLISION 


Z9 SO 


At rest 
(b) AFTER FIRST COLLISION 7 


epee SS 
© © 
At rest n M 


(c)AFTER SECOND COLLISION 
Fig. 5.15 


Since the collisions are elastic, we have 


and 2m Q 


. (a) If M & m, (m — M) > 0. In other words, after the second colli- 
sion, ball B will be either at rest or move in the direction of v.. Also from 
Eq. (2), it is clear that v; > vj and both have the same direction as that © 
va Since »$ < va ball B cannot collide with ball C again. Therefore, ther? 
are only two collisions. 
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(b) If M = m, we hàve from Eq. (1) 
(M — m) 4 
(M +m“ 


After the second collision, ball 8 moves in a direction Opposite to that 
before the collision Occurred. This ball 8 can, therefore, make another colli- 


Ub =e 


Example 13: A ball 4 of mass 10 kg and another ball B of unknown mass 
are placed on a horizontal frictionless table which rests against a rigid wall 


wv Wall 
+ 


Fig. 5.16 


Fig. 5.17 


Applying the law of conservation of linear momentum, we have 
Mx0-—mxv=—MV' tmv 
or nto —— CM m) Sueco) (1) 
The law of conservation of energy gives 
nog f 
zm? = ; MV? + ym" 
or m? = (M + mv (2) 
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Combining Eqs (1) and (2) we obtain 


mi^ = (M +m) gare 


or (M — my = m(M + m) 


We are given that m = 10 kg. Therefore, 
(M — 10)? = 10(M + 10) 


or M? — 30M =.0 

or M (M — 30) = 0 

Since M + 0, M — 30=0 
M = 30 kg 


Example 14: Particles P and Q of mass 20g and 40 g respectively are 
simultaneously projected from points A and B on the ground (Fig. 
5.18). The initial velocities of P and Q make angles of 45° and 135? respect- 
ively with the horizontal AB as shown in the diagram. The separation 4B 
is 245 m. Both particles have the same initial. speed of 49 m s-!. Both 
particles travel in the same vertical plane and undergo a collision. After the 
collision, P retraces its path. Determine the position of Q when it hits the 
ground. How much time after the collision does the particle Q take to reach 
the ground? Take g = 9.8 m s?. (JIT 1982) 


p a 


A 0 8 
255m 


Fig. 5.18 


Solution: It is clear from Fig. 5.18 that both P and Q have the same 
projection velocity and the same inclination of 45° to the horizontal. The 


range R of both is 
i? sin 2 0 
g 
Since u = 49 m s-! and 0 = 45°, we have 
p= SES 5x 49 
= 245m 


RE 
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It is clear that both P and Q will meet exactly midway between A B. 
When they meet, the horizontal distance travelled by each is 245/2 m. If 
the particles meet f; seconds after they were projected, 


3 
^ = (u cos 0) xti 


= 49 cos 45° x t 
245 1 = 5 
fh Aros % nit 


At the moment P and Q meet, they are both at the highest point in their 
respective parabolic paths. Their vertical component of velocity is zero and 


the horizontal component of velocity is u cos 45° = v3 m s-!. How- 


ever, the directions of the horizontal components of velocities of P and Q 
are opposite to each other. At this moment P and Q collide. 


Total momentum of P and Q before collision 


49 49 
= 20 x 10? x —z — 40 x 107? x — 
: và và 
49 
= — 20x 10° x —kgms'! 
x /2 g 


After collision, particle P retraces its path, i.e. the velocity of P reverses 
pH ^ -—4 
sign. Therefore, the velocity of P after collision will be vim sci Let 


V be the velocity of Q after collision. Then 
Total momentum of P and Q after collision 
49 E 
= 20 A 2 sO Om 
v2 


From the law of conservation of momentum, we have 


— 20 x 10° (75) -20x o (95) + 40 x 10? y 


F0 


After collision, particle Q is at rest at the highest point of its parabolic 
path, i.e. at point C. Let H bethe maximum height attained by each 
particle during their parabolic paths. Clearly, 


l 
H == (usin 0) t — 58 [n 


= 61.25m 


If Q reaches ground 7, seconds after collision, then £j is the time taken 
by it to fall fredly through a vertical distance of 61.25 m, starting with zero 
Initial speed. Hence 


61.25 =0 x m+ 1/2 x 9.8 XT 
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2 = 61.25 i 22 

2 NT Tog 

t = Vv 122,5/9/8 s 
= 3.53 s 


Example 15: A ball moving with a speed of 9 m s^! strikes an identical 
stationary ball such that after the collision the direction of each ball makes 
anangle of 30? with the original line of motion. Find the speeds of the 
two balls after the collision. Is kinetic energy conserved in this collision 
process? (HT 1975) 


Solution: Let M be the mass of each ball. The situation before collision is 
shown in Fig. 5.19 (a). The total initial momentum in horizontal direction 


—mx9--mxo 
= 9m kg ms“! 


Vy = 9ms! — Vy=0 


(a) BEFORE COLLISION (b) AFTER COLLISION 
Fig. 5.19 
The situation after the collision is shown in Fig. 5.19 (b). Resolve the 
velocities of 4 and B after collision into horizontal and vertical compo- 


nents. The total final momentum, in horizontal direction, after collision 


= m v4 COS 30° + m vp cos 30° 


V3 


Goh (v4 + vg) 


The law of conservation of linear momentum in the horizontal direction 
yields 


9m = mV q, + vp) 
or va + vg = 6 V3 (1) 
After collision, the momentum of the particles in the vertical direction 


= m v4 sin 30° — m vn sin 30° 


mon : 
dat ioi ng) 
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Since initially the momentum in the vertical direction is zero. the law of 
conservation of momentum requires that 


a (4-5 py =O 


or iy — vp = 0 (2) 
Solving Eqs (1) and (2) we get 

oy = op = 3 V3 ms! 
The total kinetic energy of the system, before collision, 

1/2 m (9? + 1/2 m (0)? 


gi 
=> m 


The total kinetic energy of the system, after collision 
3/3 
9 


12m G V3? + 1/2 m( 


= 27m 


Since the kinetic energy before and after the collision is not the same, the 
collision is an inelastic collision. 


Example 16: In a billiards game a stationary red ball is aimed at a white 
ball that had been given a speed of 10 m s™!. After the collision, the red 
ball moves at an angle of 30° with the original direction of motion of the 
white ball. Assuming the two balls to have the same mass, calculate the 
speed of the two balls and the direction of motion of the white’ ball. The 
collision is assumed to be elastic. 


Solution: Letn be the mass of each ball and v; and z; the speeds of the 
red and the white balls respectively after thé collision has taken place 
(Fig. 5.20). 


Fig. 5.20 


If 8 is the angle at which the white ball moves after impact, we have (equa- 
ting the parallel and perpendicular components of momentum) 


m X 10 = mv, cos 30° + m v; cos 9 


0 = m v, sin 30° — m v; sin ô 


Sn n uS + v2 cos 0 = 10 
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and v 1/2 — #2 sin = 0 
D 3 
sin ô = m/2:» and cos@= 0 TAG 
v2 

Using sin? 0 - cos? 9 = 1, 

vt , 400 + 3 of — 40 V3 
HEP aa 44 Fi 
This gives v? — 10 V3 zı + 100 = 23 a) 


Again from the law of conservation of kinetic energy, we have 
1/2 m x 10 = 1/2 mo? + 1/2 m2 
; Ws = 100 
or 3 = 100 —2? (2) 
From Eqs (1) and (2) we get 
v? — 10 4/3 », + 100 = 100 — v? 


or 2x, —5V73)=0 
eitherz, = 0 or «n — 5A/3ms'! 
Since Vp Æ 0, we have v, = 5 4/3 = 8.66 m s^! 
Also i -100—»- 100--(54/3y 

= 100 — 75 = 25 
or v= V25=5ms"! 
And sin 0 = qt zs LES 

8 = 60° 


Thus, after collision, the speeds of the red and the white balls are 8.66 
ms! and 5 m s^! respectively and the white ball moves at an angle of 60 
with its original direction of motion. 


Example 17: For an elastic collision between a particle of mass mm, and 
another of mass mz, initially at rest, show that (Fig. 5.21) 

(a) the maximum angle 0,, through which particle m, can be deflected is 
given by : 
5 mi t 
cos? Oma m OS 8m S 7/2 

M 


if n, > no 


(b) 0, can take all possible values lying between 0 and if m, < nu. 
(c) 0, + 0; = 2/2, if my = m; 


Solution: Since the collision is elastic, the linear momentum and the kine- 
tic energy are both conserved. Applying the law of conservation of linear 
momentum to x and y components of momentum, we get 


mi vy = m vy cos 0, + m; v cos 8; (1) 
and m, v, sin €, = m; v} sin 62 i (2) 
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The law of conservation of kinetic energy gives 
1/2 m vj = 1/2 m, v + 1/2 m, Da (3) 


Y 


m, 


Fig. 6.21 


Equations (1) and (2) may be rewritten as 
m v? COS A, = m, v, — m vi cos 6, 
and ma v ?sin 0; = m, vj sin 6, 
Squaring and adding these equations, we obtain, on simplification, 
m v? = m} vú? + m v? — 2 ml wv; cos 6, (4) 


Eliminating v? from Eqs (3) and (4), we have 


my — m;iu 2, (ni + mj) 5 
cos 0, = ( 2m, )i« 2m n (5) 
For a fixed value of v,, cos 6, will be maximum if 
Bloat}, (6) 
dvi 


The combination of Eqs (5) and (6) yields 
ef (^ 55 ze) uui + (ie aE me) =0 


HS m, 2 M; o, 


or (m — m)un m +m 


m, — m: 
2 a EL 


or tyes of ee V (7) 
m; + m 
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The substitution of x, as given by Eq. (7) in Eq. (5) gives cos 8,, which reads 


Cos Ge T +m, [m +m m +m [m, — m; 
" 2m my — ms 2m m, + m 


mi 
= / Tmt (8) 
which gives the maximum yalue of the angle through which the particle of 
mass m, can be deflected. 
(a) If m, > my, the value of cos 4,, will vary from | to a finite value less 
than zero. Consequently, 6,, lies between 0 and 7/2. 
(b) If m, < m, Eq.(7) gives an imaginary value of cos Om- This is 
physical y unacceptable. In other words, there is no maximum limit on the 


value of @,,. Therefore, ô, can take all possible values lying between 0 and 
7. 


(c) Rearranging Eqs (1) and (2) we can write 
v, = v, cos 0, + v3 cos 6; 


v, sin 8; = v, sin 0» 


Since m, — m», Eq. (5) yields 


cos 0, = a (10) 
vy 


Combining Eqs (9) and (10) we get 


in 8 : 
tan 03 Wes eoru P Cr eta] 
= cot 0, 
= tan (7/2 -- 0j) 
0; = 7/2 — 6, 
or 0, + 6, = m/2 


Example 18: A deutron of mass 4 x 10-27 kg, accelerated to a speed of 
107 m s~! collides with another deutron at rest. (a) The two deutrons stick 
together forming a nucleus of helium atom. What is the speed of the helium 
nucleus formed? (b) The helium nucleus formed above breaks up into à 
neutron of mass 2 x 10727 kg and an isotope of helium of mass 6 x 107 
kg. The neutron produced flies in a direction at right angles to the original 
one at a speed of 5 x 105 m s-'. Find the velocity of the helium isotope: 


Solution: (a) Figure 5.22 (a) shows the two deutrons before collision. 
After the collision, the two combine together to form a helium nucleus a5 
shown in Fig. 5.22 (b). 
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Let V be the speed of the helium nucleus formed. The law of conservation 
of linear momentum gives 


4x 107 x 107=8 x 1027x Vv 
V — 5x 105m s! 


10? ms! At rest 


(Helium Nucleus) 
(b) 


H (Helium 
Isotope) 
eo 


Helium Nucleus (Helium Nucleus) 
(c) 
Fig. 5.22 


Neutron 


(b) When the helium nucleus disintegrates, let the neutron produced anc 
the isotope of helium move as shown in Fig. 5.22 (c). Let p, p, and p' bx 
the momentum of helium nucleus, the neutron and the isotope of helium 
respectively. Obviously, 


p" = pa pt 
Let V' be the speed of helium isotope of mass m. Then 
nog mp. eS aes 1 75] 
DEN CE 3 ode Jise ye 
ile iios TRUM ro S x m” 
We are given that 
m, =2 x 107? kg, m = 6 x 10” kg 
m = 8 x 107? kg, V—5x10$ms'! 
and v, = 5 x 106 m s~! 
Substituting these values, we have 


w= a xsxw) + (fxs ) 
= 6.9 x 106m s^! 
Now, referring to Fig. 5.22 (c), we have 


tan 6 = py/p 


= Mn Us 


2H P 
2 MOT oc ios 


Me a į 


Therefore, # = tan" 0.25 
ai 


Example les of masses 1, 2 and 3 respectively are arranged at 
the un de eden ‘i MEI ye me n 23. Obtain the 
the coreo Oe Sie ean teen anie gos ‘ough the CG of 
the triangle and perpendicular to Ao tes plane. The side of the triangic is | m 


Solution: The arrangement of the masses and the CG of the triangle is 
shown in Fig. 5.24. 


-bum 


Â (ikg) 


AA 


(2kq) 0 bl (2kg) kg) 


tances of A, B C from the axis of rotation are A G, BG and C G. Also. 


for an equilateral triangle, 
AG = BG = CG 
Hence, the moment of inertia of the system is 
I=1 x AG + 2% BG -3.x CC 
= 6 (AGP 
It is well known that 
AG = 2/3 AD 
and AD = y- OF 
= 0.75 


Fig. $.23 Fig. 5.24 
The axis of rotation passes through G, the centre of t d T- 
pendicular to the PM the triangle. Obviously, the ‘perpendicular dns 
^ 


Therefore, 1=6x $ X 0:75 


Example 20: The moment of inertia of a solid flywheel about its axis is 
0.1 ge A tangential force of 2 kgwt is applied round the circumference 
of the flywheel with the help of a string and mass arrangement as shown 


= 2 kg-m* I? 
| 


™ 


` p - E" 
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in Fig. 5.25. If the radius of the wheel is 0.1 m, find the acceleration of 
the mass. 


Solution: Let a be the linéar acceleration of the mass 
and T the tension in the string. It is clear that 
mg — T — ma (1) 


Let the angular acceleration of the flyweel be x. The 
couple applied to the flywheel is 


Iz = TR (2) 


The linear acceleration a and angular acceleration are 
related to each other as 


a=Ra (3) 
29 ‘Combining Eas (1): (2) add (3)) we got 


mg — 5 = mRa 


____mgR 
“OF mR) 


Fig. 5.25 


It is given that m = 2kg, R = 0.1 m and 7 = 0.1 kg-m*. Substituting 
these values, we get 
2x 9.8 x 0.1 eb 
= (d p 2x 01) 4° 
< O7 mL 


Example 21: A uniform disc of radius R has a cut as shown in Fig. 5.26. 
The mass of the remaining portion of the disc is m. Find the moment of 
inertia of such a disc about an axis passing through the centre of mass of 
the remaining portion and perpendicular to the plane of the disc. 


a 


Fig. 5.26 


Solution: Let M be the mass of the circular disc of radius R. The radius 
=f the hole made is R/2. Let the mass of the hole that has been cut out be 
—M'. Then 


M=~7 R*p 
2 
nd m - s (Ryo zm 
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Hence, the mass of the remaining portion (m) = M — M’ 
= 3/47 R? p 
Obviously, 


Ci ag , m 
M = 3m; and M =3 (1) 


Let O; be the position of the CG of the remaining portion. The CG of 
the disc of radius R and of the hole are at O and O, respectively. The alge- 
braic sum of the moments of the mass M (at O) and the mass — M’ 
(at O,) about O; must be zero. 


Therefore, 
Mx m (5 + x)=0 
or mpx T(R 4 x) a0 
or «7 (24 x)=0 
ue o 


Let / and /' respectively be the moments of inertia of the disc of radius 
Rand of the hole about O;. Then the moment of inertia of the remaining 
portion about the desired axis is 


h=- (3) 


To write I and J’ we recall that the moment of inertia of the disc about 
an axis passing through its centre and perpendicular to its plane is 1/2 
s X (radius). Combining this result with the theorem of parallel axes, 
we have f 


NU 2 Ry 
T= 5MR +m (2) 


JUDA LEO ius 

= 36 MR = og ^ A cf Eq. (1) 

Pup CRAS ,(R RM 
and rej (F) +m (£4 E) 

mnl osa] 2 

TMIR = g R cf Eq. (1) 
Equation (3) now gives 

A S E e 

i= 10g "^ A 3jg ” R 

= mR 


Example 22: Two discs of mass 0.1 kg and radius 50 mm is placed at the 
two ends of a rod 0.2m long and 10 mm in diameter. Calculate the 
moment of inertia of the system about an axis passing through the centre 


of the rod and perpendicular to its length. The density of the material of 
the rod is 7.8 x 10? kg m>. 
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Solution: Let the moment of inertia of each disc about the axis of rotation 
be /, and that of the rod be 7. Then 7, the moment of inertia of the system 
is 
f= 2 li =Æ h 
+ " 


X 


50mm 50mm 


m------------ 
"d 


4 ' 
02mm — —9* 
Y ' (Not to scale) y” 
AXIS OF ROTATION 
Fig. 5.28 


Referring to Fig. 5.28, let X’ Y' be the line passing through the centre 
of the disc and parallel to XY. Obviously X' Y' is along a diameter of the 
disc. Using the theorem of parallel axes, we have 


=} x 0.1 x (5 x 107)? + 0.1 x (0.1) 


= 1.0625 x 107? kg-m? 


The moment of inertia 7; of the rod about axis Y Y (i.e. the axis passing 
through its mid-point and perpendicular to its length) is 


RM 
h= «(5 at iz) 
The rod is regarded as a cylinder of radius R and length L. Also, 
M-—mcR^L»o: 
= mr x5 10:32:56:0:2:5€ 7.8) x 10^ kg 
Therefore, 
b =n x (5 xX 10-3)? x 0.2 x 7.8 x 10? 
(5 x 103 o2] 
E 
= 0.409484 x 107? kg-m? 
Hence T= 2h + [122.53 x 10-3 kg-m? 


Example 23: A uniform Catherine wheel is mounted in a vertical plane 
and is free to rotate about an axis passing through its centre and perpendi- 
cular to its plane. The wheel is made up of combustible material and burns 
at a constant rate of « kg s-'. The thrust produced due to combustion is 
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steady and equals F. If the wheel starts from rest, show that the angular 
speed acquired when half of its mass has burnt is 


4F = 
SRM Sr) 


Solution: The Catherine wheel may be regarded as consisting of a large 
number of turns of the combustible material. Let Mi be the initial mass 
(at time t — 0) of the wheel and M its mass at a time. Let the initial 
radius of the wheel be R and its radius at time t = f be r. Obviously, 


M,.R 
M is; r? 
r2 
or M — Mi re 
r = R M'Ê My M a) 


The burning of the wheel produces a steady force F. Therefore, the 
couple acting at time t is 


Pd Q) 


where Iis the moment of inertia and w the angular speed at z = t. Re- 
garding the wheel as a circular disc, its moment of inertia is 


1 2 
From Eqs. (2) and (3) we have 
1 dw 
Fxr-zMpt? 
XT M ar 
d w 2 
oF dt Mr 
2 FM}, 
I R MR 


dw dM _2F M}ir 
dM dt RM? 


We are given that 


dM LEY 
"df = [4 
do 2FM|? | 
dM ORCI gw AS 

_ _2F MI? dM 
do TN rs 

Integrating we get 
A CT 2 F M)? M=Mi/2 
dw = — "ren dM/M3/2 

Ra M=Mi (M: 
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or 


2 FM}? IMI 
mh Cohosh 


2 -1/2 
F 4 1.656 F 
TRUM D TET 


Example 24: You are given two Spheres of the same size, mass and appea- 
rance. One of the spheres is hollow and the other is solid. How will you 
distinguish between the two? 


Solution: We know that the acceleration a of a body rolling down an in- 
clined plane is given by 
— _gsiné (1) 
“= 0 + KAR 
where X is the radius of gyration of the body and R is the radius of the 
circular section of the body. 


Let as be the acceleration of the solid sphere when it rolls down the in- 
clined plane. For the solid sphere, the moment of inertia is 2/5 MR?. If Kp 
is the radius of gyration of the solid sphere, then 


2 


zM R = M kè 
or Ki-im (2) 
a, = ASE eae op (3) 


(7 E3917 


The moment of inertia of a hollow sphere of internal and external radii 
5 


rand R is g M Dtm - If Ky is the radius: of gyration of the hollow 
5 PIP 


sphere, then 


5 
PME r= Mex? 
r 5 
2 [i d can 
or ES eget ote 


Ki, > Ke (4) 
The acceleration ag of the hollow sphere when rolled down the same in- 
clined plane, is 


bh eee ES (5) 
“ (+ KEIRA 
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Using condition (4), it follows from Eqs. (3) and (5) that 
as Es ay 


Thus, if both solid and hollow spheres are rolled down the same inclined 
plane, the solid sphere (i.e. the one having a larger acceleration) will reach 
the bottom first. 


Example 25: A cylinder rolls down an inclined plane of inclination x. Show 
that the cylinder will slip if x, the coefficient of friction is less than 1/3 tan v. 


Solution: Figure 5.29 shows the various forces acting on the cylinder roll- 
ing down the inclined plane. 


Let a be the linear acceleration of the cylinder down the inclined plane. 
Obviously, 


Ma=Mgsinz—pR 
or a = g sin x — g cos « (1) 


Let « be the angular acceleration of the cylinder. If the cylinder rolls 
down without slipping, its linear acceleration a’ is given by 


a = Ro 
The couple acting on the cylinder is, 7, where 
Tim KOR 
= (u Mg cos «) X R (3) 


The moment of inertia (I) of the cylinder about its own axis is 1/2 MR’. 
The angular acceleration («) is 


em TI 


» p Mgcos« R 
|. 22M R 


— 2g cos x 
an oe (4) 


Using Eqs (2) and (4) we have 
a’ =2pgcosx (5) 
The cylinder will start slipping if 


a <a 
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or 24 g cosx < (g sin x — j g cosa) 
or uw < ¿tanz 


Example 26: A small sphere A of radius r, rolls without slipping, inside a 
large hemispherical bowl of radius R as shown in Fig. 5.30. The sphere A 
starts from rest at the top point of the hemisphere. 


(a) What fraction of the total energy is translational and rotationál when 
the small sphere is at the bottom of the hemisphere? 

(b) Find the normal force exerted by the small sphere on the hemisphere 
when it is at the bottom of the hemisphere. 


Fig. 5.30 


Solution: (a) Let V be the linear speed of the small sphere at the bottom 
of the hemisphere. The translational kinetic energy is 


K= mV (1) 


where m is the mass of the small sphere. If w is the angular speed and J 
the moment of inertia of the small sphere, the rotational energy is given by 


K, = 31? 3 
= 3 (3m?) e D 
Since the small sphere rolls down without slipping, we have 
V=ryw 
Therefore K, = de p E Ip (3) 
i MES t2 UIS. 


The total energy (kinetic) of the small sphere at the bottom of the hemi- 
Sphere is 


K-—K;cTK 
ath yrtda pion (4) 
5 m 5 10 
Hence, the fractional translational kinetic energy is 
E, 5 
XT 
and the fractional rotational kinetic energy is 
Kı 2 
Kid 
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(b) Figure 5.31 shows the small sphere at the bottom of the hemisphere.’ 
The forces acting are 


(i) Weight W = mg of the small sphere acting 
vertically downwards. 
(ii) The centrifugal force, F. 
(iii) R;, the reaction force acting vertically up- 


wards. 
Vent To calculate F,, we note that the small sphere 
W=mg moves along a circle of radius (R — r). Therefore, 
Fig. 5.31 LONE 6 
F, (Rr) (6) 


As the small sphere moves from the top most point of the hemisphere to 
the bottom, i 


Gain in kinetic energy = loss in potential energy 


7 ^ m 
or io" = mg(R — r) 

mE n () 
or "ese in mg 


Combining Eqs (5), (6) and (7) we have 
1 
Ri =mg+ 5 mg 


dide 


Example 27: Figure 5.32 shows a Yo-Yo of mass M having 
a shaft of radius r around which a string is wound. The 
Yo-Yo statts from rest and unwinds itself. Show that the 
tension in the string during descent is given by 


Mel 
(M r? + D): 5 


where / is the moment of inertia of the Yo-Yo. What will be 
the tension in the string during ascent? Fig. 5.32 


Solution: Figure 5.33 shows the two positions A and B of the Yo-Yo. At 
position A, the string is completely wound around the shaft of radius 7 
In position B, the Yo-Yo has descended through a vertical height H. 


Let T be the tension in the string. The couple 7 acting on the Yo-Yo is 
due to this tension. Since the string is wound round the shaft of radius 7. 


r=T Xr : () 


If I is the moment of inertia of the Yo-Yo and « its angular accelera- 
tion, we have 


x = II (2) 
Since the Yo-Yo moves without slipping, 


a-ra (3) 
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Combining Eqs (1), (2) and (3) we have 


String T= = (4) 


To calculate a we note that when the Yo-Yo des- 

cends from position 4 to B, its acceleration is a. Since 

A the Yo-Yo starts from rest and descends a vertical 
height H, its velocity at position B is given by 


y2:-2aH 
A y? 

EIN e (5) 
i To obtain V we note that as the Yo-Yo moves from 
fx A to B, thereisalossin potential energy and a gain 

p Sx in kinetic energy. 
i ` 
1 E. dB Loss in PE = MgH 
xh s Gain in KE = translational KE + rotational KE 
Lm .. 
meet 2 2 
Fig. 5.33 =4MV24+4] 0 
Since there is no slipping during the movement of the Yo-Yo, 
=> r w 
1 Joys 
Gainin KE — 5 MV? +37 p 
1 |j. ) y2 
m 2 (m et ri 


The law of conservation of energy demands 


I 
MgH = rn à) Va 


2 
V.  MgrH (9 
ad 7? (Mr «fI 
From Eqs. (5) and (6) we have 
=i () 
“= (Mr! +1) 
Using the value of a from Eq. (7) in Eq. (4) we get 
Tes Mga 
— (Mr? I) 


Since T is independent of H, the tension during ascent will be the same as 
that during descent. 


Example 28: If the earth were to suddenly ri eub to one-third of its pre- 
sent size without any change in its mass, calculate 
(a) the duration of the new day 


i i tor — 
b in the weight of a body at the equa i 
e) i p of the kinetic energies of the earth before and after contrac: 


tion. ` 
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Solution: Let M and R be the initial mass and the initial radius .of the 
earth. If w is the angular speed of rotation of the earth, the duration T of 
the day is 


T= ~ (1) 


Let R’ be the radius of the earth after contraction and «' its new an- 
gular speed. Since the contraction takes place suddenly, the angular mo- 
mentum is conserved. Therefore, 


Io-—l'o 
Or ÍM R w= ZM Rw 
2E RAE 
TEN de 
or w =9w (2) 
(a) The duration 7’ of the new day is 
_ 2 _ 2s 
reer Oe 
1 a 
E. T 
= zy, = 2.667 h 
9 
(b) The weight W of a body, at the equator, initially is 
W = m (g — e? R) (3) 
where g is the acceleration due to gravity and is given by 
= GM 
L4 R? 
When the earth contracts, the new weight W' will be 
W = m (g' — w°? R’) (4) 
, . GM 
Also ) eel -RZ = 9g 
W'z n[9s— (9 w)* 3] 


= m[9 g — 27 wR] 
Change in weight = W' — W 
‘= m [8 g — 26 w? R] 


(c) Initially, the rotational kinetic energy of the earth is 
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After contraction, the rotational kinetic energy will be 


Therefore, K'/K =9 

Example 29: Two bugs each of mass 10^ kg move along a circular track 
of radius 2 m with identical speeds of 10 m s™!. Initially, the two start from 
the two ends of a diameter. A thin massless rod is now placed along the 
diameter of the circular track. Obtain 


(a) The angular speed and the angular momentum of the bugs. 

(b) The bugs start moving along the rod and reduce their separation to 3 
m. What is the angular speed of the bugs? 

(c) Find the ratio of the rotational kinetic energy at the start and after 
the bugs have moved closer. 


Solution: (a) Figure 5.34 (a) shows the movement of thetwo bugs along 
the circular track. Let « be their angular speed; then 


U 
w=- 
r 
or o= v == rad Se (1) 
10ms' 
A 8 


21 


Fig. 5.34 


Let / be the moment of inertia of the two bugs about an axis passing 
through O. Then 


I = (103) x 2 + (103) x 22 
= 8 X 107 kg-m? 
The angular momentum L of the system is 
L-Iwo-8-x10?x 5-4 x 10 SI units‘ 
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(b) When the bugs reduce the separation between them to 3 m, the mo- 
ment of inertia Z of the system is 
15: 2- x TOSS (5). 
= 4.50 x 10 kg-m? 


As the bugs move along the rod, the torque applied to the system is zero 
and hence the angular momentum of the system must be conserved, i.e. 


Lec 
or Io Iw 
Sand 
= 
VARI TORE 15 a 
43x 10-3 is 
: = 8.89 rad s! 
(c) The ratio of the rotational kinetic energies is 
K’ M Io 
K A m ik "mz 
ipo (EX 0E 0053) 
(4.5 x 10? x (8.89?) 
= 0.56 


Example 30: An electron is moving in an elliptical orbit around a hydro- 
gen nucleus. It is put into orbit at a point P with a speed 1.2 times the 
speed required for a circular orbit at that position (Fig. 5.35). Find the 
greatest distance of the electron from the hydrogen nucleus. 


Solution: The electron is put into orbit at a point P. Since it moves along 
an elliptical path, the nucleus N is situated at one of the foci of the ellipse. 
Q is the farthest position of the electron (Fig. 5.35). 


V,=1-2 Ve 


jc 


Fig. 5.35 


Let m and M be the respective masses of the electron and the nucleus. 
R, and R; represent, respectively, the closest and the farthest distances of the 
electron from the nucleus. 


The velocity v. for a circular orbit at position P is given by 


tee KZ e 


A URP 
2 
oP iar a) 


mR, 
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Let E, and L; stand for the total energy and angular momentum of the 
electron at P, then 


E — KE -- PE 

E 2 Ze 

THEE 

AN am ehe s ue ze 5 

= 3m (1.2) KE R, ac OPE (2) 
and L=my R, (3) 


At point Q, let the electron move with a speed v; and let E; and L; stand 
for the total energy and angular momentum there. Then 


E = 5m KEE (4) 
and Lz = m» Rp 


Since the motion of the electron obeys the inverse square law, (radial 
force), the angular momentum and the total energy are both conserved. 
Therefore, 


L = L 
or moR, = mv; R5 
or =p Ri 
U) = U n; 
K2Zg 05e ze 
Also — 0.28 SORE = 2 mv R 
el 1 2 Ri KZ e 
eo R R; 
5 e 
=3m(#) (1.24? — EZ 
IR kee EZE 
=3(%) Dar jx 
0.28 R; ] 
o ——— = pata uua cc 
r [3 0.72 m Xx 
Ry Ri 
o 2 ta Aa nee | 
r 0.28 — 0.72 ( E)-x 
P R 
ut > = X. We have now 
Ri 
— 0.28 = 0.72 x? — x 
or 0.72 x? — x + 0.28 = 0 
ya Lt VP —4x 072 x 028 
2 x 0.72 
1 + 0.44 


1.44 
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Since R, is greater than R,, X should be less than unity. We, therefore, 
select the negative sign in the above equation. Thus, 


or Ry =~ R, 


5.5 TRUE-FALSE STATEMENTS WITH REASONS 


We are given some statements. We have to decide whether they are true 
or false giving reasons, in brief, in support of our answer. 


> > 

1. The general form of Newton's law of motion is Fext = m a. 

2. The location of the centre of mass of a system of particles is independent of the 
reference frame used to locate it. 

3. A sailboat can be propelled by air blown at the sails from a fan attached to the 
boat. i 

4. A body can have energy without having momentum and vice versa. 

5. A quick collision between two bodies is more violent than a slow collision even 
when the initial and the final velocities are identical. 

6. A jet of high pressure water can even break through the wall of a building. 

7. nidentical marbles each of mass m are lined up straight on a perfectly frictionless 
horizontal surface. If p similar marbles (p < m) each moving with a velocity u 
collide with this row of n marbles from the left, then after the collision, p marbles 
from the right will roll out with a speed w each and the remaining (n — p) marbles 
will continue to be at rest. 

8. The relative velocity of two particles in a ‘head-on’ collision is unchanged both in 
magnitude and direction. 

9. When a particle moves under a central force (i.e. a force whose line of action 
passes through the reference point), the angular momentum about the centre is 
constant and vice versa. 

10. A shell at the origin explodes into three pieces of mass 1 kg, 2kg and m kg. The 
1 kg and the 2 kg pieces fly off with speeds of 12 m s~! along the x-axis and 8 
m s^! along the y-axis respectively. If the m kg pieces flies off with a speed of 40 
m $^, the total mass of the shell must be 3.5 kg. Also the velocities of the pieces 
as observed from the centre of mass frame will be unchanged. 


ANSWERS 
1. False More generally, we must write 
d d d V 
TUR > -> > 
Fea =g P= gp GV) = mi t p 


The given form is thus valid only iran 0, i.e. the mass of the system does not 
change. 


2. True The centre of mass of a system of particles is given oy 


E > 
> mn 
1 = Sie 


and depends only on the masses of the particles and their Positions relative to one 
another. 
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3. False The force applied being internal to the system, it cannot change the state of 
motion of the system. 


4. False Whereas a body at rest may have potential energy and yet no momentum, a 
body having momentum must necessarily have kinetic energy. 


5. True The rate of change of momentum which determines the force is greater in 
the first case. 


6. True The push of a water stream arises from the momentum transferred and this 
can be really large when a jet of high pressure water is stopped by the wall of a 
building. 

7. True This will be consistent with the laws of conservation of linear momentum 
and kinetic energy. 

8. False Applying the laws of conservation of linear momentum and kinetic energy, 
we find that 


(va — v) = — (ua — i) 


Thus, the relative velocity is unchanged in magnitude but gets reversed in direc- 
tion. 


9. True Weknow that the rate of change of angular momentum equals the torque 
(or the momentum of the force) about the reference point: 


-> — > > 
For a central force, rand F are in the same direction so that r x | F—0. Hence, 
for a central force, 


a 
or J = constant 


10. True The application of the law of conservation of linear momentum shows that 
the x and y components of the momentum of the third piece have magnitudes of 
12 kg m s^! and 16 kg ms“ respectively. The total momentum of this piece thus 
has a magnitude 


vV (12)? + (16)? = 20 kg m s^! 


The mass of this piece is, therefore, 20/40 kg or 0.5 kg. 


There being no external force acting on the system, the centre of mass is at rest 
and the velocities observed from the centre Of mass remain unchanged. 


5.6 MULTIPLE CHOICE QUESTIONS 
Choose the best alternative in each of the following; 


l. A shell fired from a gun at an angle to the horizontal explodes in midair. Then 
the centre of mass of the shell fragments will move 
(a) vertically down 
(b) horizontally i 
(c) along the same parabolic path along which the ‘intact’ shell was moving 
(d) along the tangent to the parabolic path of the ‘intact’ shell, at the point of ex- 
plosion. 
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2. A shell of mass 2 m fired with a speed v at an angle @ to the horizontal explodes 
at the highest point of its motion into two fragments of mass m each. If one frag- 
ment, whose initial speed is zero, falls vertically, the distance at which the other 
fragment falls from the gun is given by 


2 si 2 ef 8 
(a) 3 u? sin 20 (b) 2 u* sin 2 


2 8 g 
? si 3? sin 28 
(c) u*sin28 (d) u? sin 2 


g 
3. The centre of mass of a system of two particles is 


(a) on the line joining them and midway between them 
(b) on the line joining them at a point whose distance from each particle is. pro- 
portional to the square of the mass of that particle 
(c) on the line joining them at a point whose distance from each particle is pro- 
portional inversely to the mass of that particle 
(d) on the line joining them at a point whose distance from each particle is. pro- 
x portional to the mass of that particle. 

4. Of the two given spheres of the same size, mass and appearance, one is hollow and 
the other is solid. The two spheres are simultaneously rolled down an inclined 
plane. Then the 
(a) hollow sphere will reach the bottom first 
(b) solid sphere will reach the bottom first 
(c) both will reach the bottom together 
(d) hollow sphere will reach the bottom just a little before the solid sphere. 

5. A 'Yo-Yo' is a toy in which a String is wound round a central shaft as shown in 


Fig. 5.36. The string unwinds and rewinds itself alternately making the Yo-Yo 
rise and fall. The ratio of the tensions in the string during déscent and ascent is 


(a) 1:1 (b) retry 
(c) ri ira (d) ri: l; 
Fig. 5.36 


6. If the earth were to suddenly contract to l/nth of its present size without any 
change in its mass, the duration of the new day will be nearly 
(a) 24/n hours (b) 24 n hours 
(c) 24/n* hours (d) 24 n* hours 

7. When a U-238 nucleus, originally at rest, decays by emitting an alpha particle, say 
with a speed of v m s7!, the recoil speed of the residual nucleus is (in m s) 
(a) v/4 (b) — 4 0/238 
(c) — 4 0/234 (d) + 4 0/238 

8. If sand is allowed to drop from a 
given by dM/dt, the force required 
vds 
(a) v? dM/dt (b) 1/v dM/dt 
(c) 1/v? dM/dt (d) v dM/dt 


stationary hopper onto a conveyor belt at a rate 
to keep the belt moving at a constant speed 


9. 


10. 


11. 


13. 


14. 


isi 
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A bird is in a wire cage hanging from a spring balance. The reading of the balance 
is taken when the bird is flying about in the cage and when the bird is at rest in 
the cage. The first reading will be 


(a) much greater than the second 
(b) greater than the second 

(c) less than the second 

(d) the same as the second 


A loaded spring gun of mass M fires a ‘shot’ of mass m with a velocity v at an 
angle of elevation 9. The gun is initially at rest on a horizontal frictionless sur- 
face. After firing, the centre of mass of the gun-shot system 


(a) moves with a velocity om!/M 
vm 


(b) moves with a velocity M 995 8 in the horizontal direction 


(c) remains at rest 
(d) moves with a velocity SOM m) in the horizontal direction. 

(M + m) 
If a man of mass M jumps to the ground from a height A and his centre of mass 
moves a distance x in the time taken by him to ‘hit’ the ground, the average force 
acting on him (assuming his retardation to be constant during his impact with the 
ground) is 
(a) M g hix (b) M g xih 
(c) Mg (hjxY (d) M g (x/h)? 
A truck moving on a smooth horizontal surface with a uniform speed uis carry- 
ing stone-dust. If a mass 4 m of the stone-dust ‘leaks’ from the truck in a time 
4t, the force needed to keep the truck moving at its uniform speed is 


(a) u Amj At (b) 4m dujdt 
Am du 
(c) u "Hf (m (d) zero 


Three particles each of mass m are located at the vertices of an equilateral triangle 
ABC. They start moving with equal speeds v each along the medians of the tri- 
angle and collide at its centroid G. If, after collision, 4 comes to rest and B re- 
traces its path along GB, then C 


(a) also comes to rest 

(b) moves with a speed v along CG 

(c) moves with a speed v along BG 

(d) moves with a speed v along AG. 

A body of mass M moving with a speed u has a ‘headon’ collision with a body of 
mass m originally at rest. If M > m, the speed of the body of mass m after colli- 
sion, will be nearly 

(a) u m/M (b) u Mjm 

(c) u/2 (d) 2u 

A particle A suffers an oblique elastic collision with a particle B that is at rest ini- 
tially. If their masses are the same, then, after the collision, 

(a) they will move in opposite directions 

(b) A continues to move in the original direction while B remains at rest 


(c) they will move in mutually perpendicular directions hh y 
(d) A comes to rest and B starts movingin the direction of the originai motion 


of A. 
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16. 


5.7 


p 


The motion of the centre of mass of a system of two particles is unaffected by 
their internal forces 


(a) irrespective of the actual directions of the internal forces 

(b) only if they are along the line joining the particles 

(c) only if they are at right angles to the line joining particles 

(d) only if they are obliquely inclined to the line joining the particles, 


+ The ratio of the radii of gyration of a circular disc and a circular ring of the same 


radii about a tangential axis is 
(2))1.:2 ty: 6 
(0 2:3 (d) 2:1 


- A massive circular hoop of radius r oscillates in its own plane about a horizontal 


axis at a distance x above the centre of the hoop. The period of oscillation isa 
minimum when x equals 


(a) r (b) r/2 
(c) r/3 (d) zero 


NUMERICAL EXERCISES 


- Six particles of masses 1, 2, 3, 4, 5 and 6 kg respectively are placed at the corners 


of a hexagon of side L. Locate the centre of mass of the system. 


- From a square sheet of uniform density, a portion is removed shown shaded in 


Fig. 5.37. Find the centre of mass of the unshaded portion. 


ters 


Fig. 5.37 


. Show that the vertex angle of a cone must be 2 sin™! (1/3) if the centre of mass of 


the whole surface area of the cone (including the base) is to coincide with the 
centre of mass of its volume. 


: A uniform wire PQR is bent such that < POR = 60°. The wire is suspended from 


a point P. What is the ratio PQ/QR so that QR is horizontal? 


- A square hole is cut out from a circular uniform disc of radius R. The diagonal of 


the hole is equal to R. Show that the centre of mass of the remaining portion of 
the disc is at a distance 


EARE. 
8 (27 —1) 
from the centre of the disc. 


- A uniform rod is bent into the arc of a circle such that the radius of the circle is 


equal to the length L of the rod. Locate the centre of mass of the bent rod. 


10. 


1. 


13. 
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A hemisphere of radius R is made up of a non-uniform material. If the density ? 
at any point distant x from the centre is 


Po pe x-* 
find the centre of mass of the hemisphere. 


Figure 5.38 shows the structure of N Hs molecule. The three hydrogen atoms are 
at the corners. of an equilateral triangle of side 1.628 < 107! m. The centre of 
mass of the triangular base is 0.939 x 10- m away from each hydrogen atom. 
The nitrogen atom is located above the centre of mass of the base and at the apex 
of a pyramid. The nitrogen-hydrogen atom distance is 10.14 x 10°! m. Locate 
the centre of mass of the ammonia molecule with respect to the nitrogen atom. 


N 


Fig. 5.38 


A proton of mass 1.67 X 107” kg undergoes a head-on collision with an alpha 
particle initially at rest. After the collision, the alpha particle moves with a speed 
of 8 x 105 m s^. Calculate the velocity of the proton before and after the colli- 
sion. Given, mass of alpha particle = 6.68 x 10-27 kg. 


An unoccupied car of mass 10? kg has a speed of 15 m s! on a level road. A truck 
of mass 5x 10* kg moving in the opposite direction undergoes a head-on collision 
with the car. Calculate the speed the truck must have so that both vehicles come 
to rest after the collision. 


A ball P of mass 10 kg moving with a speed of 8 m s~! collides with another ball 
Q of mass 20 kg initially at rest. After the collision, Pand Q movein directions 
making angles of 30° and 45° respectively with the initial direction of motion of 
P. Calculate the speeds of P and Q after the collision. 


- Two cars A and B collide and stick together. Calculate the speed and the dlrection 


of motion of the wreckage. Given that initially 4 and B are moving with a speed 
of 20 m s^ north and 10 ms^! west respectively and masses of A and B are 1.2 x 10? 
kg and 1.6 x 10? kg respectively. 
Two identical balls P and Q moving in the x-y plane undergo a collision at the 
origin of the co-ordinate system. The velocity components of the two balls before 
the collision are 

Ball P vs = 0.4 m s™, v, = 0 

Ball Q vy = — 0.3 m $7, 0, = 0.2 m s^! 
After the collision, the ball P comes to rest. Find the velocity of ball Q after the 
collision. 


A particle of mass undergoes an elastic collision with a stationary particle of 
mass M. What is the fraction of kinetic energy lost by the striking particle, if, 


(a) it moves at right angles to its original direction after the collision 
(b) the collision is a head-on one? 
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15. A particle of mass m collides with a stationary particle of mass M. After the col- 
lision, the particle of mass m moves in a direction at right angles and the particle 
of mass M recoils in a direction at 30° to the original direction of motion of 
particle of mass m. Obtain the fractional change in the kinetic energy of the 
system. 


16. Three identical particles P, Q and R rest on a smooth horizontal table. Particle P 
starts moving with a velocity v and undergoes an elastic collision with particles Q 
and R simultaneously, as shown in Fig. 5.39. The distance between the centres of 
Q and R, before the collision, is x times greater than the diameter of each particle. 
Obtain the velocity of particle P after the collision. For what value of x will the 
particle P (a) recoil, (b) siop and (c) move on, after the collision? 


Fig. 5.39 


17. An electron undergoes a one-dimensional collision with a hydrogen atom at rest. 
All motions before and after the collision are in a straight line. Calculate the frac- 
tion of electron's kinetic energy transferred to the hydrogen atom due to collision. 


18. A constant force of 100 N is applied tangentially to the rim of a wheel 0.5 m in 
radius. The moment of inertia of the wheel is 10? kg-m?. Calculate 
(a) the angular acceleration 
(b) the angular speed, 5 s from res. 
(c) the number of revolutions made in 5 s 
(d) the kinetic energy of the wheel. 


Figure 5.40 shows a pulley system. with masses suspended as shown. Obtain the 
tension in the two strings and the acceleration of the two masses. The moment of 
inertia of the pulley system is 1.70 kg m*. 


19; 


[A | 4kg B|3-5 kg 
Fig. 5.40 


te 
[s] 
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A wheel and axle having a total moment of inertia of 2 x 107? kg-m* is made to 
rotate about its own axis by means of a mass of | kg attached to a cord wrapped 
round the axle. The axle has a radius of 15 mm. How far must the weight descend 
so that the flywheel acquires a speed of 5 revolutions per second? 


. A torque of magnitude 2.1 N-m is required to make a flywheel rotate from rest. 


'The torque is removed after the flywheel has completed 10 revolutions. Before 
coming to rest, the flywheel completes 60 revolutions in 20 seconds. What is the 
moment of inertia of the flywheel? 


Figure 5.41 shows a circular disc of mass M and radius A having the centre at O. 
From this disc a small circular portion of radius r is removed. Show that the mo- 
ment of inertia of the shaded portion about an axis through O and perpendicular 
to the plane of the disc is 


er r4é—2r? x?) 


Fig. 5.41 


Two particles of masscs m and M are a distance d apart. Calculate the moment of 
inertia of the system about an axis passing through the centre of mass and per- 
pendicular to the line joining the two masses. If v is the frequency of revolution, 


show that the rotational kinetic energy is 


2 x vimMd* 
(m + M) 
A cylinder of mass M is made to rotate about a horizontal axis, as shown in Fig. 
5.42, with the help of a mass m hanging from a string wound around it. Obtain 
the tension in the string and the acceleration of mass m. 


Fig. 5.42 


AB and’ BC are two smooth planes inclined at an angle of 45° as shown in Fig. 5.43. 
A solid sphere P is rolling on AB with a speed of 30 m s^. It rolls up the incline 
BC and rises upto a height H. Obtain the value of H. 
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Fig. 5.43 


26. A spool rests vertically on a horizontal table. A force of 5 N is applied to it as 
shown in Fig. 5.44. A string is wound around it. The mass of the spool is 10 kg 
and its radius of gyration about the axis of rotation is 10 mm. The friction bet- 
ween the table and the spool keeps the spool moving without slipping. Obtain the 
speed of the spool after it has moved through a distance of 2 m. 


5N 


Fig. 5.44 


27. A rod ABis 1 m long. It is hinged at A so as to rotate in a vertical plane. Initially 


the rod is horizontal and is released from Test (Fig. 5.45). Obtain the angular 


speed of the rod and the linear. speed of its free end as it passes through the posi- 
tion shown in the diagram. 


Fig. 5.45 


28. 


29. 
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A uniform cylinder of mass M and radius R is suspended from a rigid support by 
strings as shown in Fig. 5.46. It starts descending from rest. Neglecting the mass 
of the rod, find 

(a) the tension in each string 

(b) the angular acceleration of the cylinder. 


CI WEU 


Fig. 5.46 


A turntable rotates about a fixed vertical axis passing through its centre. Its angu- 
lar speed is 1.33 7 rad s-!. A man weighing 80 kg, initially standing at the centre 
of the turntable runs along the radius. What is the angular speed of the turntable 
when the man is at a distance of 0.2 m from the centre? The moment of inertia of 
the turntable is 2.8 kg-m*. 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (9) 2. (a) 3. ©) 4. (b) 5. (a) 
6. (c) 7. (c) 8. (d) 9. (c) 10. (c) 
11. (a) 12. (d) 13. (c) 14. (d) 15. (c) 
16. (a) 17. (b) 18. (a). 


NUMERICAL EXERCISES 


.9 L/14 

«x = 7/18 L; y = L/2 

. 0.414 

. 1.5 Lim from the centre on the symmetrical radius 
. R/3 from the centre of the base 

. 0.67 x 1071! m 

. Before: 2 x 10° m s7'; After: — 1.2 x 10° ms! 
.3ms^ 

| Va = 5.85 ms}; VB = 2.07 m sc! 

- 10.3 nr 57! at 33.5° west of north 


- 9-01 ms", »y- 0.2 ms^! 


PTUS YT 


"Mtm (M+ m) 
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15, 


-a 
3 M 

y 2 561072 

-(a) 0.5 rads-', — (b) 2.5 rad s71, - (c) 4, 


- 16.8 N, 18.6 N, 2.76 rad s-? 
. 0.112 m 
- 1.17 X 107! kg — m? 


- m M gi(M + 2m); 2mgl(M + 2m) 
. 6.43 m 

. 1.71 m s! 

. w = 5.05 rad s 1, v = 5.05 m s 

- 1/6 Mg; 2/3 g/R 


. 0.621 rad s~. 


(d) 312.5 J 


Fluid Pressure and 
Buoyancy 


6.1 REVIEW OF BASIC CONCEPTS 


6.1.1 Pressure Ifa force Facts perpendicular to the surface of a fluid 
liquid of gas) of area A, the pressure P is given by 


B3 j (6.1) 


In SI units, pressure is expressed in newton per square metre (N m2), 
which is also known as pascal (Pa). Thus, 


1 Pa = 1 N m? 


In CGS units, P is expressed in dyne cm ^. At a given point in a fluid, the 
pressure can act in any direction. 


6.1.2 Density and Relative Density The density of a substance is defined 
as the mass per unit volume of the substance. The SI unit of density is 
kilogram per cubic metre (kg m™). Density is also expressed in gram per 
cubic centimetre (g cm-3) 


1 g cem? = 1000 kg m^? 


The relative density (RD) or specific gravity (SG) of a substance is defined 
as the ratio of its density to that of water, i.e. 


density of substance 


Relative density — density of water 


(6.2) 
Relative density, being a ratio of similar quantities, has no units; it is just 
à number. In CGS units, the density of water is 1 00 g cm™, Hence the 


relative density of a substance is equal to the numerical value of its density 
expressed in g cm, 


6.1.3 Archimedes’ Principle According to Archimedes' principle, if a 
body is completely or partially immersed in a fluid, it experiences an up- 
ward force or thrust which is equal to the weight of the fluid it displaces 
and acts in a vertically upward direction through the centre of gravity of 
the displaced fluid. 

The upward force or thrust is known as the buoyant force. The force 
acts because the pressure on the lower surface of the body exceeds that on 
the upper surface of the body immersed in the fluid. If the body is sufficient- 
ly heavy, the force of buoyancy may not be sufficient to keep it afloat, 

ut it would suffer an apparent loss of weight equal to the upward force 
exerted by the fluid on the body. The buoyant force always acts vertically 
Upward through the centre of gravity of the displaced fluid. 


tdi 


190 A Course in Physics 


6.1.4 Density Measurement and Archimedes’ Principle The principle of 
Archimedes is very useful in finding the density of a solid or liquid. The 
object (which sinks in water) is suspended by a string so that it is comple- 
tely immersed in water. The weight of the solid immersed in water is mea- 
sured by a spring balance or a weighing machine. By substracting the 
balance reading from the known weight of the solid in air, we get the 
weight of the displaced water from which the volume of the displaced water 
is obtained (since the density of water is known). This is obviously the 
volume of the solid. Knowing the mass of the solid, its density is obtained 
from the definition: 


mass m 
volume V (6.3) 


Density (p) = 


6.1.5 Floatation When an object is placed in a fluid, it will sink if the 
buoyant force is less than the weight ófthe object. The object floats in 
equilibrium at any depth ina fluid if the buoyant force equals the weight 
of the body. The object floats with a portion of its volume above the fluid 
surface ifthe weight of the object isless than the buoyant force. The 
principle of Archimedes still applies. 

When an object floats in a fluid, a portion of its volume rises above the 
surface in order to establish equilibrium. In this case, the weight of the 
object is completely supported by the upward'buoyant force of the fluid. 
The weight of the object equals the weight of the fluid displaced by the 
object. This is called the Jaw of floatation. 


6.1.6 Pascal’s Principle According to this principle, if pressure is applied 
to an incompressible fluid, it is transmitted equally throughout the entire 
fluid. Every substance in the atmosphere experiences the atmospheric pres- 
sure. The force exerted on an open surface of a vessel of area A is Py X A 
where P, is the atmospheric pressure. According to Pascal's principle, the 
pressure P, is transmitted unchanged throughout the liquid. This means 
that, in the case of a liquid in communicating vessels a force applied to a 
surface of the liquid, where the area of cross-section is small, will be multi- 
plied at some other place (at the same level as the first) where the area of 
cross-section is large. This is illustrated in Figure 6.1. Hydraulic press is 
one of the applications of this principle. Similar action takes place in bra- 
kes and other devices in which small forces overcome large forces. 
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6.1.7 Facts About Liquid Pressure 


For a liquid of uniform density and at rest we find that 
|. There exists pressure everywhere within the liquid. 
2. The pressure due to the weight ofthe liquid increases with depth, 


being directly proportionalto the distance below the free liquid surface. 
The hydrostatic pressure P at a depth / from the surface is given by 


P=pgh (6.4) 


where pis the density of the liquid and g, the acceleration due to gravity. 

3. The pressure is the same at all points at the same horizontal level. 

4. The pressure at a point ina liquid is independent of the shape or 
the area of cross-section of the vessel. 

5. The compressibility of all liquids is very small and for most practical 
purposes, liquids may be considered incompressible. Hence, the density is 
constant throughout the liquid. 

6. The pressure at any point ina liquid is equal to the atmospheric 
pressure Po, acting on the surface of the liquid plus the pressure due to the 
liquid above the point (called the gauge pressure) 


P BRI (6.5) 


7. To find the total force on the side of a vessel full of liquid we must 

allow for the fact that the pressure varies with depth. Since it varies uni- 
formly, the pressure in the middle of the vessel is an average value. We 
can assume this pressure to exist uniformly over the wall if it is plane. The 
total force is then this average pressure multiplied by the area of the wall. 
Similarly, 
Total force or thrust on a horizontal surface immersed ina liquid —pres- 
sure on the surface x area of the surface. Total force or thrust on a verti- 
cal surface immersed in a liquid — pressure at the centre of gravity of the 
area x area of the surface. 

8. Atmospheric Pressure 

Due to the fact that the gaseous atmosphere is a fluid, there is atoms- 
pheric pressure at its base i.e. at the earth's surface. Its normal value is 
1.013 x 105 N m-?, This is the value at sea level at 0 °C. This corresponds 
to the pressure at the base of a column of mercury (density 13.6 g cm~?) 
76 cm high. 


Here SI units are used for all the quantities. ` 
1 atmosphere = 1.013 x 105 N m? = 1.013 x 105 Pa 
= 0.1013 M Pa (mega Pascal) 


Another unit for pressure used in meteorology isa bar which is equal to 
10° N m7? or 0.1 M Pa and is thus very nearly equal to one atmosphere. 


1 millibar = 100 Pa 


Also | bar = 106 dyne cm? 


The density of air decreases appreciably as we go up in the atmosphere. 
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6.2 SI UNITS 
Table 6.1 
Physical Quantity SI Unit Symbol 
Pressure newton per square N m~ 
metre or Pascal or Pa 
Thrust newton N 
Density kilogram per cubic kg m™* 
metre 
Relative density or dimensionless no units 


Specific gravity 


6.3 FORMULAE 


Force 
Area 


F 
]. Pressure P = MUT 


2. Density = Malum any 


3. Relative density (RD) — pert oe 

4. Hydrostatic pressure in a liquid at a depth / 
P=hpg (gauge pressure) 

Total pressure = Py + pig 

where Po is the atmospheric pressure. 


5. When two liquids are used in a manometer to measure the same pres- 
sure 


hy py g = hpg 
hop 
ee h nm 
6.4 SOME USEFUL DATA 
1. Density of water = 1 g cm^? = 1000 kg m^? 
2. Atmospheric pressure at S T P = 1.013 x 10-5 N m? or Pa 
= 1.013 x 10° dyne cm? 
1.013 bar 
76 cm of mercury 


ll 


| 


Fluid Pressure and Buoyancy 193 


3. Some Typical Values of Density 


Table 6.2 
Solids Liquids Gases at STP 
Solid kg m^? Liquid kg m^? Gas kg m-* 
Aluminium 2700 Petrol 660-690 Air 1.293 
Copper 8930 Glycerine 1260 Hydrogen 0.0899 
Brass 8440 Mercury 13600 Oxygen 1.429 
Iron 7860 Alcohol 791 Helium 0.1785 
Ice 917 Sea-water 1025 Carbon 1.977 
dioxide 
Cork 220-260 Kerosene 800 Methane 0.717 
Wood 350-900 Blood 1100 (All values are at 
Diamond 3500 Benzene 880 0°C and one atmo- 
sphere 


6.5 NUMERICAL EXAMPLES 


Example 1: What is the force due to the oil acting ona circular plate 5 cm 
in diameter which covers a hole in the bottom of a tank of oil 1.25m 
high? The RD of the oil is 0.5. 


Solution: The pressure at the bottom of the tank is given by 


F 
ea 
The pressure due to the liquid only is 
P—Py=phg 
Hence, 
F=(P—P)A=phga 
Since RD of the oil is 0.5, its density is 
p = 500 kg m^? 
Now, area 
A =n r? =m (2.5 x 107%)? 
= 6.25 x 107^» m? 


Therefore, the force is 
F = 500 x 1.25 x 9.8 x 625 x 107* 7 
= 120 N 


Example 2: A rectangular tank 2m x 3m is filled to a depth of 0.60 m 
With water On top of the water is a layer of oil 1 m deep. The specific 
Bravity of the oil is 0.6. What is the absolute pressure at the bottom, and 
What is the total thrust exerted on the bottom of the tank? Atmospheric 
Pressure = 1.013 x 105 N m. 
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Solution: As shown in Fig. 6.2 there are two columns of the liquids, water 
at the bottom and oil above it. Total pressure P» at the bottom is given by 


Pa = hy pg + Py + P, 


Fig. 6.2 


„where Py is atmopheric pressure and  p;is the density of water. 

Pi= hpg 
where p; denotes the density of oil. 

p2 = 1000 kg m^, p, = 0.6 g cm? = 600 kg m^? 

Po = 1.013 x 105 N m? 

P, = 0.6 X 1000 X 9.8 + 1 x 600 x 9.8 + 1.013 x 105 

= 5880 + 5880 + 1.013 x 10° = 1.1306 x 105 N m? 

The total thrust-on the bottom is due to the liquids and the atmosphere. 

Thrust F = P, x A 

= 1.1306 x 105 x 2°x 3 = 6.7836 x 105 N 


Example 3: A piece of copper having an internal cavity weighs 264 g in 
air and 221 gin water. Find the volume of the cavity. The density of 
copper = 8.8 g cm~?. (IIT 1963) 


Solution; Mass of copper piece in air = 264 g 
Mass of copper piece in water = 221 g 
Apparent loss of mass = 264 — 221 = 43 g 


This is the mass of water displaced by the copper piece when immersed in 
water. 


Volume of copper piece with cavity = 43 cm? 


Volume of copper only = 7 = = = 30 cm? 


Volume of the cavity — 43 — 30 — 13 cm? 


Example 4: A piece of brass (an alloy of copper and zinc) weighs 12.9 g 
in air. When completely immersed in water it weighs 11.3 g. What is the 
volume of copper contained in the alloy? RD of copper and zinc are 8.9 
and 7.1 respectively. (IIT 1966) 
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Tation: Let m be the mass of copper in the alloy. Then the mass of zinc 
n the alloy = (12.9 — m)g. 


m 


3 
g.o m 


Volume of copper in the alloy — 


Volume of zinc in the alloy — 023 m) i 


Apparent loss of weight of brass = 12.9 — 11.3 = 1.6 g 
Volume of the alloy = 1.6 cm? (density of water = | g cm ?) 
12.9 —m _ 


m 
Hence &9 * 7 1.6 
Solving this equation, we get 

m= 7.61 g 


 Exzsazraple 5: A stone of density 2.5 g cm^? completely immersed in sea- 
water is allowed to sink from rest. Calculate the depth to which the stone 
- would sink in two seconds. Neglect the effect of friction. Relative density 
of sea-water is 1.025 and g = 980 cms~?. (IIT 1969) 


- Solux€ion Let; be the mass of the stone. 
i Weight of the sea-water displaced = p V g 


m 
= 1.025 x 25X* 8 
3 This must be equal to the buoyant force in the upward direction whereas: 


the weight mg of the stone acts vertically downwards. Both these forces act 
throw £h the centre of gravity of the stone. Hence, the resultant force is 


D. in a vertically downward direction. According to Newton's second law of 
| motion this force=m Xa where a is the acceleration produced. Therefore, 


( 55) 
mgil-—- ——j-—ma 


Bor 578.2 cm s? = 5.782 m s? 
The distance travelled is given by 


a 
li 


s=ut+tar 
| Here u=0 (2s and a= 5.782 m s? 
s = } X 5.7822 x 4 = 11.564 m 


- He1c* the stone sinks to a depth of 11.6 m in 2s. — 

Example 6: A cubical block of steel of density 7.8 g cm™ floats on mer- 
cur y density 13.6 g cm) with its sides vertical. Assume the side of the 
pe tobe 10cm. 
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(a) What length of the block is above the mercury surface? ; 
(b) If water is poured on the mercury surface, what will be the height ot 
the water column, when the water surface just covers the top of the 
steel block? (HT 1971) 
Solution: 
(a) Volume of the steel block — 10 x 10 x 10 — 1000 cm? 
weight of the steel block = 1000 x 7.8 g 
Volume of the block below the surface is (10 — /,) x 100 
where /, is the length of the block above the surface of mercury. 


The weight of mercury displaced by the block 
— (I0 — 4) x 100 x 13.6g 


According to Archimedes’ principle, this must be equal to the weight of 
the steel block. Therefore, 
(10 — 4) x 100 x 13.6 — 7800 
or l; = 4.26 cm 


(b) Let /; be the height of the water column. 
Weight of the block — weight of water displaced 
+ weight of mercury displaced 
7800 = h x 100 x 1 + (10 -- 5) x 100 x 13.6 
which gives /; = 4.6 cm - 


Example 7: A vertical U-tube of uniform inner cross-section contains mer- 
cury in both sides of its arms. A glycerine (density = 1.3 g cm-?) column 
of length 10 cm is introduced into one of its arms. Oil of density 0.8 g 
cm ? is poured into the other arm until the upper surface of the oil and 
glycerine are in the same horizontal level. Find the length of the oil column. 
Density of mercury = 13.6 g cm. (IIT 1972) 


Solution; Leth (=DE) be the height of the oil column when the upper 
surface of oil and glycerine are at the same horizontal level as shown in 
Fig 6.3 E and B indicate the mercury levels in the two arms. A and B are 
two points in mercury at the same horizontal level. 


Oil 


——— — —————— ——— 
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Pressure at A = pressure due to oil.column of height 
. h + pressure due to the mercury column of 
height n 
EA (— 10 — n) 
= h X p(oil) X g + (10 -- h) x p (Hg) x g 
= 0.8 hg + 13.6 (10 — h) g 
Pressure at B — 10 X 1.3Xg= 13g 
Since A and B are at the same horizontal level, 
Pressure at A = Pressure at B 
i.e. 0.8 h g + 13.6 (10 —h)g = 13g 
or h = 9.6 cm 
Example 8: A rod of length 6 m has a mass of 12 kg. It is hinged at one 
end at a distance of 3m below the water surface. 


(a) What weight must be attached to the other end of the rod so that 5m 
of the rod is submerged? : 

(b) Find the magnitude and direction of the force exerted by the hinge 
on the rod. The SG of the material of the rod is 0.5. (IIT 1976) 


Solution: As shown in Fig. 6.4, G is the centre of gravity (CG) of the rod 
and G' is the centre of gravity of the part of the rod which is under water. 


Fig. 6.4 


. The force of buoyancy Fy acts through G' in a vertically upward direc- 
tion such that 


PG' =2.5m, PG=3.0m 


The density of the rod = 0.5 g cm? = 500 kg m^ 
Volume of the submerged part, V = mass/density 


Mass of 5m of rod = ‘2 x 5 = 10 kg 


10 3 
Y= —= 0.02 m 
V 500 0.0 
The force of buoyancy Fp = weight of water displaced 


= V p g = 0.02 x 1000 x 9.8 = 196 N 
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(a) For equilibrium of the rod, the algebraic sum of moments of all 
forces about P must be zero. Taking the anti-clockwise moments to be 
positive and the clock-wise moments to be negative, we have 


Fg PG' sin x — mg PQ sin « — W x PG sin« = 0 


or mg PQ:— Fg PG’ — WX PG 
= 196 x 2.5 — 12 x 9.8 x 3 
= 137.2 
137.2 137.2 


m = POg 6x98 ~ 233 ke 
(b) For translational equilibrium of the rod, we must have 
Rsin@=0 or 6—0 


where R is the reaction of the hinge, The vertical component of reaction 
R is R cos 8 for which 


Reos§+ Fg — mg +W 


or R=mgtw-—F, 
= 2.33 x 9.8 + 12 x 9.8 — 196 
= — 55.6 N 


Thus the force exerted by the hinge on the rod is 55.6 N. 


Example 9: A piece of sugar weighing 40 g is coated with 5.76 gof wax of 
SG 0.96. If the coated piece weighs 14.76 g in water, find the SG of sugar. 
(IIT 1969) 
$ 5.76 
Solution: Volume of 5.76 g of wax = 0.96 > 6.0 cm? 
Total weight of sugar and wax in air = 40 + 5.76 = 45.76 g 
Weight of the composite piece in water = 14.76 g 
The weight of water displaced = 45.76 — 14.76 = 31.0 g 
Volume of the composite piece = 31.0 cm? 


Volume of sugar alone = 31.0 — 6.0 = 25.0 cm? 


Density of sugar = ss = 1.6 cm 


Example 10: A cubical block of iron 
cury in a vessel. 


' (a) What is the height of the block above mercury level? . . 
(b) Water is poured into the vessel until it just covers the iron block. 
What is the height of the water column? 


5 cm on each side is floating on mer- 


Density of mercury = 13.6 g cm-? 
Density of iron — 7.2 g cm? (IIT 1973) 
Solution: Volume of the iron block = 5 P0 35:5 2125 6m 


(a) Let /, be the height of the block above the mercury surface. 
Then the weight of mercury displaced 


= (5 — h) x 25 x 13.68 
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This must be equal to the weight of the block 
= 125 x 7.2 = 900 g 
Therefore (5 — hj) x 25 x 13.6 = 900 


— 900 _ 
or (5 — h)z 340 ^ 2.65 
or hy 2:35 em 


(b) Let h, be the height of the water column required to just submerge 
the iron block. 


Weight of the block = weight of the water displaced + weight 
of the mercury displaced 


900 = hy x 25 X 1 + (5 — h) x 25 x 13.6 
which gives 

hy = 2.54 cm 
Example 11: Compute the volume in m* of a life preserver of SG 0.20, 
which, when worn by a boy weighing 60 kg and having SG equal to 0.9, 


will just support him, if 3/4 of his body is submerged in fresh water of density 
1000 kg m~3. Assume that the life preserver is completely submerged. 


Solution: The weight of the boy W, and the weight of the preserver W, 
acting downward are just balanced by the upward buoyant force of the 
preserver B, and the buoyant force of the boy Bp. Therefore, 


W, + W, = B, + B, (i) 
But B, = TVs. B , Wp, =Vpmwg = 60X8 
and B, = Vs Pu > W, a V, Pp & 


where g is the acceleration due to gravity. Vand p denote volume ae 
density respectively. 


py = 0.9 x 1000 = 900 kg m^? 
p, — 0.20 x1000 — 200 kg m^ 


and y, = W, 
& Pb 
From Eq. (2), we have 


3 
a Pw g + Vp Pw = We + Vo pe 


or 3 W, 


4gp, P^ 8 * V,p,g = 60X g + Mp PS 
"t OE E pu + Vy Pw g = 608 + Vo Po 8 
b 


or as L V, p, = 60 + V, P 
b 
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or V, (Pw — Pp) = 60 — 45 P 
Pp 
45 x 1000 
= 60 - Xo 
= 10 
Se c FG Me TON Eds 
TRIS us er E T =N 107^ m 


Volume of the life preserver — 0.0125 m? 


Example 12: A U-tube is partially filled with water. Another liquid which 
is not miscible with water, is poured into one arm until it stands at a hei ght 
d above the water level in the other arm, which has meanwhile risen a dis- 
tance / (see Fig 6.5). Find the relative density of the liquid. 


Fig. 6.5 


Solution: The point 4 and B are at the same pressure, hence the pressure 
drop from A and B to the open surface in each limb is the same, for each 
surface is at the atmospheric pressure. 


The pressure drop on the water side — p (water) x g x 2l 

The factor 2/ enters in the expression because the water column has risen 
a distance / on one side and fallen a distance / on the other side, from its 
initial position. i 

The pressure drop on the other side = p x g X (d + 2l) 
where p is the density of the unknown liquid. 
Therefore p (water) x g x 2/ =p x g X (d + 2I) 
Hence the RD of the liquid is given by 


y p V 2l 
" p (water) 2 Fd 


Example 13: Two identical cylindrical vessels with their base at the same 
level each contain a liquid of density p. The area of either base is A, but 
in one vessel the liquid height is A, and in ihe other h. Find the work 
done by gravity in equalizing the levels when the two vessels are Laon 
(IIT 1981 
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Solution: After the levels in the two vessels become equal, the increase in 
height of the liquid in one vessel is } (hz — hy) with the same decrease in 
_ height in the other. Thus, effectively a slab of liquid 3 (/; — /n) in thick- 
mess fallsa vertical distance equal to its thickness under the action of 
| gravity. Therefore, 


Work done by the gravity is 

W=meg x $(h, — h) 

where mass of the slab m is given by 
m=pxV=pXt(h—h)x A 
Therefore W=4p(ha— hy) X 4X BX 4 (ha -- hi) 
E kp Ag (hı — hy)? 


Example 14: The density of ice is 0.92 g cm™ and that of marine water is 
1.03 gcm-. What percentage of the volume of an iceberg is submerged? 


Solaa tion: Let V be the volume of the iceberg, then the weight of the ice- 
bers =p (ice)xX VX g 

Let V,» be the volume of the iceberg that is submerged. The weight of 
the wvater displaced equals 
p (water) X Vae X g 


For the iceberg to float, its weight must be balanced by the buoyant force 
on it. which is equal to the weight of the water displaced. Hence, 


plico x VX =P (water) X Vas X g 


Vsub SUD (ice) P 0.92 cs 
Vp (water) 1.03 Wie 


Thus 897, of the volume of the iceberg is under water. 


Exa aple 15: A hydraulic press consists of a cylinder 12 cm in diameter, 
and a smaller cylinder 2 cm in diameter, filled with oil. A closely fitting 
piston is free to move in contact with the oil in the larger cylinder while 
ano t Pcr piston fits in the smaller cylinder. In order for the larger piston to 
overcome a force exerted by 5000 kg load, how much pressure must be 
dew eloped in the oil? How much force must be applied to the smaller pis- 
toza? Af this is done by the use of a lever 0.5 m long whose fulcrum is 3 m 
froma the piston end, what force is required at the end of the arm? 


'Solxation As illustrated in Fig. 6.6 (a), the pressure developed in the oil is 
given by 
Hike £ = 3 (using Pascal’s principle) 
mg 
Tr 


5000 x 9.8 6 -2 
= = 106 N 
(6X 107) 4.33 X m 
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_The force applied to the smaller piston is 


_ Fa _ 5000 x 9.8 x x (lx 102) 
f= A 7 X (6 x 107)? 


Ve SOR C AR ESUOBCIN 


Fig. 6.6 


Taking the moments about the fulcrum, we have 


fX 047 =f x 0.03 


, . 1361.1.x 0.0 
f= E ORB 


0.47. ~ 969N 


Example 16: A wooden plank of length ! m and uniform cross-section is 
hinged at one end to the bottom of a tank. The tank is filled with water 
upto-a height of 0.5 m. The SG of the plank is 0.5. Find the angle 0 that 
the plank makes with th? vertical in the equilibrium position. (Exclude the 
case 0 = 0). (IIT 1984) 


Solution: Let / be the length and a the area of Cross-section of the plank 
(see Fig. 6.7). 
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If its density is p, the weight of the plank is 
W=mg=lapg 


This is the gravitational force acting vertically downwards at C, the centre 
of gravity of the plank. If /’ is the length of the plank inside water, the 
buoyant force acting vertically upwards at C’ (distant /'/2 from the hinge) 
is given by 

Fg =al pg 
where p'is the density of water. The couple acting on the plank due to 
the gravitational force 


= (alpg) x T sino 


The couple acting on the plank due to the buoyant force tending to rotate 
it in the opposite direction 


= (a l' pg) x 5 sin 6 


For the plank to be in equilibrium, these two couples must cancel. Hence 


r 


alp ge sin eS aT ig ced 
or P p = Vhp =? (pr gom) 
I =1+/p = 100 X V0.5 cm 


her 250472 anal 
Falten RAAZ 


cos ü = 
0 = 45° 


6.6 TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are 
true or false giving, in brief, reasons in support of our answers. 
l. The buoyant force of water on a submerged wooden cube is greater than on a steel 
cube of equal volume. ‘a ri 
2. By tying a stone to board, an object could be made which would float in (a river 
and sink in the ocean. 
3. The pressure on the bottom of tank (a) is greater than that at the bottom of (b). 


Fig. 6.8 


4. A solid cube of ice is floating ina glass of water, with the water level just even 
With the top of the glass. When the ice melts, some water overflows. 
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5. 


10, 


An ice cube floats in a beaker of strong brine solution (density = 1.1 g cm~?) such . 
that the beaker is full up to the rim. When the ice melts, the water level will be the 
same. 

If you float in water with just your nose out, the average density of your body 
must be the same as that of water. 


` A hydrogen filled balloon stops rising after it has obtained a certain height in the 


sky. This happens because the atmospheric pressure decreases with height and be- 
comes zero when maximum height is attained. 

A block of wood is floating in a tank containing water. The apparent weight of 
the floating block is equal to zero. 

A man is sitting in a boat which is floating on a pond. If the man drinks some 
water from the pond, the level of the water in the pond decreases. 

A block of ice with a lead shot embedded in it is floating on water contained in a 
vessel. The temperature of the system is maintained at 0 °C as the ice melts. 
When the ice melts completely the level of water in the vessel rises. (HT 1986) 


ANSWERS 


d 


p 


10. 


This is false because the upward force will be the same in both cases and equals 
the weight of the liquid displaced by the body. For a heavier body the buoyant 
force will not be sufficient to keep it afloat. 


. The statement is false because the density of marine water is greater than the den- 


sity of river water and hence the buoyant force will be larger in sea-water to keep 
the body afloat. 


- The statement is false because pressure depends on the height of the liquid, which 


is same in the two tanks ( p = 9h e). It does not depend on the width or the shape 
of the containers. 

The statement is false. If one gram of ice melts, the volume displaced is 1 cm? less. 
But the volume of water formed is 1 cm*. This means that the net change in the 
water level is zero. Hence the water level remains unchanged as the ice melts. 


- The statement is not true because the density of brine is more than 1 gem’, This 


means that for x grams of ice, the volume of brine displaced is x/o = x’ (say). But 
on melting x gram of ice will produce x cm? of water. Since x > x’, the solution 
will overflow. The volume of the brine displaced by the ice cube is smaller than 
the volume of the water produced when ice melts. 


- The statement is true because in this case, the weight of the water displaced 


(which is equal to the buoyant force acting vertically upwards) is just equal to the 
weight of the body which acts in the vertically downward direction. 


. The statement is false. As the height increases, the density of air decreases, result- 


ing in a decrease in the buoyant force, which is equal to the weight of the volume 
of air displaced by the balloon. 


Fp—mg-c»5»Vg 


Initially thc weight of the balloon is less than the buoyant force Fg. At maximum 
height, the weight of the balloon is just balanced by the buoyant force. 

The statement is true because the entire weight of the block is supported by the 
buoyant force (the upward thrust) due to water. Thus the loss in weight in water is 
just equal to the total weight of the block. 


. The statement is false because the water level in the pond remains unchanged. 


When the man drinks some water from the pond, a larger volume of water is dis- 
placed and thus the original level of water is maintained, 

The statement is false. The water level in the vessel will remain unchanged. The 
volume of (the melted ice + lead shot) is equal to the volume of the water dis- 
placed when the ice block with a lead shot is initially placed in water. 
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67 MULTIPLE-CHOICE QUESTIONS 


Choose the correct answer from the given alternatives. 

1. The dimensions of pressure are 
(a) [M L? T-?] (b) [M L T~] 
(c) [M L7! T7?] (d) [M L7? T7] 

2. During a tornado, air pressure is 8 X 10* N m7? inside a house and 1.0x105N 
m-? outdoors. The net force on a window of area 0.5 m? is 
(a) 1.0 x 10* N (b) 4.0 x 10* N 
(c) 5.0 x 10* N (d) 6.0 x I0O* N 


3. A body weighs 5 N in air and 2N when immersed in a liquid. The buoyant force 
is 
(a) 2N (b) 3N 
(c) 5N (d) 7N 
4. The pressure of a confined air is p and that of atmosphere is P. Then 
(a) P is equal to p 
(b) P is less than p 
(c) P is greater than p 
(d) P may be less than or greater than p depending on the mass of the confined 


alr. 
i 
| 
Fig. 6.9 
5. A body floats in a liquid contained in a beaker. The whole system, shown in Fig. 
| 6.10 falls freely under gravity. The upthrust on the body dug to the liquid is 
(a) zero 


(b) equal to the weight of the liquid displaced 
(c) equal to the weight of the body in air 
(d) equal to the weight of the immersed portion of the body. (LIT 1982) 
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6. 


10, 


A U-tube of uniform cross-section is partially filled witha liquid 1 (Fig. 6.11). 
Another liquid 11 which does not mix with liquid 1 is poured into one side. It is 
found that the liquid levels of the two sides of the tube are same, while the levels 
of liquid I has risen by 2 cm. If the SG of liquid I is 1.1, the specific gravity of 
liquid II must be 

(a) 1.12 (b) 1.10 

(c) 1.05 (d) 1.00 (UT 1983) 


Fig. 6.11 


. A boat carrying a number of stones is floating in a water tank, If the stones are 


unloaded into water, the water level in the tank will 


(a) remain unchanged 

(b) rise 

(c) fall 

(d) rise or fall depending on the number of stones unloaded. 


. A common hydrometer has a uniform stem graduated downwards from 0, |, 2, 


-..upto 10. When floating in pure water, it reads 0 and in a liquid of SG 1.5, it 
reads 10. What is the SG of a liquid in which it reads 5? 

(a) 1.15 (b) 1.20 

(c) 1.25 (d) 1.30 


. A wooden cube just floats inside water when a 200 g mass is placed on it. When 


the mass is removed, the cube is 2 cm above the water level. What is the size of the 
cube? 

(a) 6cm (b) 8 cm 

(C) 10 cm (d) 12 cm 

The volume of an air bubble is doubled as it rises from the bottom of a lake to its 
surface. The atmospheric pressure is 75 cm of mercury and the ratio of the density 
of mercury to that of lake water is 40/3. What is the depth of the lake? 


(a) 10m (b) 15m 
(c) 20m (d) 25m 


. A glass plate X (of negligible mass and the thickness) is held against the end of a 


tube Y and pushed 10 cm under the surface of water as shown in Fig. 6.12. When 
released, the plate does not fall off. What depth of kerosene (SG = 0.8) must 
be poured in tube Y so that the plate just falls off? 


(a) 10 cm (b) 10.5 cm 
(c) 12.0 cm (d) 12.5 cm 


- Gee 


6.8 
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. A man is carrying a block of a certain material (density 1000 kg m-?) weighing 1 


kg in his left hand and a bucket full of water and weighing 10 kg in his right hand. 


He drops the block in the bucket. How much load does he carry in his right hand 
now? 


(a) 9 kg (b) 10 kg 
(c) 11 kg (d) 12 kg 
NUMERICAL EXERCISES 


(Assume g = 9.8 m s^? and density of water = 1000 kg m-?, unless otherwise 
stated.) 


- The interior of a submarine located at a depth of 60 m in sea-water is maintained 


at sea-level atmospheric pressure. Find the force acting on a window 40 cm? in 
area. The density of sea-water is 1030 kg m^*. 


- If the earth's atmosphere were everywhere of the same density (= 1.290 kg m^?) 


as at the surface of the earth, how high would the atmosphere have to extend in 
order to give rise to the observed atmospheric pressure of 1.013 x 105 N m7? ? 


. A hydraulic press has an input cylinder 3 cm in diameter and an output cylinder 


15 cm in diameter. Assuming 100% efficiency, find the force exerted by the output 
piston when a force of 15 N is applied to the input piston. 


- A block of brass has a mass of 1 kg and a density 8000 kg m-*. It is suspended 


from a string. Find the tension ia the string if the block is in air and if it is com- 
pletely immersed in water. Neglect the buoyancy of the air. 


. A balloon weighing 100 kg has a capacity of 1000 m°. If it is filled with hydrogen, 


how large a payload in kg can it support? At sea level, the density of hydrogen is 
0.09 kg m^? and that of air is 1.3 kg m™?. 


- What is the minimum area of a slab of ice 0.50 m thick floating on water that will 


hold up a car weighing 1000 kg? The density of ice is 920 kg m*. 


- A block of wood floats in water with 2/3 of its -volume submerged. In oil it has 


0.90 of its volume submerged. Find the densities of wood and oil. 

A metal sphere of density 10 g cm™? is placed gently on the surface of water ina 
lake 450 m deep. Neglecting viscous effects, find the time the sphere will take to 
reach the bottom of the lake, Take g = 10 m s^*. 


- A cubical block of wood 10 cm on a side and of density 0.5 g cm"? floats in a jar 


of water. Oil of density 0.8 g cm~? is poured on the water until the top of the oil 
layer is 4 cm below the top of the block. Calculate (a) the depth of the oil layer 
and (b) the gauge pressure at the lower face of the block. 


- A hollow glass stopper just sinks in water. Compare the volume of the cavity to 


that of the stopper. The SG of glass is 2.5. 


. An acid of mass 108 g and SG 1.8 is mixed with 108 g of water. If the SG of the 


mixture is 1.5, find the change in volume when the liquids are mixed. 


- A cubical block of wood 10 cm along each side floats at the interface between an 


oil and water with its lower surface 2 cm below the interface. The heights of the 
oil and water columns are 10 cm each. The density of oil is 0.8 g cm~*. 

(a) What is the mass of the block? 

(b) What is the pressure on the lower surface of the block? (IIT 1977) 


- A flat-bottomed thin-walled glass tube has a diameter of 4 cm and it weighs 30 g. 


The centre of gravity of the empty tube is 10 cm above the bottom. Find the 
amount of water which must be poured in the tube so that, when it is floating 
vertically, in a tank of water, the centre of gravity of the tube and its contents is 
at the mid-point of the immersed length of the tube. (IIT 1968) 


* ^ solid weighs 237.5 g in air and 12.5 g when totally immersed in a liquid of den- 


sity 0.9 g cm", Calculate (a) the density of the solid (b) the density of a liquid in 
which the solid would float with one fifth of its volume exposed a. ve the liquid 
Surface. 
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15. 


The volume of a hot air balloon is 600 m* and the density of the surrounding air 
is 1.25 kg m^*. The balloon just hovers clear of the ground when the burner has 
heated the air inside to a temperature at which its density is 0.80 kg m^*. (a) what 
is the total mass of the balloon including the hot air inside it? What is the total 
mass of the envelope of the balloon and its load? (c) Find the acceleration with 
which the balloon will start to rise when the density of the air inside is reduced to 


0.75 kg m^?. Take g = 10 m s-*. 


. A large wooden block of uniform cross-section sinks so its lower surface is 6 cm 


deep in a salt solution of SG = 1.15. 

(a) How deep will it sink in pure water? 

(b) If the vertical dimension of the block is 8 cm, what is its density? 

(c) A certain cork put on top of the block, makes it float 1 cm deeper in pure 
water. But if the cork is put under the bottom of the block, it floats 1 cm higher. 
When cork itself is floated on water, what fraction of its volume will be above the 


surface? 


ANSWERS 
MULTIPLE CHOICE QUESTIONS 
1. (c) 2. (a) 3. (b) 4. (b) 5. (a) 
6. (b) 7. (c) 8. (b) 9. (c) 10. (a) 
11. (d) 12. (b) 
NUMERICAL EXERCISES 
1. 9.69 x 10* N 
2. 8.0 km 
3. 1250N 
4. 9.8 N, 8.575 N 
5. 1110 kg 
6. 25 m? 
7. 0.67 g cm^?, 0.74 g cm~? 
8. 10s 
9. (a) 5 cm, (b) 490 Pa 
10. 3:5 
11. 24 cm? 
12. (a) 840 g (b) 9800 dyne cm~? 
13, 110.6 g 
14. (a) 0.95 g cm^* (b) 1.19 g cm^* 
15. (a) 750 kg (b) 270 kg (c) 0.42 m s^? 
16. (a) 6.9 cm (b) 0.862gcm^* (c) 0.50 


] 
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7.4 REVIEW OF BASIC CONCEPTS 


7.1.1 Elastic Forces One can easily feel the force exerted by a rubber band 
when it is stretched and also see the distortion produced in it. What we 
feel is the reaction to the force that we apply to cause distortion. The 
change in the shape or size of a body when external forces act on it is 
determined by the forces between its atoms or molecules. These short 
range atomic forces are called elastic forces. A substance is said to be per- 
fectly elastic if it recovers its original size and shape when the external for- 
ces are removed. Most substances such as copper or steel are perfectly 
elastic upto a point beyond which perfect or complete recovery does not 
occur. This point is called the elastic limit. 


7.1.2 Stress Stress is defined as the ratio of the internal force F, produced 
when the substance is deformed, to the area A over which this force acts. 
In equilibrium, this force is equal in magnitude to the externally applied 
force. In other words, 


re 
E = TES 
Stress = 7 (7.1) 


The SI unit of stress is newtons per square metre (N m~). In COS units, 
Stress is measured in dyne cm^?. 


Fig. 7.1 


If the ends of a rod of uniform cross-section are subjected to two equal 
and opposite forces as shown in Fig. 7.1 (a) or (b), the rod ıs said to be 
under tension. The stress produced is called tensile stress. Each portion of 
the rod pulls or pushes the other. Any arbitrary cross-section must be acted 
upon by equal and opposite internal forces of magnitude F distributed per- 
Pendicular to the area everywhere. This is called normal stress. If the ex- 
ternal force is not at right angles to the area, we may resolve the force into 
Normal and tangential components giving rise to normal stress and tangen- 
tial stress. Tangential stress is the ratio of the tangential force to the area 
Over which it acts. 


7.1.3 Strain Strain is defined as the ratio of the change in size or shape 
to the original size or shape. It has no dimensions, it is just a number. 
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71.4 Hooke's Law Hooke’s law states that, within elastic limits, the 
ratio of stress to the corresponding strain produced is a constant. This 
constant is called the modulus of elasticity. Thus 


stress 


elasticity = —___ 
Modulus of y Sain 


Since strain is a pure number, the units of this constant are the same as 
those of stress, i.e. Nm~?. 


7.1.5 Elastic Modulii There are three different kinds of strains and hence 
three kinds of modulii of elasticity are defined as follows. 


(i) Young's modulus When a wire of length / is suspended from a rigid 
support and stretched by a weight Mg attached to its lower end, the increase 
in length, 4/, results in a strain Al/l. This produces a tension T in the wire, 
which equals the force Mg when equilibrium is reached The ratio of ten- 
sile stress to tensile strain is called Young's modulus of the material of the 
wire and is usually denoted by Y. Thus 


— Tensile stress _ F/A _ EI (7.2) 
. Tensilestrain JII — A A] i 


Here F = Mg and A is the area of cross-section of the wire. 


The compressive strain of a bar in compression is defined as the ratio of 
decrease in length 47 to the original length /. Young's modulus for com- 
pression is identical in value to Young's modulus for tension in the same 
material. The value of Y for a given materialis a constant and depends 
only on the nature of the material. 


(ii) Bulk modulus or Coefficient of volume elasticity Application of pres- 
sure reduces the volume of matter. In this case, the applied pressure (force 
per unit area) is the stress. Suppose a sample of liquid or solid, already 
under pressure, undergoes a pressure change of magnitude 4P. This causes 
the volume to change from V to V + AV. In elastic materials, the volume 
change 4V is proportional to V itself and to AP. Thus 


AP 
yy = constant = B (7.3) 


where B is a positive constant of proportionality known as the bulk modu- 
lus or the coefficient of volume elasticity. The minus sign indicates that an 
increase in pressure results in a decrease in volume. Thus B is always posi- 
tive. For solids and liquids, under pressure, the change in volume is so 
small that the value of B is independent of the initial volume V, provided 
that the pressure is not too large. 


The reciprocal of B is called compressibility, B and has the units of reci- 
procal of presure. Thus 
Compressibility (8) — 5 


The volume change in a gas is relatively large. In the limit when 42, 
AV become very small, we can write 


se d (7.4) 
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The bulk modulus of gases depends on the pressure. Under isothermal 
conditions (constant temperature) the bulk modulus of a gas is equal to its 
pressure. On the other hand, under adiabatic conditions (when no heat is 
allowed to enter or leave the system), the bulk modulus equals yP, where 
y is the ratio C,/C, of the molar heat capacities at constant pressure and 
volume of the gas. Thus 


Isothermal bulk modulus — P 

Adiabatic bulk modulus = y P 
(iii) Shear modulus or modulus of rigidity: The shape of a solid can under- 
go a change without a change in volume. Such a deformation is called a 


shear and may be produced by applying equal and opposite forces along 
the top and bottom surfaces of a rectangular block as shown in Fig. 7.2. 


Fig. 7.2 


The shearing stress set up in the material is the ratio of F to the area 4 of 
the surface over which the applied force F acts. Thus 


i ( 
Shearing stress = Tangential force (P) oe (F) 


Each layer of the material parallel to the top and bottom surfaces is ac- 
ted upon by equal and opposite forces tending to shear the material. The 
shearing strain is given by (see Fig. 7.2) 


Shearing strain = : = tan 0 


Since 0 is usually very small (x is always < d), tan 9 = ^. Thus, the strain 
is simply equal to the angle 0 measured in radians. Applying Hooke's law, 
the shear modulus, denoted by n, is given by 


F 
Shearing stress 4 _ E (7.5) 


Shearing strain — x/d = Ad 

_ The shear modulus is also known as the modulus of rigidity. Since 

liquids and gases have no shape of their own (they take up the shape of the 

vessel in which they are contained), the modulus of rigidity has a signific- 

ance only for solids. 
Ifa cylinder (a wire or rod) is fixed at one end and a torque 7 (co-axial 

with the cylinder) is applied to the other end, the cylinder is twisted about 

its axis. If the angle of twist is 8, the torque is given by 

rig (7.6) 
2/ 

Where n is the shear modulus, r the radius of the cylinder and / its length. 
he ratio 7/? is known as the torsional torque per unit twist or the torsio- 

nal rigidity of the cylinder. 


Ho 


TH 
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7.1.6 Poisson’s Ratio Our de‘initions of the various elastic constants 
have been limited’ to highly idealized cases of ‘pure’ stretch, ‘pure’ shear, 
etc. In actual practice, elastic deformations are more complex. Whenever a 
wire is stretched, there is a slight change in the volume of wire because the 
dimensions in a direction perpendicular to the direction of stress become 
shorter. Poisson’s ratio c is defined as the ratio of the fractional change in 
diameter tc the fractional change in length. Thus 


04 Arlr árl 

X AIT Air 

Here r is the radius of the wire. For a material, o is a dimensionless cons- 
tant. For most materials, s has a value between 0.1 and 0.4. 


(7.7) 


7.1.7 Relations between Elastic Moduli For isotropic materials (i.e. 
materials having the same properties in all directions), only two of the 
three elastic constants are independent. For example, Young's modulus 
can be expressed in terms of the bulk and shear moduli. 


3 d 

YU. tae (7.8) 
Also 

Y = 3B (1 — 2e) = 2n (1 + c) (7.9) 


7.1.8 Breaking Stress The ultimate tensile Strength of a material is the 
stress required to break a wire or a rod by pulling on it. The breaking 
Stress of the material is the maximum stress which a material can with- 
stand. Beyond this point breakage occurs. 


7.1.9 Strain Energy When a wire of original length / is stretched by a 
length 4/ by the application of force F at one end, we have (see Eq. 7.2) 

x Al.AY 

Ee Doo (7.10) 
Since the force increases uniformly from 0 to F while the wire stretches, 
the average force applied is F/2. Hence the work done is given by 


W = Force x distance = Average force x extension 
l 


FAl (7.11) 


Ni 


This is the energy stored in the wire. This is the increase in the potential 
energy of the molecules due to their displacement from their average posi- 
ions. 


From Eqs (7.10) and (7.11) we have 
, do YA CARR 
W SIS A j I? (7.12) 


Since the volume of the wire is A/, the energy per unit volume stored in 
the wire is given by. using Eq. (7.11), 


amalar) 


or RPM C gt 
volume 


l 
j stress x strain (7.13) 
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‘When a weight Mg falls through a vertical distance to stretch a wire, 
the gravitational potential energy lost by the weight equals Mg (41). Half 
of this energy is the potential energy gained by the wire; the other half is 
the energy which is lost in the form of heat when the weight comes to rest 
after making vibrations. 


7.1.10 The Force Constant Any spring, wire or bar, that obeys Hooke’s 
law, has a force constant. From Eq. (7.10), the tensile force is 


F= —— =kx (7.14) 


where k = YA/I, is a constant for the given spring or wire or rod and x 
Tepresents the elongation produced by the force F. This is the original form 
of Hooke’s law which tells us that the elongation produced in a body is 
directly proportional to the stretching force. For a spring, constant k dw- 
pends on the shear modulus of the wire, its radius , the radius of the coils 
and the number of coils. The constant k is also known as the stiffness of 
the spring and is expressed in newton per metre (Nm7'). 


7.1.11 Vibrations of a Spring A simple harmonic motion is defined as the 
motion for which the restoring force is directly proportional to the displace- 
mentfrom the cquilibrium position. Hooke's law expressed in Eq. (7.14) 
gives the simplest way of obtaining simple harmonic motion; by attaching 
à mass m on the end of a spring. The time period -of the oscillations pro- 
duced in this way is given by 


Ts (7.15) 
k 
Where g EIE 
2s x. 


7.1.12 Thermal Stresses If a bar is fixed at its ends, a change in the 
temperature of the bar, results in forces being exerted at the ends of the 
bar. Thus, due to expansion or contraction, tensi'e or compressive stresses 
are set up in the bar. These are known as thermal stresses. If the bar were 
free to contract or expand, the change in length 4/ due to a change 4 in 
temperature is given by 


Where « is the coefficient of linear expansion of the bar. Combining Eq. 
(7.16) with Eq. (7.10) we obtain 


F=aAY At TRU 
Thus, the tensile stress in the rod is 
PEETA (7.18) 


Similarly if a material is enclosed in a rigid container so that its volume 
can not change, then an increase in temperature 4/ results in an increase 
'N pressure 4P. We then have following relation: 


AP = BB At (7.19) 


Where B is the bulk modulus and £’, the coefficient of volume expansion. 
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7.2 SI UNITS 


Table 1.1 

Physical Quantity SI Unit Symbol 
Stress newtons per square metre Nm* 
Elastic moduli newtons per square metre N m-* 
(Y, B, n) 
Compressibility square metres per newton mê N^! 
Strain energy joule J 
Force constant or newtons per metre N m^? 


stiffness constant 
—K—— 


7.3 FORMULAE 
Fore — F. 


Ys Stress = 


Area A 
2. Strain = change in dimensiot pean dimension 
Original dimension 


4 i i SS Fl 
3. Young's modulus — Tensile or compressive stress — 


Longitudinal strain ~ A Al 
_ Hydrostatic pressure — 4PV 
4. Bulk modulus = voles e AV 


5. Shear modulus or modulus of rigidity 
_ Tangential stress — F 
Shear strain 40 
narto 
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Lateralstraim _ 4r7 
Longitudinal strain — rA/ 


6. Torsional torque 7 = 


~J 


. Poisson’s ratio = 


8. Relations between elastic constants 


Y = 3B (1 — 20) 
Y = 2n(1 +0) 
3 1 1 
Yn 38 
9. Energy stored in a wire or rod 
(a) W — average force x distance — iy F Al — LE 
2 2 AY 


(b) Energy per unit volume 77 = z stress X strain 


10. Force constant k = F/x where k = YA/I and x represents elongation 
or compression. 


11. Time period of an oscillating spring T = 27 d 
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i2. Thermal stress F/A = «Y At (linear expansion) 


AP = BB’ At (volume expansion) 


7.4 SOME TYPICAL VALUES OF ELASTIC CONSTANTS 


Table 7.2 
Material Young’s Shear Bulk Poisson's 
modulus modulus modulus ratio 
(Nm-7?) (Nm?) (Nm7?) 
Aluminium 7.0 x 10! 3.0 x 10+° 7.0 x 10'* 0.16 
Brass 9.1 x 10% 3.6 x 10" 6.1 x 101^ 0.26 
Copper 11.0 x 10!* 4.2 x 10% 14, 10" 0.32 
Glass SiS USC TOS 2.3 x: 10!9 3.7 x 10% 0.19 
Steel 20 x 101° 8.4 x 10!" 16 x 101° 0.19 


Compressibility of mercury = 3.7 x 107!! m?N^!, B = 2.7 x 10!° Nm? 
Compressibility of water = 45.8 x 10-!! m? N-!, 
B = 0.22 x 10! Nm? 
Compressibility of air = 1 x 10-5 m? N-', B= 1 x 105 N m^? 
_ Thus, the pressure required to produce a small relative change in volume 
1s about 70 times as much for steel as for water. 
7.5 NUMERICAL EXAMPLES 


Example 1: A wire cable 10m long consists of 40 strands of steel each 
3 X 1075 m? in cross-section. By how much does the cable stretch when it 
Is used to lifta crate weighing 4000 N? Young's modulus of steel 


= 20 x 10? Nm? 
4000 

$50 TOSS 

Young's modulus Y — Stress/Strain 

Stress — 8.0 x 108 
Y © 20x 10? 

= 4.0 x I0? 

Al 

I 


Solution: Stress = 8.0 x 108 Nm? 


N 


Strain — 


x 40, where 4/ is the increase in length in each 
strand. 


Now, Strain — 


Therefore, 


=% ; Da TOREA 10m = 1 mm 
4l = Strain X 25 =a ] x 


Since „each strand stretches by 1 mm, the cable is stretched by 1 mm. 
ternatively, one could divide the stress by 40 to obtain the stress for each 


“trand, since the load must distribute equally over the entire cross-section 
9f the cable. ^ 
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Example 2: A boy's catapult is made of a rubber cord 42 cm long and 
6 mm in diameter. The boy stretches the cord by 20 cm. Find the Young’s 
modulus of the rubber if a stone weighing 0.02 kg when catapulted flies 
with a velocity of 20 ms-'. Disregard the Change in the cross-section of 
the cord in stretching. 

Solution: Due to the extension produced in the cord, energy is stored in it 
which is converted into kinetic energy when the stone flies away. Assuming 


that there is no loss of energy in this process, the kinetic energy of the 
stone is given by 


Wei? 


=} x .02 x 20 x 20 
=4J 


This must be equal to the work aone in stretching the d. Using Eq. 
(7.11) we have x ‘iy E. 


w =} FAl 4) 
where F is the stretching force. Since 


l= 20cm = 02 m, 
4x2 


Now r=3mm =3 x 103m 


Hence, Stress = 7G Ta H 
= 1.415 X 105N m 


P 20 
But Strain "E bos 0.476 
^ 1.415 x 165 
Young's modulus Y = 0.476 = 2.97 x 105N m? 


Example 3: A light rod of length 2m is suspended from th ceiling hori- 
wires of equal length tied to its ends. 
cm? and the 


Find iti 
the rod at which a weight may be hung to produce Eigenen along 


Young's modulus of elasticity of brass and steel are 10 x 10" i^ 
and 20 x 10"! dyne cm= respectively. s E mae 1974) 


Solution: Let the rod BD be suspended by the wires AB and CD as shown 
in Fig. 7.3. If W is the weight suspended at Oat a distance x from the 
Steel wire AB, the force acting at point O is in the vertically downward 
direction producing tensions T, and 7; in the two strings. 
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(a) Let A, and A; be the areas of cross-section of the respective wires, 
ie. 
Ai 0.1ecm and — A; = 0.2 cm? 


Stress in the steel wire = a 


Stress in the brass wire = EE 
0.2 
A C 
Steel Brass 
T, nh 
8 D 
Ww 
Fig. 7.3 


Tis Ts 

01 02 

T A E 
or = =- 

7, 85 o1 


For the system to be in equilibrium, the moments of the forces T, and T, 
about O must be equal. Hence 


x T, = (200 — x) 7; (ii) 
Using Eq. (1) we have 
Tı _ 200 —x 
Ti x 
gi 40 — 2x =x 


NI- 


x= = = 133.3 cm 


(b) Young's modulus 


pi^ Stress 
Strain 


T 
St == 
Tess P 


; T 
St = 
rain a Y) 
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The strains in the two wires will be equal if 


Tg d 

Ai ADS Eb o: 
or dus dr Et 

Ti A; Y; 


Now Y, = 20 x 10!! dyne cm~? and Y; = 10 x 10!! dyne cm~? 
Li) VS 0:1 x:20:x5]01! 


Therefore T, 02x 10x10! ^ 
or T; = Th 
Using Eq. (ii) we have 
x = (200 — x) 
or x = 100 cm 


Thus the weight W must be hung from the middle of the rod to produce 
equal strains in the two wires. 


Example 4: A load suspended from a steel rope is lowered from a ship to 
measure the depth of the sea. Neglecting the weight of the load as compa- 
ted with that of the rope, find the maximum depth that can be measured 
by this method. Assume the density of the sea water to be 1000 kg m-?. The 
breaking stress of steel is 7.85 x 109 N m2, the density of steel = 7700 kg 
m^ and g = 9.8 m s, 


Solution: Since the rope is immersed in sea water, there will be an upward 
thrust on the rope. This will decrease the stretching force which is the 
weight of the rope itself. 


The net stretching force = weight of the rope — upthrust 
or F—Mg-—(pgd)A 


where p' is the density of sea-water, d the maximum depth that can be mea- 
sured and 4, the area of cross-section of the rope. 


The mass of the rope is given by 
M = density x volume 


—pAd 
where pis the density of steel. Therefore, 
F=Ag(p— p)d (i) 
Now, the breaking stress — maximum stretching force divided by area of 


cross-section 


The maximum depth that can be measured by this method cannot be 
greater than that corresponding to the breaking stress which is given by 


Frisco , 
Ae gio - p.d 


= 7:85 x 10!°N m2 
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_ 7.85 x 1010 

/— £(p— p) 

ED un 

.. 9.8 (7700 — 1000) 

= 1.196 X 105 m = 11.96 km 


Hence, d 


This is the maximum depth that can be measured by this method. 


nal volume of the Kohinoor diamond, whose mass before cutting was about 


Solution: Mass of the diamond — 175 g 


Density = 3.5 g cm? 
sr sil 3 
Volume "S 50 cm 
If the original volume of the diamond were V, then 
V—504-4y 


Where 4 V is the decrease in volume under the pressure during its forma- 
tion. 


Bulk modulus p = — Z 


y 
Substituting (V — 50) for 4 V and the values of P and B, we have 
B V mez [DID bu 
P'V-—s senso 
er V = 40 V — 2000 
39 V = 2000 
or V = 51.28 cm? 


Alternatively. one could calculate (— AV) from the equation 


19:55:50 
Cav) = T. LS Xu = 1.25 om? 


a add this value to the present value giving V = 51.25 cm?. The diffe- 
aace is only in the second decimal place, i.e. less than 0.06 %. Hence the 
original Volume of the diamond must have been equal to 51.3 cm?. 


Example 6: A rubber eraser 3.0 em x 1.0 cm x 8.0 cm is clamped at one 

ud with the 8 cm edge vertical. A horizontal force of 2.4 N is applied at 
€ free end, and the top of the eraser is displaced horizontally. Calculate 
° displacement if the shear modulus of the rubber is 1.4 x 105 N m~2, 

solution: _ Figure 7.4 shows a rubber eraser ABCD clamped at the end AB 

me e horizontal force F applied at the free end DC resulting in a displace- 
Tt DD! = Cc" which is to be evaluated. 
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The shearing strain = 8 
The area (A) of the face on which the shearing stress is applied is 
A= 3.0 x 1.0 = 3.0 cm? = 3.0 x 10* m? 


8cm 


rd e rere qu [oy 


A 3cm B 


Fig. 7.4 


2 


i DE = 4 jen 4 -2 
Shearing stress = 7 Bg jos = 08 x l0 Nm 


Shear modulus n = Shearing stress 
Shearing strain 


F 
Agia, 08X OIS 
DD'B DD' 
; 6.4% 104 64 x 104 
Therefore, DD = “Sra Fax 

= 0.6 cm = 6 mm 


Hence the upper face of the eraser is displaced horizontally by 6 mm. 
Example 7: Calculate the force required to punch a hole 2 cm square ina 
steel sheet 2 mm thick whose shearing strength is 3.5 x 10* N m7. 


Solution: The shearing stress is exerted on the rectangular surface (2.0 cm 
x 2.0cm x 0.2cm) that is the boundary of the hole. The area of this 
surface is (see Fig. 7.5) 

A =2.0'* 10 x 4 x 0.2 x I0 m 


= 1.6 x 104m? 
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Since the minimum shearing stress to rupture the steel is 


(4) = 3.5 x I Nm? 


the force required is given by 
F = 3.5 x 105 x 1.6 x 10 = 5.6 x 10* N 


2cm 


2mm 


2cm 


Fig. 7.5 


Example 8: Find the potential energy ofa wire 5 cm long and 4 x 10^ 
em in diameter twisted through an angle of 10’. The shear modulus of the 
wire material is 5.9 x 10"! dyne cm^?. 


en To twist the wire through the angle dð, it is necessary to do the 
wor 


dW=1d0 
where r, the twisting torque is given by Eq. (7.6). Then 


9 D 48dó nar* 0? 
W= 40 - | nur MEE 

f, ‘ (A 41 

n 10 T 
§ = 10 m RE 

10 66 * 180 '* 
T 
= 10g 14 


_ 5.9 x 10! x mx (2 X 10°) 7 
i$ “4 x 5 x (1080) 


= 1.255 x l07*erg 
= 1.255 x 1072 


Therefore, W 


Example 9: A steel wire of diameter | mm is stretched horizontally bet- 
ween two clamps located at a distance of 2 m from each other. A load of 
0.25 kg is suspended from the midpoint of the wire. What will be the verti- 
cal distance in cm through which the mid-point of the wire moves down? 
Young's modulus of steel = 20 x 10° N m^?andg —9.8ms. 


Solution: Let d (= OP) be the vertical distance through which the mid- 
Point of the wire of length / moves down as shown in Fig. 7.6. 

This produces tension T in the wires as shown. For equilibrium, the com- 
Ponents of the tensions along OP must balance the weight W. Therefore, 


2Tsin0 = W 
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W s 
» x 2 sin 8 (i) 
Stress = Tension 
~ Area of cross-section 
ENS Do smh 
A  24Asinó 


V6) 
Strain — ema. = Y\2 


"USER 


where we have used Binomial ex ansion. Since d i 
we can ignore the higher order tel eae than I/2, 


erms in the binomial expansion. Hence, 
: aia 
Strain = 5 cy 
3) 
Also sin 0 = g 
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.. Stress 


Therefore, Y — Strain 


wily} 
or d? = A) 
I wy 
P hs des 
Now Azar? = n (0.5 X 1073), 1/2 = 1 m 
0.25 x 9.8 1» 
= . eM. LS MA ToS EL Ve ere Wad 
d E 10-5 x 20 x i») 


= 2,5 X 10-77m= 2.5 cm 


d P EM EP 
]t may be noted that aD” 0.025 and tp? > 0.0006, hence, our ap- 


proximation of neglecting these quantities in the binomial expansions in the 
problem is justified. Thus, the midpoint of the wire moves down by 2.5 cm. 


Example 10: A steel wire of cross-sectional area 0.5 mm? is held between, 
two fixed supports. If the tension in the wire is negligible and it is just taut 
at a temperature of 20 °C, determine the tension when the temperature falls 
to 0°C. Young's modulus of steel is 21 x 10!! dyne cm ? and the coeff- 
cient of linear expansion of steel is 12 x 1076 per °G: Assume that the dis- 


tance betwecn the supports remains unchanged. (IIT 1973) 
Solution: Let / bethe length of the wire at 20 ^C and h, the length at 0 
C. Then [ij See DD alo 
Eciavreisive strain X Ls 2204-20 x 12 x 1075 = 24 x 107* 
0 
xus Stress 
Strain 
St = Y X strain = E 
ress = strain = 7 
Hence, 


tension T = Y A X strain 
= 51 510!55€ 0.5 X 10-2 x 2.4 x 107* 
= 2.52 x 10° dyne = 25.2 N 
This is the tension in the wire when the temperature falls to 0°C. 


Example 11: A composite rod is made by joining a copper rod end to end, 
with a second rod of a different material, but of the same cross-section. At 
25 °C, the composite rod is | m in length, of which the length of the copper 
rod is 30 cm. At 125 °C the length of the composite rod increases by 1.91 
mm. 


When the composite rod is not allowed to expand by holding it beetween 
two rigid walls, it is found that the lengths of the two constituents do not 
change with rise in temperature. Find the Young’s modulus and the coeffi- 
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cient of linear expansion of the second rod. Y for copper = 1.3 x 10! 
dyne cm, « = 1.7 x 1075 (°C)! (IIT 1979) 


Solution: Let x’ be the thermal expansion coefficient of the second rod 
whose length is 100 — 30 = 70 cm. 


Rise in temperature = 125 — 25 = 10 °C 
Total extension = 1.91 mm = 0.191 cm 
0.191 = 70 X 100 x «' + 30 x 100 x 1.7 x 1075 
= 7000 «' + 5.1 x 102 : 
7000 «’ = 0.191 — 0.051 = 0.140 


=e = 75 (°C)-! 
APO eM NO 
_ FIA 
Since Y TAM 


the extension for the copper rod is given by 
ib es 5 
41 y = 30% 12x 10 x 100 


30 x 1.7 x 1075 x 100 X 1.3 x 10" 
D icu A ALN la ELLA Ul MU 
30 


= 2.21 X 105 N m2 
where F is the force required to maintain the Copper rod at its initial length, 


when it is heated. The stress required to maintain the second rod at its ini- 
tial length, when this rod is heated, is given by 


CERT 
A r 


; F 
Tensile stress — n 


where Y' is the Young's modulus of the second rod. The two stresses must 
be equal because the rods are not allowed to expand. Hence, 


ak r2:2.2 x 2108 


Al’ — 70 x 100 x «’ 


; 2.21 X 108 x 70 
OR eh RU x 107 = 1.105 x 10" dyne cm? 


Example 12: A sphere of mass 0.25 kg is attached to one end of a steel 
wire, | m long having cross-sectional area of 2.5 mm?, The other end is 
attached to a vertical shaft which rotates about its axis to form a conical 
pendulum. Calculate the number of revolutions required to extend the wire 
by 2 mm. Young's modulus of steel is 20 x 101? N m-2 and g —9.8m s^. 


Solution: Figure (7.7) shows the forces acting on the sphere, namely, ten- 
sion 7 along the wire and the weight mg acting vertically downward. 
The wire extends by 2 mm when the tension in the wire is T. Therefore, 


ll 


n 


} 
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4 
or r- *' vA 
Here 4l 2mm —2 x 10?m,/ = 1.0m 


A = 2.5 mm? = 2.5 X I0 5m? 
Substituting these values, we have 


ra 2X 103 x 20 X 109? x 2.5 x 107 
a i x 


— L0 x ION 


Fig. 7.7 


Resolving T into vertical and horizontal components, We have 
2 
: m v 
T cos 0 — mg and Hsia 


where r is the radius of the circle described andy is the velocity of the 


sphere. Now 
r=] sin 6 
miram 0.2575 9:81 10-3 
cos 0 = T eO 2.45 X 
and sin 0 = 4/1 — cos? 0 


1— 045 x i103 
= /1— (45 x 103y = 10 


Therefore r =/= 1.0 m 


Tsing =" =T 
or 2 tT, WU asd 
| Part Sh) ROS TAN 


| »—6325ms^ 
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Amt TA ur 
10963:25 
! ee eee 
Time period 0.0993 


Hence the sphere must make about 10 revolutions per second to extend the 
wire by 2 mm. 


Period of revolution = = 0.0993 s 


Frequency = = 10.07 rev s^! 


Example 13: A steel wire 1 m long and of radius 1 mm has a sphere of mass 
2.5 kg attached to one of its ends. It is whirled in a vertical circle and has 
an angular velocity of 2 rev s^! at the bottom of the circle. Calculate the 
elongation of the wire when the weight is at the lowest point of its path. 
Young's modulus of steel is 20 X 10! N m2 and g = 9.8 m s72: 
Solution: The centripetal force at the lowest point is given by 
mw? r= T — mg 

where 7 is the tension in the wire when the Sphere is at the bottom, w the 
angular velocity and r the radius of the circle, 
Therefore, T = mg + me?r 

= m[g + (27 ny Fr) 

= 2.5(9.8 + 47? x 4 x 1) 


= 419.3 N 
If Al is the elongation of the wire due to tension T, then 
BE 
— Alfl 
Tl 

d ae 

A=7(1 X 107)? = © x 10-5 m2 

ma 419.3 x 1.0 


7 X 1076 x 20 x 10% 
= 6.67 X 107^ m = 0.067 cm 


Example 14: Find the value of Poisson's ratio at which the volume of a 
wire does not change when the wire is subjected to a tension. 


A rir 
á ijl 
where r is the radius of the wire and / its length, 


Solution: Poisson’s ratio o = 


Volume of the wire before expansion Vi=rr?] 
Volume of the wire after expansion 
V;—c(r—4Ar*(-- AI) 


If the volume is to remain unchanged during expansion, we require that 
V, = Vie. 


7r1—v|[? —2rAr --(ArY](L 4 41) 
—7r(-t4D0-—2zrArl —2rArAlm 
T (Ar (I+ 417 
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an 2urArl =7?2 Al + terms containing the product of 4 r 


and 4 |, which can be neglected. Hence 


(Arjr) _ 1 
ERIDEA 92 
Or DAC S 


Thus the volume of the wire does not change if the Poisson's ratio ofthe 
material of the wire is 0.5 


Example 15: Two blocks A and B are connected to each other by a string 
and a spring, the string passes over a frictionless pulley as shown in Fig. 
7.8. Block B slides over the horizontal top surface of a stationary block C 
and the block A slides along the vertical side of C, both with the same uni- 
form speed. The coefficient of friction between the surfaces of blocks is 0.2. 
The force constant of the spring is 1960 N m-!. If the mass of block 4 is 


2 kg, calculate the mass of block Band the energy stored in the spring. 
(IIT 1982) 


Mag 


Fig. 7.8 Fig. 7.9 


Solution: Let M, and Mg be the masses of blocks A and B respectively. 
The forces acting on the blocks are shown in Fig. 7.9. T is the tension and 
N, the normal reaction on block B. f y 

Since block A is moving vertically downward with a uniform velocity, 
there is no normal reaction on A due to C. Therefore, 

T—pMmgg =9, T= M48 

M, My. 29. 10k 
Mg or Ms Y n 0192 JAN 


Force constant k = 1960 N m". 


u= 


Stretching force on the spring 
= M,g=2 x 9.8 = 19.6 N 


Now, F=kx 
Where x is the extension in the spring. 
x= E- 19.6 = 107 m 


k 1960 
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Energy stored in the spring = 1 F X extension 
= x 19.6 x 107 | 


= 9.8 x 102 J 
Alternatively, 
Te EE 0096 15.192] 
E a aks) E i 


TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are 
true or false giving, in brief, the reasons in support of our answer. 


l. Steel is a highly elastic material. 

2. Rubber is more elastic than glass. f 

3. If two steel wires of equal length are stretched by equal forces, their elongations 
are inversely proportional to their diameters. 

4. The strain produced in an elastic body is always proportional to the stress produ- 
cing it. 

5. Only solids have volume elasticity. 

6. There is no change in angle of twist if the diameter of the cylinder is changed. 

7. A water sample at the bottom of a lake 400 m deep has the same density as at the 
surface. 


ANSWERS 


- True, because it has high modulus of elasticity (see Table 6.8). 

2. False, because rubber has lower modulus of elasticity than glass. 

3. False, because for a given stretching force, the elongation is inversely proportional 
to the square of the diameter or radius (see Eq. 7.2) 

4. False, because it is not so when the stress exceeds a certain limiting value beyond 
which Hooke's law does not hold. 

5. False, because solids, liquids and gases all have the volume elasticity. 

6. False, because the angle of twist is inversely proportional to the fourth power of 
diameter (see Eq. 7.6). 

7. False, because the volume of a given mass of water at the bottom of the lake will 

be smaller because of the pressure exerted by a column of water 400 m high and 

hence the density will be higher. 


a 


7.7 MULTIPLE-CHOICE QUESTIONS 


Choose the correct answer from the given alternatives. 
1. A wire stretches a certain amount under load. If the wire’s length and diameter 
are both doubled, the stretch caused by the same load is 
(a) greater (b) the same (c) less 


2. Which of the following graphs of load against extension best represents the verifica- 
tion of Hooke's law. 


fa y val wes 
COM 


Ext —» Ext —- Ext. — Ext —- 
(a) (b) (c) (d) 
t Fig. 7.10 


10. A suspended long metal wire is stre! 
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3. The dimensions of force constant are 
(a) [MT-*] (b) [MLT] (c) [MLT™] 


. The potential energy of a stretched spring is proportional to 


> 


(a) the square of the force constant 
(b) the square of the amount of stretch 
(c) both of these 

5. Asteel wire is 1 m long and 1 mm* in area of cross-section. If it takes 200 N to 
stretch this wire by 1 mm, how much force will be required to stretch a wire of the 
same material and diameter from its normal length of 10 m to a length of 1002 cm? 
(a) 100N (b) 200N 
(c) 400N (d) 2000N 


Fig. 7.11 


6. Figure 7.11 shows three identical springs. When a 4 kg weight is hung on A, the 
spring shows an elongation of 1 cm. When a weight of 6 kg is hung on B, the hook 
descends 
(a) 1cm (b 2cm 
(c) 3cm (d) 4cm 

7. The following four wires are made of the same material. Which of these will have 
the largest extension when the same tension is applied. 

(a) length. / — 0.5 m, diameter, d=0.5mm 
(b) length, / — 1 m, diameter, d-1mm 
(c) length, / = 2 m, diameter, d = 2 mm 
(d) length, | = 3 m, diameter, d = 3 mm 

8. A nylon rope 3 cm in diameter has a breaking strength of 1.5 x 10° N. The break- 

ing strength of a similar rope 1.5 cm in diameter is 


(a) 0.75 x 105 N (b 3 x 10°N 
(c) 0.375 x 10°N (d) 6x 10 N 
9. Which of the following is not a unit of Young's modulus? 
(a) N m^ (b) Mega Pascal (MPa) 
(c) dyne cm~? (d) N m“ 


tched a small distance x by a load W in new- 
lect the best answer out of the following: 


in energy of 


tons suspended at the other end. Sel 
(a) The-loss in potential energy of the load W is equal to the gain 
the wire in stretching a length x. 
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M. 


(b) The energy stored in the wire can be calculated from the area between the 
force-extension graph and the extension-axis. 

(c) The energy per unit volume stored in the wire is equal to half the product of 
stress and strain. 


A wire suspended vertically from one end, is stretched by attaching a weight 200 N 
to the lower end. The weight stretches the wire by 1 mm. The energy gained by 
the wire is 


(a) OAT (b) 0.2J 
(c) 0.4 J (d) 10J 
12. When a spiral spring is stretched by a force, the resultant strain is 
(a) tensile (b) shear 
(c) volume (d) all these 
13. A spring of force constant kis cut into two equal parts. The force constant of 
each part is 
(a) k/2 (b) k 
(c) 2k (d 4k 


NUMERICAL EXERCISES 


What stress would cause a wire to increase in length by 0.1 per cent if the Young's 
modulus of the wire is 12 x 10'° N m™*? Calculate the force required to produce 
this stress if the diameter of the wire is 0.56 mm. 


- A spring is extended by 30 mm when a force of 1.5 N is applied to it. Calculate 


the energy stored in the spring when hanging vertically supporting a mass of 0.20 
kg if the spring was unstretched before applying the load. Calculate the loss in 
potential energy of the mass, 


Assume g = 10 m s? 


. Determine the length of a copper wire, which when suspended vertically . breaks 


under its own weight. Density of copper —8600 kg m~, breaking stress for copper 
= 2.45 x 10* N m-? and g—98ms-^, 


: The rubber cord of a catapult has a cross-sectional area | mm^ and a total unstre- 


tched length 10 cm. It is stretched to 12 cm and then released to project a missile 
of mass 5 g. Calculate the velocity of projection assuming that the energy of the 


stretched cord is completely converted into kinetic energy. Young’s modulus of 
rubber = 5 x 10°N m-? 


g = lO0ms-?, 


- A uniform wire of unstretched length 2.49 m is attached to two points 4 and B 


which are 2 m apart and in the same horizontal line. When a 5 kg mass is attached 
to the midpoint C of the wire, the equilibrium position of C is 0.75 m below the 
line AB. Neglecting the weight of the wire and taking the Young's modulus for its 
material to be 20 x 1010 N m-*, find 

(a) the strain in the wire 

(b) the stress in the wire 

(c) the energy stored in the wire 


The density of water at the surface of a lake is 1000 kgm“, Find the density at a 
depth of 400 m. Bulk modulus for water is 2 x 109 N m™ and g = 9,8 m s^? 


10. 


1. 


12. 


13. 


14. 


15. 


16. 


17; 


18, 
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. A steel cable whose cross-sectional area is 7.5 cm? is used to support an elevator 


cab weighing 2.5 X 10* N. if. the stress in the cable is not to exceed 20% of the 
cable's elastic limit of 2.5 x 10* Pa, find the maximum permissible upward accele- 
ration. g = 9.8 m s? 


. Determine the length of a lead wire which when suspended vertically breaks under 


its own weight. 


Breaking stress for lead — 2x10 Nm? 

Density of lead = 11300 kg m-?, g = 9.8 m s* 

A heavy rigid bar is supported horizontally from a fixed support by two vertical 
wires A and B, of the same initial length and which experience the same tension. If 
the ratio of the diameter of A to that of B is 2 and Young's modulus of A is twice 
that of B, calculate 


(a) the ratio of the tension in A to that in B 
(b) the distance of the wire A from the centre of gravity of the bar if the distance 


between the wires is D. 


When a man whose mass is 60 kg gets into a car, the centre of gravity of the car is 

lowered by 3 x 107? m. 

(a) Find the elastic constant of the spring system of the car. 

(b) If the mass of the car is 500 kg, what is the period of vibration when it is 
empty? 

(c) Find the period of vibration when the man is sitting in the car. 

A wire of length 1.20 m and diameter 2.6 mm is stretched between two rigid sup- 

ports, If the temperature of the wire is decreased by 30 *C, calculate the tension in 

the wire. Young’s modulus of the material of the wire is 16 x 10° N m7? and its 

coefficient of linear expansion is 24 x 107* per °C. 

An elevator cable can carry a total weight of 1000 kg and accelerate it upward at 

2.20 m s~?. Calculate the diameter (in cm) the cable must have if the safe working 

stress for the material of the cable is 1.2 x 108 N m7*. 

What pressure has to be applied to the ends ofa steel cylinder to keep its length 

constant on raising its temperature by 100 °C? Young's modulus of steel is 20x 

101? Nm-* and the coefficient of linear expansion of steel is 11 X 1075 per C. 

f a steel rod whose one end is fixed and the 


f 6°, The length of the rod is 1 m and its 
lis 8.1 x 10 Nm~?. 


A copper wire is held at two ends by rigid: supports. At 30°C, the wire is just 
taut, with negligible tension in it. Find the speed of transverse waves in the wire 
at 10 °C. Given, density of copper = 9000 kg m=, Young's modulus = 11 x 10” 
Nm? and coefficient of linear expansion = 1.7 X 1075 per °C. (IIT 1979) 
(Hint: The velocity of transverse waves is given byV Tim, where m is the mass per 
unit length of the wire and T is the tension in the wire.) 

Find the maximum power which can be transmitted by means of a steel shaft rota- 
ting about its axis with an angular velocity & = 120 rad s^, if its length / = 2m, 
radius r = 1.5 cm and the permissible torsion angle ¢ = 2.5". The shear modulus 


of steel is 8.1 x 10° N m~’. 


(Hint: Power = torque x angular frequency) 


Find the elastic deformation energy © 
other end is twisted through an angle o. 
radius is 1 cm. The shear modulus of stee 


A cope 50 m in length and 9 mm in diameter is used by a mountaineer. It stretches 
by 1.5 m under the weight of a climber of mass 80 kg. Find the Young's modulus 
of the material of the rope. If the Poisson’s ratio of this material is 0.2, calculate 
the change in its diameter under this stress. 
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19. 


20. 


A spring having a force constant of 250 N m7 is loaded with a mass of 10 kg. 

(a) Find the period of vibration. 

(b) If the mass is displaced by 30 cm and then released, find the velocity with 
which it passes through the equilibrium position. 

(c) What is the total energy of the vibrating mass? 

A copper wire 10 m in length has a 10 kg load suspended at its end such that it 

vibrates vertically in simple harmonic motion ata frequency of 10 Hz. Find the 

area of cross-section of the wire. Young's modulus of copper is 10 x 10:^ Nm-? 

and g = 9.8 m s™*. 
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1.2 x 108, Nm-?, 29.6 N 

0.04 J, 0.08 J 

2.9 km 

20ms^! 

100, 150 N and 6 mm 

(a) 4.02 x 107%, (b) 8.00 x 10° N m* (c) 2.08 Y 
1002 kg m^? 

4.9 m s`? 

180 m 

(a) 8:1, (b D/9 

(a) 1.95 x 105 N m7!, (b) 6.35 x 10^* s, (c) 6.00 x 107* s 


/ 


. 612 N 

. 1.13 cm 

, 2.23 x I Nm* 

ANC 

. ~7ms * 

. 169 kW 

. 4.11 x 10* N m~?, 0.054 mm 

. (a) 1.2565, (b) 1.50ms™, ( 11.31 
. 3.95 mm* 
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Simple Harmonic Motion 
(SHM) 


8.1 REVIEW OF BASIC CONCEPTS 


8.1.1 What is SHM? Simple harmonic motion (SHM) is the simplest kind 
of oscillatory motion in which a body, displaced from its stable equili- 
brium position, oscillates to and fro about that position when released. 
If the displacement (x) from the equilibrium position is small, the restor- 
ing force (F) acting on the body is given by - 


F=—kx 
where k is a positive constant known as the force constant. In the SI sys- 


tem k is expressed in newton per metre (N m-!). The acceleration (a) of the 
body is given by 


gx Se E 
m m 
: k 
Where m is the mass of the body and w = 5 
Thus acceleration (a) = — constant x displacement (x). 


The resulting motion is called simple hàrmonic motion. Thus, a simple 
harmonic motion is a motion in which the acceleration (i) is proportional to 
the displacement from the equilibrium position and (ii) is directed towards the 
equilibrium position. 


8.2 CHARACTERISTICS OF SHM 
The displacement x in SHM at time f is given by 

x = Asin (o t + $) a "de 
Where the three constants 4, w and $ characterize the SHM, i.e. they 
distinguish one SHM from another. A SHM can also be described by a 
Cosine function as 

x = A cos (o t -- 8) é 

We will use the sine function. A cosine function is equally valid. 


82.1 Ampli ; HM is the maximum (positive or 
. Amplitude The amplitude of S 1 n AE $ 
negative) value of the displacement from the equilibrium poron m 
tity 4 (which.is the coefficient of the sine or cosine function) is the ampli- 


tude of SHM. 
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8.2.2 Time Period The smallest time interval during which the motion, 
repeats itself is called time period or simply period of SHM, The angular 
frequency w is related to time period 7 as 
=< 2 g 
EnS 
Frequency n of SHM is the number of complete oscillations completed in 
1 second. Thus 


Lim i or pies cmn (8.2) 
z Je 
ince w = /-, we have 
m 
E WE BA k 
Lote Um = (8.3) 


. Angular frequency c is the coefficient of time ¢ in the sine or cosine 
function. 


8.2.3 Phase The quantity (w t + 4) is called the phase of SHM at time 
t; it describes the state of motion at that instant. The quantity ¢ is the 
phase at time t = 0 and is called the phase constant or initial phase or 
epoch of the SHM. The phase constant is the time-independent term in the 
cosine or sine function. 


8.3 VELOCITY AND ACCELERATION IN SHM 


The velocity V of the particle in SHM is given by 


v=% = Aw cos (wt +4) 


But sin (wt + 4) = 9 
-2 41/2 
cos (w t + 9) = (1 zn 7) 
X x2 \ 172 
Hence velocity V = Aw (1 — 7) = w (A* — x2)? (8.4) 
The acceleration a of the particle in SHM is given by 
d?x s 
a = qà — — Aa sin (wt + 4) = — wx (8.5) 


Notice that, when the displacement is maximum, i.e. when x = |A|, the 
velocity is zero but the acceleration is maximum = |o? 4|, But when the 
displacement is zero (x = 0), the velocity is maximum = |w A | and the 
acceleration is zero. 


8.4 ENERGY IN SHM 
When a body executes SHM, its energy changes between kinetic and poten- 


tial, but the total energy is always constant. At any displacement x from 
the equilibrium position, 
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Kinetic energy (KE) = } m V? = } ma? (A? — x) (8.6) 


Potential energy (PE) = 3 k x? = } mo? xX? (8.7) 
Total energy E = KE + PE = à mo? A? (8.8) 
SI UNITS 
Table 8.1 
LLL re 
Quantity SI unit Symbol 
ee SS a 
Amplitude metre m 
Period second s 
Frequency hertz . Hz 
Angular frequency radians per second rad So 
Energy joule J 
Force constant newtons per metre Nm?! 


k — force constant 
A cos (w t + 8) 


Restoring force F = — kx, 
2. Displacement x = Asin(et4- 4) or x= 


zi aH E m = mass of the body in SHM 


DEM ee — y 


4. Velocity V = o (A? — x)", A= amplitude 
5. Acceleration a = — w? A 

6. Kinetic energy (KE) = 4m o? (4? — x?) 

(4. Potential energy (PE) =4kx =} mw? >? 
8. “Total energy (E) = KE + PE = jmoe?^4 


© 9. “Whe expressions for time period (T) of a few simple harmonic motions 
are gai ven below. These expressions are valid only for small oscillations 
"aboxxt the equilibrium position. 


(a> Simple Pendulum: T = 2 2 
l = length of pendulum, g = acceleration due to gravity 


(b> A light spring loaded with a mass: T = 27 Í d 


m — mass, k — spring constant 


> Liquid column in a U-tube: T = 27 JE 


(c 
L=length of liquid column, g=acceleration due to gravity 


(a>) Floating pole: T = 27 J; ^ 


M —mass of pole, p=its density, A—its cross-sectional area 
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(e) LC Circuit: T —2- /LC 
L = inductance, C = capacitance 


8.7 NUMERICAL EXAMPLES 


Example 1: A body oscillates with SHM of amplitude 4 cm and a fre- 
quency of 5 Hz. At time t = 0, the body is at its equilibrium position (x 
= 0). Write down the equation of the SHM. 


Solution: The equation of motion is 
x = Asin (w t + ¢) 
where amplitude 4 — 4 cm, frequency n — 5Hz. Hence 
Angular frequency w = 2m n=2r Xx 5— 10 7 rad s™! 
Now, at [— 0, x =0. Substituting in x = A sin (w t + d) we have 
0 = Asin$, giving 9 — 0 
Hence, the equation of motion is 
x = Asin (o t + 4) 
= 4 sin (10 v t + 0) 
or x — 4sin l0 7 £ 
Example 2: A particle is executing SHM according to the equation 
x= Ssin7t 


where x is in cm. How long will the particle take to move from the position 
of equilibrium to the position of maximum displacement? 


Solution: The displacement of the particle varies with time accordin g to 
the equation 


x= 5sin7 t 
Maximum displacement = amplitude 
= 5 cm 


At time 1 = 0, x = 0 (equilibrium position). 
Hence time ¢ taken by the particle to move 
from x = 0 tox = 5 emis given by 


5— 5sinzt 
or l =sinzt 
i kee RM ENS 
B ri D "Or ™t= 5 Ores 0,508 


Fig. 8.1 Example 3: A simple pendulum is moving 


.. . Simple harmonically with a period of 6 s bet- 
ween two extreme positions B and C as shown in Fig. 8.1. If the angular 
distance between B and Cis 10 cm, how long will the pendulum take to 
move from position C to a position D exactly midway between O and C 


Solution: Given time period T = 6 s 
Amplitude = OC = OB = 4 BC 


IS 


= 5 cm 
OD = 2.5 cm 
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Let the displacement of the pendulum be given by 
x = Asin (o t 4- ¢) 


m 
Le wi 
3 rad s 


Let us suppose that at ¢ = 0, the pendulum is at C, i.e. att = 0, x = A, 
so that 


where A == 5cm and w = —— = 


2a 27 
7; 6 


A — Asin (o x 0+ 4) 


or A = Asinó or sinó$ —1] or $5 
Thus the motion of the pendulum is given by (putting g= o 


x= Asin (wr +3) =A cosut = 5 cos wt 


The value of ¢ for which x = 2.5-cm is given by 


2.5 == COSURI 


or coswt=1/2 or wt = 


wis 


. m 
Since o = 3, we have t = 1 second 


Example 4: The displacement x (in cm) of an oscillating particle varies 
with time ż (in seconds) according to the equation 


m 
x = 2 cos (050+ All 
Find 
(a) amplitude of oscillation 
(b) the time period of oscillation — . 
(c) the maximum velocity of the particle , 
(d) the maximum acceleration of the particle. 


Solution: The displacement of the particle is given by 
m 
x 2 cos (0.5 v £ + 3) em 


To find the amplitude and time period of the oscillation, we compare this 
equation with 


x = A cos (w t + 9) 
(a) Amplitude 4 — 2 cm 
(b) Angular frequency o = 0.5 7 rad s^! 


or = 2 = = 4s 
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(c) Maximum velocity Vj. = |A | 
=2x057=7cms! 


= 3.142 cm s^! 
(d) Maximum acceleration amas = |— #7 A] 
=w A 
= (0.5 7? x2 


T2 
33:08 s? = 4.935 cm s? 


Example 5: A body moves with SHM about a point x = 0. At time t = 0 
it has a displacement of 5 cm and zero velocity. If the frequency of the 
motion is 0.5 Hz, find the magnitudes of the displacement, velocity and 
acceleration at £ = 1.25 s. 


Solution: Let the displacement of the body be given by 
x = A sin (w t + $) 
Its velocity is given by 
V = A w cos (wt + 4) 
Since V=0 att=0, wehave 0 = A w cos ¢ which 


į m 
gives ġ = 2 
Thus we have 
. 7T 
x= Asin(o t4 5) m acoso 


At t=0, x =Acos0 = A = 5 cm (Given). Also 
o = 27n=27 X 0.5 = m rad s^!. Thus we have 


x= cos 
<. Displacement at: = 1.25 s = 5 cos (1.25 7) = 5 cos (= + i) 


= 5 cos 7 cos = =—5~x Sx 
4 2 


.'. Magnitude of displacement = 3.535 cm 


= — 3.535 cm 


Velocity at t = 1.25 sis 
= — A w sinw t = — 5m sin (m t) 

= — $m sin (1.25 7) 

DRE = 
7 sin (v +7) 

Bo tering 

= 5 x 3.142 x sin 45° 

= 11.5 cm s™' 
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Acceleration at t = 1.25 s is 
a= — w?x = — w? Acoswt 
= — 7Ż X 5 X cos (1.25 7) 
=m x 5 X cos 45° 
= 34.9 cm s? 


Example 6: The displacement of an oscillating particle is given by 
x= asinot--bcosot 


where a, b and « are constants. (a) Show that the motion of the. particle is 
simple harmonic. (b) Also show that the amplitude A is given by 


A= (a zs pn 


Solution: The displacement of the particle is given by 
x- asinot--bcosot (i) 
Differentiating this expression with respect to ¢ we obtain the velocity V 
of the particle. 
V= dx = F (asin w t + b cos w 1) 
= w (a cos w t — b sin w t), 


C a, b, œ are constants) 


The acceleration a of the particle is given by 


dV 


uic = € {w (a cos w t — b sin w 0) 


= — w? (a sin w t + b cos w t) (ii) 


From Eqs (i) and (ii) we get 


a= —owx 


or acceleration = — constant x displacement 


nal to the displacement and acts in a 


Since the acceleration is proportio 
ee the motion ‘of the particle is simple 


direction opposite to displacement, 
harmonic. 


(b) Since the motion of the particle is. simple harmo 
the displacement as 


x = Asin (o t + $) 


Where 4 is the amplitude. 


nic, we may write 


(iii) 


From Eqs (i) and (iii) we have 


A sin (o t + d) = asin w t + bcosot 
= asin w t + bcos w t 


E A (sin w t cos ¢ + cos w t sin $) 
— b)coswt=0 


ud (A cos $ — a) sin wt + (A sin $ 
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This equation will hold for all values of t if the coefficients of sin ù t and 
cos w t vanish separately. i.e. if 


Acos¢—a=0 
and Asin¢g—b=0 
or Ácosó — a and Asinó =b 


which give A? = a? + P? 
or A=(@ + By)? 


Note: The phase constant ¢ of the motion described by Eq. (i) or Eq. (ili) 
can also be obtained. It is given by 


b 
tang == 


b 
ae -l = 
or ¢ = tan (2) 


Example 7: A body executing linear SHM has a velocity. of 3 cm s^! when 
its displacement is 4 cm and a velocity of 4 cm s! when its displacement 
is 3 cm. 

(a) Find the amplitude and period of the oscillation. (b) If the mass of 
the body is 50 g, calculate the total energy of oscillation. 


Solution: (a) In SHM, the velocity V at a displacement x is given by 
V = w (Æ — xX)" 


or V2 = w* (A? — x?) 
Now V=3cms-! when x = 4cm. Therefore 
= w? (A? — 16) (i) 
Also V = 4cms-! when x = 3 cm. Therefore 
16 = a? (A? — 9) (ii) 


Simultaneous solution of Eqs (i) and (ii) gives 
Amplitude 4 — 5 cm 
and angular frequency w == | rad s! 
Hence time period T = 2r = 2 m seconds 
= 6.28 s 
50g = 50 x 10? kg 


A= 5 Cini 5:90 072m. 
=|] radiss! 


ll 


(b) m 


Total energy = } m A? o? 
=} x (50 x 10-3) x (5 x 1077 (1)? 
= 6.25 x 10° J 
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Example 8: A particle is executing linear SHM of amplitude A. 

(a) What fraction of the total energy is kinetic when the displacement is 
half the amplitude? (b) At what displacement is the energy half kinetic and 
half potential? 


Solution: 
Kinetic energy (KE) = 3 m o? (4? — x?) 
Potential energy (PE) = 1 m o? x? 
Total energy (E) = $ mo? A? 
(a) When x = A/2 


2 
KE -ine(e — 4) =$ mo A? 


E = }4 mo? A 


KE _3 


E 4 


(b) The energy will be half kinetic and half potential at a value of x 
when KE — PE, i.e. : 


4} m o? (A? — x?) = }tmw? x? 
or A? — x2 = x 
A 
or x= — 
42 
Example 9: A horizontal platform with an object placed on it is executing 
SHM inthe vertical direction. The amplitude of oscillation is 2.5 cm. 


What must be the least period of these oscillations so that the object is not 
detached from the platform? Take g = 10 m Sic 


Solution: The object will not detach from the platform, if the angular 
frequency w is such that, during the downward motion, the maximum 
acceleration equals the acceleration due to gravity, i.e. 


max A-—g 
or Umax = f 
pr Trin = 22 = 20 ff 
CO max g 
Now A-25cem —2,5 x 10%m and g= 10 m s^. 
Substituting these values we get 
m 
Tmin = 75 = 03145 


Example 10: A spring with no mass attached to it hangs from a rigid sup- 
port. A mass m is now hung on the lower end of the spring. The mass is 
supported on a platform so that the spring remains relaxed. The support- 
ing platform is then suddenly removed and the mass begins to oscillate. 


he lowest position of the mass during the oscillation is 5 cm below the 
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place where it was resting on the platform. (a). What is the frequency of 
oscillation? (b) What-is the velocity when the mass is 2.5 cm below its 
original resting place? Take g = 10 m s ?. 


Solution: (a) It is clear from Fig. 8.2 that the separation between the two 
extreme positions of the oscillating mass is 5 cm. Therefore, the equilibrium 


«Platform 


2:5cm 


0 equilibrium 
am position 


Fig. 8.2 


Vinax 750 A 


position O is 2.5 cm below the supporting 
platform. In other words, force mg pro- 
duces an extension y—2.5 cm in the spring. 
If k is the force constant of the spring we 
have 


mg = ky 
-2 
or k = E = 1000 cm s? = 400 s-? 
m y 2.5 cm 


The angular frequency w of oscillation is 
w = E = 400 = 20 rad s! 


w 20 
Hence frequency n = 2- ^ 3x3.]4 


= 3.18 Hz 
(b) Amplitude of oscillation is 
A= 2.5cm. 


When the mass is 2.5 cm below the plat- 
form, it is passing through the equilibrium 
position O and hence has the maximum 
velocity given by 


20 x 2.9 50 cms ! 


Example 11: When a mass is hung from the lower end of a spring of 
negligible mass, an extension of 10 cm is produced in the spring. The mass 
is set into vertical oscillations. What is the period of oscillations? 


Solution: Let the mass be m and the force constant of the spring be k. 
When the mass is hung from the spring, the force m g produces an exten- 
sion y = 10 cm. = 0.1 m. Thus 


mg=ky 
Ty ey 
or ke 


Period of vertical oscillations of the mass is given by 


E Ma 
r-i ea. fm 


an fe 
g 
0.1 


=2 x 3.142 x 9.8 


= 0.635 s 
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Example 12: A small spherical steel ball is placed a little away from the 
centre of a large concave mirror whose radius of curvature R = 2.5 m. 
When the ball is released, it begins to oscillate about the centre. Show that 
the motion of the ball is simple harmonic and find the period of the motion. 
Neglect friction and take g = 10 ms. 


Solution: Let the steel ball be placed at A, a little away from the centre O 
of a concave mirror of radius of curvature R (— O C — A C), asin Fig. 
6.3. Let Z AC O = 0. If mis the mass of the ball, its weight m g acts 
vertically downwards at A. This force is resolved into two rectangular 
components: m g cos 0 (which is balanced by the normal reaction N of the 
mirror) and m g sin 6 (which provides the restoring force F). Thus 
F=—mgsin@ 

= — mg? (v 6is small; x/R being very small) 

= —mgx[R («^ x= R 0; x being the arc OA) 
or F-—-kx 


Fig. 8.3 


where force constant k = bu The acceleration a is given by 


Where w= / k 
m 


Hence the motion is simple harmonic. The angular frequency o is given by 


v= f5- mg cue 
m mR R 


Il 
ll 


Time period T 2 a Oe ee 


LU 
n 
_ 
> 
N 
a 
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Example 13: A vertical U-tube of uniform cross-sectional area A contains 
a liquid of density p. The liquid column is disturbed by gently blowing 
into the tube. Show that the resulting oscillation of the liquid is simple 


harmonic and find the period of oscillation. Neglect viscous effects. 


Solution; Let the liquid level in the left arm be depressed by, say x. The 
liquid level in thé right arm is raised by an equal amount x. When left, the 
liquid levels will oscillate in each arm about 
their respective equilibrium positions A, A’ (see 
Fig. 8.4). If viscous effects are neglected, the 
liquid will never come to rest. 

Since the column in the right arm is higher 
by 2 x than the column in the left arm, the mass 
of this column of liquid is m = 2 A p x. The 
gravitational force m g of this column provides 
the restoring force F. Thus 


Foz —mg=—2Apgx=—kx 
where k=2Apg 


If L is the total length of the liquid in the 
U-tube, the total mass M of the oscillating 
liquid is 


Fig: 8.4 M=pAL 


Hence the acceleration of the liquid column is given by 


Acceleration a COH 
mass 
EX 
m M 
EREN EIS m 
p me a 
TAE 
L* 
or =) sc with o = [28 


Hence the motion is simple harmonic. The time period of the motion is 
given by 


rac aa 
w 


2g 


Note; The period of oscillation is independent of the density p of the liquid 
and the cross-sectional area A of the U-tube. 


Example 14: Two springs of force constants k, and k, are connected to à 
mass m placed ona horizontal frictionless surface as shown in Fig. 8.5 
(a) and (b). Obtain the expression for the time period of horizontal oscilla- 
tion in each case. 
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(a) 


ky kz 


(b) 
Fig. 8.5 


Solution: (a) Let the mass be displaced through a distance x, say to the 
right. Let x, and xz be the extensions produced in the springs of force con- 
stants kı and k respectively, so that x = xı + x. Since the restoring 
force F exerted on the mass by each spring is the same, we have 


=> kx = — kX 
on Fn F 
giving xi ET and x. = — ps 
1 2 
: Lyr Oe AAN ki + k2 
szunt E(t a Mor ) 
—-\ ki kz 
ps fcu S 
or F—--—kx 
where k — ki Ks | is the effective force constant of the combination. 


(ky + ka) 
Hence the time period of oscillation is 


m mk, + k) 
IT o2 om aan [meee 

(b) In this case, if the mass is displaced through a distance x, say to the 
right, the spring k; is extended by x and spring kz is compressed by x; $O 
that the restoring force exerted by each spring on mass m I$ in the same 
direction, tending to bring it to its original equilibrium position. If F, and 
F, are the restoring forces due to kı and kz respectively, we have 


F,--—k x and = — kx 
i Total restoring force F = — kı X — ky x = — (kr + ka) x 
F=-—kx 


Where k = (kı + kə) is the effective force constant "of the combination. 


Hence 
£ a m ES 
r-2s J” ko Jet 
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Example 15: Show that the time periods for vertical harmonic oscillations 
of the three systems shown in Fig. 8.6 (a), (b) and (c) are in the ratio of 


1:2: sm . All springs are identical, each having a force constant k. 


(a) (c) 


(b) 


Fig. 8.6 


Solution: Let us Suppose that an extension x is produced in the spring 
when i force mg is applied to it. The equilibrium position in case (a) is 
given by 


F = mg = kx (i) 


The time period in this case is given by 


zx mass m m 
Ta ed N spring constant ^ dm "E qu 


(b) In this case, the length of the spring is doubled. Hence a given force 
mg will double the extension. Let x' be the extension produced and Kk, be 
the force constant of the combination. Thus 


F — mg = Key x’ 

exeo n e (rx mm x) (iii) 
Comparing (i) and (iii) we get 
F=kx =2 key x 


k 
or kat = pl 


Thus the time period in this case is given by 


T = 2a JE man D vir, (iv) 
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(c) In this case, the extension x” produced in each spring by a force mg 
is half that produced in case (a), i.e. 


=o 
à 2 
If kerr is the force constant of the combination in this case, we have 
: k ; 
| F=mg=key x = ES x (v) 


Comparing (v) with (i) we have 
kest = 2 k 


m m T 
m m a 
Hence, T; -27 JE uid Tu 


From (ii), (iv) and (vi) we have 


(vi) 


= 1 
Ta: To To ONR ae 


Example 16: A simple pendulum is displaced from its equilibrium position 
O to a position P until the height of P above O is 0.05 m (see Fig. 8.7). It 
is then released. (a) Calculate the velocity V of the bob when it passes the 
mean position O. Take g = 10m s? and neglect friction. (b) What is the 
tension in the supporting string at tbis instant? The mass of the bob is 50 
g and the time period is 2 s. 


Solution; (a) The potential energy of the pendulum at P 
= work done (against gravity) in raising the bob of mass m 
to a vertical height / 
=mgh 


When the bob is released, it oscillates. The energy when it passes through 
O is entirely kinetic and is equal to 4 mV? where Vis the velocity at point 
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O. Since friction is neglected, the entire potential energy at P is converted 
into kinetic energy at O, giving 


mV? = mgh 
or V = V2gh 
= 4/2 x 10 x 0.05 = 1 ms“! 
(b) Time period T = 2 s 
Angular frequency w = Pu = mrad s7! 
At position O, the tension F in the supporting string is given by 


2 
(F — mg) = centripetal force = oe 


l 
where I = length of the string. We know that 
E dmt, JE 
T=2 A Or w= Tm NI 
Thus l= £ 
Ww 
2212 
Hence F=mg+ "Eg 
yz 2) 
=m - 
CR 


Here m = 50 g = 50 x 10- kg, g = 10 ms?, V = 1 ms! 
and w = 7 rad s^'. Substituting these values we get 


2 2 
F = 50 x 102 [ 10 + Oo" 
10 
= 0.55N 


Example 17: Two masses m, and m, are suspended together 
by a massless spring of spring constant k (see Fig. 8.8). When 
the masses are in equilibrium, m, is removed without distur- 
bing the system. Find the angular frequency and amplitude 
of oscillation of m. (IIT 1981) 


Fig. 8.8 Solution: Let x, be the extension produced in the spring when 
it is loaded with mass m alone and x; be the further extension 
when mass m is added to mass 7; so that x = xı + x2 is the total exten- 
sion produced by (m, +- m) (see Fig. 8.9) Thus we have, 
For equilibrium state of m, 
mg =k x, (i) 
For equilibrium state of (m, + m) 
(m + m) g = k (x) = k (xı + x) Gi) 


When the, mass 7m; is removed, the mass m2 will move upwards under 
the unbalanced force = m, g. Hence 


Restoring force (F) on m; — — mig 


Simple Harmonic Motion 249 


Subtracting (i) and (ii) we have 


mig =k x (iii) 
| Hence, Restoring force on m; — — k x; 
| 
i F k 
accelerating of m = — = — — x; 
n»; nm; 
i.e. acceleration oc — displacement 
é k 
Angular frequency is o = € 
2 


Jon ee ee 
Frequency of oscillation is n = ESCAS JE 


It is clear that A is the equilibrium position of m, and B its maximum 
displacement position. Hence AB = x, is the amplitude of oscillation of 
m; Which from Eq. (iii) is given by 


Amplitude — x; — 


ue 

Ee 
Equilibrium 
position of m2 2 


Fig. 8.9 


(m,+™m)9 


Example 18: A point mass m is suspended at the end of a massless wire of 
ength L and cross-sectional area A. If Y is the Young's modulus of elasti- 
reg of the material of the wire, obtain the expression for the frequency of 

* simple harmonic motion along the vertical line. (IIT 1978) 


Solution: Let / be the increase in the length of the wire due to the force 
= mg (see Fig. 8.10). Then 


Force F 
Str = = 
ess A 


ra 4A 


Change in length _ 


, I 
yrs Original length L 
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By definition, Young’s modulus is 
zc SRECSS HL Efi no NEL 


| Strain LESNA 
or F= mg = —- (1) 


This is the force acting upwards in the equilibrium state. 


If the mass is pulled down a little through a 
distance x,so that the total extension in the 
string is(/ + x), then the force in the wire 
acting upwards will be 


YA 
= z +x) 
and downward force is F = mg. The restoring 
force is the net downward force. Hence, from 
Eq. (i) 


Restoring force = mg — ra (i+ x) 


YAl YA YAx 
RI A--L 
Acceleration (a) of the mass — force 
mass 
DISCE MN 
mb. 


where w = J r is the angular frequency of the resulting motion 
which is simple harmonic, since acceleration œc -displacement x. Thus, 
F f oscillati Lein Ue Pa 
requency of oscillation (5) = DCN MI 
Example 19: An ideal gas is enclosed in a vertical cylindrical container 
and supports a freely moving piston of mass M. The piston and the cylin- 
der have equal cross-sectional area A. Atmospheric pressure is Po; a0 
when the piston is in equilibrium, the volume of the gas is Vy. The piston 
is now displaced slightly from the equilibrium position. Assuming that the 
system is completely isolated from its surroundings, show that the piston 
executes simple harmonic motion and find the frequency of ose T 1981) 
II 


Solution; Since the system is completely isolated from its surroundings, it 
cannot give heat to or take heat from the surroundings. Hence the pressure 
and volume of the gas are related to each other by the adiabatic relation 


PV" = constant d) 


where y is the ratio of the specific heats at constant pressure and cons- 
tant volume. 


In the equilibrium state, the total pressure P is given by 


P = atmospheric pressure + force per unit area exerted by 
the piston on the enclosed gas 
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M; 
or Ad o. (i) 
Initial volume V = V, 


When the piston is given a small displacement x, let JP be the change 
in pressure and AV (= A x) be the change in volume. Then Eq. (i) gives 


P Vi = (P + AP) (Vo + AV)’ 
=(P + 4P) vg (1+ y 
Vo 
; NETT Ay Y 
Since —- is a small fraction, we could Binomially expand ( ) 


lod V 
AV 
and retain only the first. order terms in —- y," as 


4 
Thus P V= (B EP ure» =) 


AV 
=r nhi Z2) 7) 
e pui =) 


AP 
TOF ne 
4 
where the second order term (445 a 


) has been neglected. Thus 
Vo 


AP AV 
1 = 1 (0 
AV 
or as n 
4P = =y P V; 
Restoring force F = excess pressure x area 
=A P5 
AV 
or 
F= — y PA Vs 
A , Mg 
- -rf (P+F) 
Where we have used Eq. (ii) and 4 V = Ax. Thus 
F=—kx 
Where m ( Mg ) 
k Vs ep 7, 
Since rest see 
simple har storing force «-displaceme 


nt, the motion of the piston is 
llation j monic with the force constant k. The angular frequency of osci- 
k 
M 
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Frequency of oscillation is given by 


xo se ne 
er Ew 2M: 
1 y 4 (n, + MB) 
or me A 
MV, 


Example 20: A thin fixed ring of radius | m has a positive charge of 
1 X 1075 coulomb uniformly distributed over it. A particle of mass 0.9g 
and having a negative charge of 1 x 1075 coulomb is placed on the axis at 
a distance of 1 cm from the centre of the ring. Show that the motion of 
the negatively charged particle is approximately simple harmonic. Calcul- 
ate the time period of oscillations. (IIT 1982) 


Solution: Let r be the distance of the negative charge g from the centre 0 


of the ring of radius R. If Q is the charge on the ring, the electric field E 
at point P is given by 


Papen ce AS 
47 e (RE + ry% 


Fig. 8.11 


where «yis the electrical permittivity of free Space for which 


= 9 2c-2 
Tee 9 xX 10° N mc 


Since r = 1 cmand R = | m = 100 cm, we may write 


(R? iraa ER: (1 + m). = R? 
Thus for r < R, we have 


ai (OR 
tag 


The force experienced by the negative charge q is 


HE DOS DURO 
IUS 4 ees 
=—kr 
where k= 
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The acceleration of the negatively charged particle is 


à à k : 
where m is the mass of the particle and w = J x Thus, acceleration 


is proportional to displacement r along the axis and is directed towards 
the centre of the ring, ifr < R. Hence the particle executes simple har- 
monic motion whose time period T is given by 


T= T 22« [7 


2 k 
47 em R? 
is fee 

a q0 


(0.9 x 103) x (D? 
2a Jo x 10°) x (103) x (10) 


y 


88 TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are 
true or false giving, in brief, the reasons in support of our answers. 
1. Any physical system, when disturbed, will execute simple harmonic motion. 
2. The greater the mass of a pendulum bob, the shorter is its period of oscillation. 
3. The phase of an oscillator is determined by its. displacement and velocity at time 
t=0. 
4. The amplitude of a pendulum, oscillating in air, decreases with time. f 
5. Allsimple harmonic motions are periodic, but all periodic motions are not neces- 
sarily simple harmonic. 


ANSWERS 


1. False In order to execute simple harmonic motion the system must have elasti- 
city and inertia. Plastic systems cannot oscillate. 
2. fee The time period of a simple pendulum is independent of the mass of its 
ob. 


3. True The phase of an oscillator is determined by how it js set into oscillation 
initially, i.e. by its initial displacement and velocity. 

4. True Due to the friction offered by air, the energy (and hence its amplitude) wil. 
decrease with time, The loss in energy appears as heat in the system. 

5. True The motion of the blades of a fan or the hands of a clock is periodic but 
not simple harmonic. The necessary condition for SHM is that the restoring force 
must be proportional to the displacement and must be directed towards the mean 
Position. 


8.9 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives. 


1, Which of the following equations represent a simple harmonic motion? The dis- 
placement of the system from the equilibrium position is x at time and « is a 
positive constant, 
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t2 


w 


d?x dix = 
() Gr ax=0 (y hex 


d'x dx 


x 
dX ams -= 
(c) Ds tax (d) dn 


. The time period of the motion represented by the correct equation in Q. 1 is 


(a) 27 a (b) 27 Va 

(c) 2n/a (d) 27/V& 

Figure 8.12 shows the displacement-time graphs of two simple harmonic motions 
I and II. From the graphs it follows that the two motions I and II have 

(a) equal amplitudes, equal frequencies and zero phase difference 

(b) unequal amplitudes, unequal frequencies and a finite phase difference 

(c) equal amplitudes, unequal frequencies and zero phase difference 

(d) equal amplitudes, equal frequencies and finite phase difference 


. What is the phase difference between the two simple harmonic motions whose dis- 


placement-time graphs are shown in Fig. 8.12? 


(a) zero (b) 7/4 
(c) 7/2 (d) 7 


m) 


Displacement (c 


Time (s) 


Fig. 8.12 


- The displacement x (in metres) of a particle in simple harmonic motion is related 


to time / (in seconds) as 


x = 0.01 cos u Pr. i) 
What is the frequency of the motion? 


(a) 0.5 Hz (b) 1.0 Hz 
(5 Hz (d) 7 Hz. 


- A simple pendulum of frequency n is taken upto a certain height above the ground 


and then dropped along with its support so that it falls freely under gravity. The 
frequency of oscillations of the falling pendulum will 


(a) remain equal to n (b) become greater than n 
(c) become less than n (d) become zero 


. A person measures the time period of a simple pendulum inside a stationary lift 


and finds it to be T. If the lift starts accelerating upwards with an acceleration of 
g/3, the time period of the pendulum will be 


(a) V3T DUET 
i (b) JT 
(c) T/V 3 (d) 7/3 


8. 


so 


13, 


M, 
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The length of a simple pendulum is incrcased by 44%. What is the percentage in- 
crease in its time period? 

(a) 10% (b) 20% 

(c) 40% (d) 44% 


. A hollow metallic sphere filled with water is hung from a support by a long 


thread, A small hole is made at the bottom of the sphere and it is oscillated. How 

will the time period of oscillations be affected as water slowly flows out of the 

hole? 

(a) The time period will remain unchanged as water is flowing out 

(b) The time period will keep increasing until the sphere is empty 

(c) The time period will keep decreasing until the sphere is empty 

(d) The time period will increase at first, then decrease until the sphere is empty. 
Finally the period will be the same as that when the sphere was full of water. 


. A simple pendulum with a brass bob has a time period T. The bob is now immer- 


sed in a non-viscous liquid and oscillated. If the density of the liquid is 1/8th that 
of brass, the time period of the same pendulum will be 


5 8 
(a) ie (b) 7 T 


ORT OT 


. A simple pendulum of frequency f has a metal bob. If the bob is charged negati- 


vely and is allowed to oscillate with a positively charged plate placed under it, the 
frequency will 

(a) remain equal to f (b) become less than f 

(c) become more than f (d) become zero 


. A wooden block is suspended from a spring. Its period for vertical oscillations is 


T. In a second experiment the same apparatus is laid on a horizontal frictionless 
table with the free end of the spring fixed to a nail on the table. The block is 
pulled a little so as to stretch the spring and then released. The mass will 

(a) execute simple harmonic motion with period T 

(b) execute simple harmonic motion with period 7/2 

(c) execute simple harmonic motion with period 2 T 

(d) not execute simple harmonic motion 

A uniform spring has a certain mass suspended from it and its period for vertical 
oscillations is 7;. The spring is now cut into two equal halves and the same mass 
is suspended from one of the halves. The period of vertical oscillations now is Ts. 
The ratio T/T% is A 

(a) 1/2 (b) 1/V 2 

(©) 2 (à V2 i 

A uniform spring of force constant k is cut into two pieces whose lengths are in 
the ratio of 1 : 2. What is the force constant of the longer piece of spring? 

(a) k/2 (b) k 

(c) 3k/2 (d) 2k 


- A solid brass sphere is hung from a spring whose mass is negligible compared to 


that of the sphere. The sphere is set into vertical oscillations and its time period 
is found to be T. The sphere is now completely immersed in a liquid whose density 
is 1/8th that of brass. The time period of vertical oscillations with the sphere 
always remaining immersed in the liquid will be equal to 


^2) T (b) ii 7 
Li 


Cn T (d) (3) T 
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16. 


20. 


A heavy metal sphere is suspended from a spring. When pulled down a little and 
released, it cscillates up and down with a frequency f. If it is taken to the moon 
(where the acceleration due to gravity is one-sixth that on earth) the frequency of 


vertical oscillation will 
(a) remain unchanged (b) become 6 f 
(c) become //6 (d) becomey/ 6 f 


. A test tube of cross-sectional area a has some lead shots in it. The total mass is 


m. It floats upright in a liquid of density d. When pushed down a little and re- 
leased, it oscillates up and down with a period T. Use dimensional considerations 
and choose the correct relationship from the following. 


xi ma c ing 
(a) T= 2r Jn (b) T = 27 i 

=20 [md . ! =20 |. 
() T J (d T= 2 J5 


. A mass M attached to a light spring oscillates with a period of 2 seconds. If the 


mass is increased by 2 kg the period increases by 1 second. What is the value of 
M? 

(a) 1.0 kg (b) 1.6 kg 

(c) 2.0 kg (d) 2.4 kg 


. Two equal negative charges — q are fixed at points (0, a) and (0, — a) on the y- 


axis. A positive charge Q is released from rest at point (2a, 0) on the x-axis. The 
charge Q will 

(a) execute simple harmonic motion about the origin 

(b) move to the origin and remain at rest 

(c) move to infinity 

(d) execute oscillatory but not simple harmonic motion (IIT 1983) 


Two simple harmonic motions are represented by the equations 
yı = 10 sin (47 t + 7/4) 
ya = 5 (sin 37 t + V3 cos 37 t) 

Their amplitudes are in the ratio of 

(a) 1:1 (b) 2:1 

() 2: V3 (d) V3:2 


8.10 NUMERICAL EXERCISES 


in 


A particle is executing SHM of amplitude 5 cm and a period of 2 s. Find the 
speed of the particle at a point where its acceleration is half the maximum value. 


. A body is moving with SHM of frequency 0.5 Hz and amplitude 4 cm. Starting àt 


a time when the displacement is 4 cm, find the values of displacement, velocity and 
acceleration 1.25 s later. 


. A particle is oscillating with SHM of amplitude 5 cm and period 6 s. How long 


will it take to move from one end of its path on one side of the equilibrium posi- 
tion to a position 2.5 cm on the other side of the equilibrium position? What Is 


the magnitude of its velocity at this point? 


. The equetion of a simple harmonic motion is given by 


x= 3 sin 55 1 + 4cos 5m t 


where displacement x is in cm and time y in seconds. Find the amplitude; period 
and phase constant of the motion. 


10. 


13) 


14. 


15. 


16. 
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. 

. A particle in a linear SHM has a maximum velocity of 20 cm s~! anda maximum 
acceleration of 80 cm s7*. Find the amplitude and angular frequency of oscilla- 
tion. ^ 

. The amplitude of the SHM of a particle is 5 cm. When its displacement is 3 cm, 

its velocity has a magnitude of 0.5 m s ". Find the period of the motion. If the 

mass of the particle is 10 g, what is its total energy? 

A load of mass 0.5 kg hangs from a spring of force constant 10 N m-*. The mass 

is pulled down 0.05 m from its equilibrium position and then released. (a) What is 

the distance between two most widely separated positions of the mass? (b) How 
long does it take to traverse this distance? 


A heavy object, placed on a shock absorber such as a rubber pad, compresses it 
by 1 cm. If the object is given a vertical tap, it will oscillate. Find the frequency 
of oscillation. Neglect damping. 

Hint : Assume that the pad acts like an elastic spring. 

A pole of cross-sectional area 4 and mass M is floating vertically in a liquid of 
density p. The centre of gravity of the pole is below the liquid surface. If the pole 
is pressed down a little and released, show that the resulting motion is simple 
harmonic. Obtain an expression for the period of the motion. 

A uniform spring has a certain mass suspended from it. The spring is cut into 
two equal halves and the same mass is suspended from one of the halves. Will the 
frequency of vertical oscillations be the same as before? If not, how is the fre- 
quency in the second case related to that in the first? 


. A uniform spring of force constant k is cut into two pieces whose lengths are in 


the ratio of 1 : 2. What is the force constant of each piece in terms of k? 


. A pendulum clock shows accurate time. If the length of its pendulum is increased 


by 0.1 94, what will be the error in time per day? 

By what percentage should the length of the pendulum of a clock be changed so 
that it keeps correct time when moved from a place where g — 9.80 m s^* t0 a 
place where g = 9.82 m s^?? 

A person normally weighing 60 kg stands ona platform which is oscillating up 
and down harmonically with a period of 1.0 s and an amplitude of 10 cm. Ifa 
weighing machine on the platform gives the person's weight against time, what 
will be the maximum and minimum readings shown by it. Take g — 9.8ms *. 

A platform is executing SHM in a vertical direction with an amplitude of 5 cm 
and an angular frequency of 20 rad s~. A block is placed on the platform when it 
is at the lowest point of its path. (a) At what point will the block leave the plat- 
form? (b) How far will the block rise above the highest point reached by the plat- 
form? Take g = 10 m s^*. 

Suppose a tunnel is dug through the earth (assumed to be a homogeneous sphere) 
from one side to the other along a diameter. A body dropped into the tunnel 
takes time zı to reach the centre of the earth. If the acceleration due to gravity had 
remained unchanged, the body would have taken time fz to traverse this distance. 
What is the ratio £1 : fa? Neglect friction offered to the motion. 


(Hint ; In the first case, the motion of the body is simple harmonic with a period 
T= 2s df R where R is the radius of the earth and g is the acceleration due to 
g 


gravity at its surface). 


258 A Course in Physics 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (b) 2. (d) 3. (d) 4. (c) 5. (a) 
6. (d) 7. (b) 8. (b) 9. (d) 10. (a) 
M. (b) 12. (a) 13. (b) 14. (c) 15. (a) 
16. (a) 17. (d) 18. (b) 19. (d) 20. (a) 


NUMERICAL EXERCISES 


O0 -) OV t^ A wd 


. 13.6 cm s^! 

. 2.83 cm, 8.89 cm s^!, 28 cm s^? 
. 2.5 s, 4.53 cm s^* 

. 5 cm, 0.4 s, 53.1* 

. 5 cm, 4 rad s^! 

. 0.5$, 1.95 x 107? J 

. (a) 0.1 m, (b) 0.7 s 

. 5 Hz approximately 


T = 2r oia 
P Ag 


. No, the frequency in the second case is 4/2 times that in the first case. 
i 
.3k, xk 


- The clock slows down by 43.2 seconds per day. 
O2 


14. 83.7 kg wt, 36.3 kg wr 


. (a) 2.5 cm, (b) 1.25 cm 
Jfif;emi0N 


Wave Motion and Sound 


9.1 REVIEW OF BASIC CONCEPTS 


9.1.1 Wave Motion Wave motion involves the transport of energy with- 
out any transport of matter. The key word in wave motion is ‘disturbance’. 
In case of mechanical waves, the disturbance is the physical displacement 
of particles of a medium. In the case of electromagnetic waves, the dis- 
turbance is a change in electric and magnetic fields. 


9.1.2 Types of Waves There are two types of wave motions: (1) trans- 
verse and (2) longitudinal. 


(1) Transverse Waves In transverse waves the particles of the medium 
vibrate at right angles to the direction in which the wave propagates. 
Waves on strings, surface water waves and electromagnetic waves are trans- 
verse waves. In electromagnetic waves (which include light waves) the dis- 
turbance that travels is not a result of vibrations of particles but it is the 
oscillation of electric and magnetic fields which takes place at right angles 
to the direction in which the wave travels. 


(2) Longitudinal Waves In longitudinal waves the particles of the medium 
vu p along the direction of wave propagation. Sound waves are longi- 
tudinal. 


9.1.3 Characteristics of a Harmonic Wave The characteristics of a har- 
monic travelling wave are defined as follows. 


(1) Amplitude The amplitude of a wave is the maximum displacement of 
the particles of the medium from their mean position. 


(2) Period The time period ot a wave is the period of harmonic oscilla- 
tions of particles of the medium. The frequency of a wave is the reciprocal 
of the time period, i.e. 


"is 

T 
(3) Wave Velocity Wave velocity is the distance travelled by the wave in 
one second. 


(9 Wavelength The wavelength is defined as the distance (measured along 
the direction of propagation of wave) between two nearest particles which 
are in the same phase of vibration. 


9.1.4 Interference of Waves The term interference’ describes the physi- 
; cal effects of superposition of two or more waves travelling through the 
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same region of space. The actual displacement of any particle in that region 
is the resultant of the separate displacements that the individual waves will 
give it if each wave were present alone. The process of vector addition of 
displacements of a given particle is called superposition. The resultant dis- 
placement of a-particle is equal to the algebraic (or vectorial) sum of indi- 
vidual displacements given to it by two or more waves. This is called the 
principle of superposition. 


Beats It is a special case of interference in which the frequencies of the 
two interfering waves are slightly different and the two waves travel almost 
in the same direction. Asa result of interference the intensity of the 
resulting wave periodically rises to a maximum value and falls to a mini- 
mum value. One maximum of intensity followed by a minimum is techni- 
cally called a beat. The beat period is the time interval between two succes- 
sive maxima or minima of intensity. The beat frequency is the number of 
beats per second. 


Standing (or Stationary) Waves The interference between two identical 
waves travelling in opposite directions in a medium gives rise to standing 
or stationary waves. In a standing wave, the amplitudes of particle oscil- 
lations are different at different points in the medium. At certain points 
(called nodes) the amplitude is permanently zero. At other points (called 
antinodes) the amplitude is maximum. The distance between two conse- 
cutive nodes or antinodes is equal to half the wavelength of either of the 
interfering waves. The distance between a node and the next antinode is 
1/4th the wavelength. 


The most striking feature of a standing wave is that energy is not trans- 


ported along the medium. The reason is that energy cannot flow past the 
nodes of the medium which are permanently at rest. 


9.1.5 The Doppler Effect When the source emitting waves and the obser- 
ver receiving them are in relative motion with respect to the medium in 
which the waves propagate, the frequency of the waves received by the ob- 
server is different from the frequency of the vibrating source. This pheno- 
menon was first noticed insound waves by CJ Doppler in 1842 and is 
known as the Doppler effect. 


9.2 FORMULAE 


1. Equation of a harmonic wave travelling along the positive x direction 


is 
t x 
y= Asin2 (5. — 1) 
j x 
= Asin2 en(t us i) 
U 
= Asin2* (1— x) (9.1) 


where y = displacement of the particle of the medium at a location x at 
time f. 


A — amplitude of the wave 
à = wavelength of the wave in the medium 
T — time period 
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n — frequency 
v — wave velocity in the medium 


For a wave travelling along the negative x direction, the equation is 


UT Vio: 2 
y= Asin2s (5+ 3) (9.2) 
2. The wave velocity is related to frequency and wavelength as 

v=na (9.3) 


3. Velocity of sound in an elastic medium is given by 


where E = modulus of elasticity of the medium and 
p = density of the medium. 
(a) For gases 
E=yP 


where y = Cp/Cy is the ratio of the specific heat of the gas at constant 
pressure and that at constant volume and P is the pressure of the gas. 
Thus 
Di x (Laplace's formula) (9.4) 
P 


(b) For solids: E = Y, the Young's modulus of the solid. Thus 


T T (9.5) 
P 


(c) For liquids: E = K, the bulk modulus of the liquid. Thus 


IK 
Ems 


9.24 The velocity of sound in a gas is independent of the pressure but is 
directly proportional to the square root of the absolute temperature. 


s, x dera [SP (9.7) 
re T, 25 


Where z is the temperature in °C. 
5. Beat frequency 


(9.6) 


Ny (n, — nj) 
Where n, and nz are the frequencies of the two interfering Waves; ni 
greater than n2. 
6. Equation of a standing wave 
y 9i y 
a sin 27 ot — x) + a sin 2 ort» 


being 


i 23tmUf 
A sin X 


ll 


7. Velocity of a transverse wave on a stretched string is given by 


e E (9.8) 
m 


where T = tension in the string and m = mass per unit length of the 
string. For a string of diameter d and density p, we have 


n 
m= 


n 

4 

se 

Thus, peed [T (9.9) 
d*mp 


9.2.8 Modes of Vibration of a String A string of length L can vibrate in 
a number of modes depending on the number of segments in which it is 
vibrating (see Fig. 9.1). 


ze wein PM - 


^ Si Pea A a Sa S as GATA abr 
Ne —— —9N NE—— an ne XN 
ey gres VA LUNA SA A NA 
— [| ——- — | ———- —_— | ——— 
(a) (b) (c) 


Fig. 9.1 


The frequency of a string vibrating in p segments is given by 


-£ ff 10 
Ny TE Wes (9.10) 


(1) Fundamental Mode (or First Harmonic) In the fundamental mode, the 
string vibrates in one segment (p = 1); the ends are the two nodes with an 
antinode in the middle. This is shown in Fig. 9.1 (a). Since the distaace 
between consecutive nodes is half the wavelength, we have 


A 
Le or Ap=2L 


7 I T 
and n = 2LXm 


Here n, is the frequency of the fundamental mode. 


(ii) Second Harmonic: In this mode, the string vibrates in two segments 
same (p == 2) as shown in Fig. 9.1 (b). For the second harmonic 
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(üi) Third Harmonic: The same string can also vibrate in three segments 
(p = 3). In this mode, shown in Fig. 9.1 (c), we have 


2 


A= 
3 3" 

y 3H 
's = 5 0 ilm eee 


Thus, there are various modes of vibrations of a stretched string fixed at 
both ends. The frequencies m, Mz 3, - - etc. of these modes are in the 
ratio of 1:2:3... etc. 


9.2.9 Modes of Vibration of Air Columns: When a sound wave travels in 
an air column in a pipe, the air column is set into longitudinal oscillations. 
The wave is reflected at the end of the pipe. The direct and reflected waves 
interfere to give rise to standing longitudinal waves in the air column. The 
open end of the pipe is an anti-node and the closed end is a node. 


A. A Cylindrical Pipe, Closed at One End and Open at the Other End 
Figure 9.2 illustrates the first three modes of vibration of the air column in 
à pipe of length L, closed at one end and open at the other. 


ry, M M 
yeu RS 


x 
Ea 3 — 


(b) 
Fig. 9.2 


The frequency of vibration is given by 
U 1 JF P 
nix Seale (9.11) 
HEIN Àp p 


where p = 1, 3, 5,... etc. 


(i) Fundamental mode (p = 1) Figure 9.2 (a) represents the fundamental 
Mode or the first harmonic. 


Ne 
Lem or à —4L 


‘ If n, is the fundamental frequency, then the frequency of the soon 
ed by the pipe is given by 

v [a eee 

Xp * 4 Diu dm NE 

(ii) Third harmonic (or first overtone) p = 3 This is shown in Fig. 9.2 (b). 
Ay, Ay 3 = 


n= 


and 
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(iii) Fifth harmonic (or second overtone) p = 5 This is shown in Fig. 
2 (c) 


So Me PD A DAL 
Qr Biting aa tage NA a 
v 5v 
and Hs = AUN 4L ^ 5n 
Thus m:n:n...-—1:3:5 


For a cylindrical pipe, 
harmonics which are o 
cited; all the even har 


open at one end and closed at the other, only those 
dd integral multiples of the fundamental can be ex- 
monics (p = 2, 4. 6, . . . etc.) are absent. 


B. A Cylindrical Tube Open at Both Ends 1n an open tube both even and 
odd harmonics can be excited as shown in Fig. 9.3. 


À ^» M, yj 53, M 

n X. À Mh D PRUE, 
r- VERTU ARE Hote se A -POEMA 
Teer ee WUT oS SR) ae TER T : ^ 
A NT Alii L DUANE ND AR AA EO UIN XA 
NIE cael oe PNIS NS. NN UN. 


(a) k tb) 
Fig. 9.3 


hes ees 


(c) 


() Fundamental mode (p — 1) This is shown in Fig. 9.3 (a) 


À A A 
DNI LM or Ap = 21 
iy eee 1 T 


WRAD TIEN ip 


j Seti harmonic (or first overtone) p =2 This is shown in Fig. 


IU ABUS I AS 
sili 3 cel 
v u 
BOTE —-2n 


(iii) Third harmonic (or second overtone) p —3 This is shown in Fig. 
9.3 (c). 


ta IONS RAA à 32A 2L 
sha iy CAN Mite bE tool 
Lindi Ed» 
He a Seem dum 

Thus a 27am 02935 

End Correction 


l 5 We have assumed that the open end is an antinode. This 
is not strictly true because reflection does not occur exactly at the open 
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end. As a result of this, the antinode is located slightly away from the 
open end. The effective length of the pipe has to be corrected to take ac- 
count of this. The end-correction e is given by 


e=03D f 
where D is the diameter of the pipe. For a pipe closed at one end, the 
effective length is (L + e) and for a pipe open at both ends, the effective 
length is (L + 2 e). 
9.2.10 Doppler Effect: Expressions for Apparent Frequency 
u, = speed of the source emitting sound waves 
uy = speed of the observer receiving the sound waves 
n — actual frequency of the source of sound 
v = speed of sound in the medium. 


(i) Source approaching a stationary observer 


"n ( z i) (9.12) 


(ii) Source receding from a stationary observer 


n= OES (9.13) 
2 ui 
EH 
Gii) Observer approaching a stationary source of sound 
Fei. (1 4) (9.14) 
(iv) Observer receding from-a stationary source of sound 
ng =n (1 - 4) (9.15) 
v 
(v) Source approaching a receding observer 
Eo. (9.16) 
"s — P (y — uy) 
(vi) observer approaching a receding source 
(v + to) (9.17) 


"= P (y p us) 
(vii) Both source and observer approaching 
(v + up) (9.18) 


each other 


(viii) Both source and observer receding from each other 
(v — uo) (9.19) 


ng = n 
i (o + ts) 
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Effect of the Motion of the Medium The velocity of material or mechanical | 
waves is affected by the motion of the medium. If the medium is moving 
with a velocity u,, in the direction of propagation of sound, the effective 
velocity of sound is increased from v to (v + u,,). In this case, v is replaced 
by (v + um) in the above expressions. On the other hand, if the medium 
is moving with a velocity uw, in a direction opposite to the direction of 
wave propagation, v is replaced by (v — u,,). 


9.2.11 Intensity, Quality and Pitch of Sound 


l. Intensity The intensity of a travelling wave is defined as the rate at 
which energy is transferred per unit area of a surface held perpendicular 
to the direction of Propagation. In other words, intensity is the power 
transported by unit normal area. Intensity J of a wave in a medium of 
density p is given by 
l=2rpvA 2 (9.20) 
where n is the frequency of particle oscillation, A their amplitude and v is 
the velocity of the wave in that medium. 
The SI unit of intensity is watt per square meter (W m7). 
The intensity: level of a sound wave is defined by an arbitrary scale. The 
zero of the scale is taken at the sound wave intensity, 
Ih = 1 X 10 W m2 


which corresponds to the faintest audible sound. The unit of intensity level 
is called decibel (dB). 
Intensity level in decibels of a sound of intensity 


I — 10 log (+) 
0 


2. Quality Wind and string instruments emit sounds in which in addition 
to the fundamental, many harmonics are also present at the same time, 


but a closed pipe has only the odd harmonics. The quality of a sound is 
determined by the number of overtones as well as their respective inten- 


3. Pitch Pitch is that characteristic of sound which enables us to distin- 
guish and ‘high’ or ‘shrill’ sound from a ‘low’ or ‘grave’ sound. Pitch 
depends upon the frequency of the sound. Low or grave sounds have a 
low frequency; high or shrill sounds have a high frequency. 

Frequency is a measurable physical quantity but pitch is a sensation 


which corresponds to and depends upon frequency. Pitch is subjective and 
cannot be measured, 


9.3 NUMERICAL EXAMPLES 


Example 1: When a plane wave traverses a medium, the displacement 
of particles is given by 


y (x, t) = 0.01 sin2z (2t — 0.01 x) 
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where y and x are expressed in metres and z in seconds. Calculate (a) the 
amplitude, wavelength, velocity and frequency of the wave; (b) the phase 
difference between two positions of the same particle at a time interval of 
0.25 s; and (c) the phase difference, at a given instant of time, between two 
particles 50 m apart. 


Solution: (a) The given equation can be rewritten in the form 


27 


100 


Comparing this with the wave equation, 


y (x, t) = 0.01 sin { (200 t — »] 


y (x,t) = A sin s (Gir e J 


we have, 
amplitude 4 — 0.01 m 
wavelength A = 100 m 
wave velocity v = 200 m s^! 


9, 31200 
and frequency n = x = 19g — 2Hz 


(b) Phase change in 2 time interval of Atis 
27 
de = At 
Ad T At=27n 


or phase difference = 27 X 2 X 0.25 = 7 = 180°. In other words, the 
particle phase is reversed in a time 0.25 s which is obvious since its period 


H 


T---205s 
n 
(c) Phase difference for path difference of 4 x is 
im ae yO a aem 180° 
4g=- 7 4x ion X 7° 7 


In other words, the particle located 50 m (which is half the wavelength) 
ahead of another particle lags in phase by 180 . 


Example 2: A transverse harmonic wave of amplit 
at one end (x = 0) of a long horizontal string by a tuning fork of fre- 
quency 500 Hz. At a given instant of time the displacement of the particle 


‘atx = 0.1 m is — 0.005 m and that of the particle at x=0.2 mis + 0.005 m. 


Calculate the wavelength and the wave velocity. Obtain the equation of 
the wave assuming that the wave is travelling along the + x direction and 
that the end x — 0 is at the equilibrium position at t = 0. 

g + x direction and the dis- 


Solution: Since the wave is travelling alon I 1 
i = 0, the general equation of 


Placement of the end x = 0 is zero at time t 
this wave is 


y (x,t) =A sin md t= »] (i) 


Where A = 0.01 m. 
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When x —0.l m, y = — 0.005 m 
— 0.005 — 0.01 sin d (0t — xp}, 


where x; — 0.1 m 


1 
or sin {22 (vt — xo} =— 5 
phase $, = 2 (1 — x) = a (ii) 
When x-—02m, y= + 0.005. Therefore, we have 


+ 0.005 = 0.01 sin B Ga x) 


where X; — 0.2m 
or & ott ert cit) 
From Eqs (ii) and (iii) 
4$=$,-—$=7 
Now 4¢ = — 2t Ax 
Th = — 27 oy 2 
us, Mire egimus (4 — x) = — a (0.1 — 0.2) 
or = 0.2m 
Now, frequency n of the wave = frequency of the tuning fork 
= 500 Hz 
Hence, wave velocity v = n à = 500 x 0.2 = 100 m s7! 


Substituting for 4, À and v in Eq. (i) we get 
Y Cx, t) = 0.01 sin {10 7 (100 ¢ — x)} 


This is the equation of the wave Where y and x are in metres and t in 
seconds. 


Example 3: Transverse waves are generated in two uniform steel wires 4 
and B of diameters 10? m and 0.55 107? m respectively, by attaching their 
free end to a vibrating source of frequency 500 Hz. Find the ratio of the 
wavelengths if they are Stretched with the same tension. 


Solution: The density p of a wire of mass M, length Land diameter v is 
given by 
EUSA ain 
MR St degra: 
Now Uy a 


m, 
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7 
and Up Tre 
v [ms _ de 
Ug ma d4 
but v4 = nA, and vg = n Àg, m being the frequency of the source. 
à, ta dg 0,50 FO sy 
Hence i. oana APO M 0.5 


Example 4: Compare the velocities of sound in hydrogen (H;) and carbon 
dioxide (CO;). The ratio (r) of specific heats of H, and CO, are respect- 
ively 1.4 and 1.3. 


nP Je E 
= E and v = N p 
1 


LU Me p2 
oz r2 Pi 


Since density of a gas is proportional to its molecular weight, 


P2 44.01 


Solution: 


z- 2189 


Pi 2.016 
aee = 4.85 
m x 21.83 

Velocity of sound in hydrogen is 4.85 times that in carbon dioxide. 


Example 5: The intensity of sound in a normal conversation at home is 
about 3 x 10-5 Wm-? and the frequency of normal human voice is about 


1000 Hz. Find the amplitude of waves, assuming that the air is at standard 
conditions. 


Solution; At standard conditions (STP) 

density (p) of air = 1.29 kg m^? 

velocity of sound v = 332.5 m s^! 

Now I = 2m? pn? A? v 

where n = 1000Hz , /—3x 10°Wm™~ 


SANE SIT 
ge c nN 2pv 
1 Amir SERTI 
= 443 x 1000 ~N 2 x 129 X 332.5 
= 1.88 x 107 m 


Note that the amplitude of sound waves in normal conversation is extre- 
mely small. 


Example 6: Two sources Sı and S», separated by 2.0 m, vibrate according 
to the equation y, = 0.03 sin 7 t and y: = 0.02 sin 7 ¢ where yı, y» and t 
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are in MKS units. They serid out waves of velocity 1.5 m s-'. Calculate 
the amplitude of the resultant motion of a particle co-linear with S, S; and 
located at a point (a) to the right of S», (b) to the left of S, and (c) in the 
middle of S, and S2. 


Solution: The oscillations y, = 0.03 sin 7 / and y» = 0.02 sin 7 t, have 
amplitude A, = 0.03 m and 4» = 0.02 m and equal period T = 2s or fre- 
quency n = 1/2 = 0.5 s-i. 


(a) The path difference for all points P to the right of S, 
4-—S P-—$,P-—$ $,—20m 


phase difference 6 = 14-7€x20- S 


The resultant amplitude at such points is given by 
A = (Af + A} + 2A, A; cos 4)! 
i | (0.03) + (0.02)? + 2 x (0.03) (0.02) x cos ey" 
= 0.0265 m 
(b) The path difference for all points Q to the left of $i 
—$0—50-—5$-220m 
Hence, A for such points = 0.0265 m 
(c) For a point R at the centre of S; S2, the path difference = 0. 
$-—0 
Hence A = (At + A} + 24, A)? = A+ A; 
= 0.03 + 0.02 = 0.05 m 


Example 7: Two tuning forks A and B Produce 10 beats per second 

when sounded together. On loading the fork 4 slightly it was observed that 

15 beats are heard in one second. If the frequency of the fork B is 480 

Te enailate the frequency of the fork 4 (a) before loading and (by after 
ading. 


Solution: Letn, be the frequency of 4 and m that of fork B. There are 
two possibilities (a) nı > n, and (b)n < ny. 


f 
(a) n > m: m = 480 Hz,’ n, —10 Hz Now n, = ny — n 
n = ny +m = 490 Hz 
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. On loading fork A its frequency decreases. In other words, n, decreases. 


E nı — m = n, should also decrease. But n, increases to 15 
beats/s. 
Hence n; is not greater than n 

(b) n, <m: In this case n — n, = my 


n = Ny —m = 470 Hz 


On loading n, decreases, therefore (n; — m) = m increases which is what 
is observed. 


à n,-— 470Hz before it is loaded. 
and m= nj — m = 480 — 15 = 465 Hz after it is loaded. 


Example 8: Standing waves are produced by the superposition of two 
waves 

yi = 0.05 sin (37 t — 2x) 
and y» = 0.05 sin (3m t + 2x) 


where y and x are measured in metres and ¢ in seconds. Find the ampli- 
tude of a particle at x — 0.5 m. 


Solution: The resultant displacement is given by 
y = yi + ya = 0.05 ( sin (37 t — 2x) + sin (37 t + 2x)} 
Using trigonometric relation 
sin (« + B) + sin (x — B) = 2 sin « cos B, we have 
y= 0.1cos2x sin37t 
or y = Asin3z t 


Where A, the amplitude of standing waves, is given by A = 0.1 cos 2x 
with 
x= 0.5m, 
cos 2x = cos (2 X 0.5 rad) 
== cos (1 rad) 


ll 


amplitude A at (x = 0.5 m) = 0.1 x 0.54 
= 0.054 m 


Example 9: A wire of densit -3 jg stretched between two clamps 
t y9gom j : 

100 cm apart while subjected to an extension of 0.05 cm. What is the 

lowest frequency of transverse vibrations of the wire, assuming 


Ü Y — 9 x 10!! dynes cm? (IIT 1975) 
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Solution: Young's modulus 


T 
y= stress _ A _ TL 
strain / l 

L 


where T — tension, L — original length — 100 cm, / = extension = 
0.05 cm and A = area of cross-section of the wire. Hence, 


T  Y1_9 x 10"! x 0.05 


= k 7 
ET L 100 45 x'10 


mass 

length 

volume x density 
length — 


area x length x density 
length 


Area X density 
=Ap 


Hence the lowest frequency (i.e. frequency of the fundamental mode) is 
given by 


Now mass per unit length m = 


y 


Pn um oh 
T OLN im) 2LN. Alp 

le Sah 45 X 107 | 

r$ Men 35.3 Hz 
Example 10: A wire having a linear density of 0.05 g cm™ is stretched bet- 
ween two rigid supports with a tension of 4.5 x 107 dynes. It is observed 
that the wire resonates at a frequency of 420 Hz. The next higher frequ- 


ency at which the wire resonates is 490 Hz. Find the length of the wire. 
(IIT 1971) 


Solution: Let 420 Hz be the pth harmonic, then 490 Hz is the (p + 1)th 
harmonic. Therefore 


n 


T: 
420 — Zz * à 
| 
and 490 — ptt z (ii) 
Dividing (i) and (ii) we have 
* 
40 pril 


420 7 giving p= 6 


Substituting this value of p in Eq. (i) we get 


MW 4.5 x 107 
420 = 3L ONT. 005 


which gives LZ = 214.3 cm 
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Example 11: A light pointer fixed to one prong of a tuning fork touches 
a vertical plate. The fork is set vibrating and the plate is allowed to fall 
freely. Eight complete oscillations are counted when the plate falls through 
10 cm. What is the frequency of the tuning fork? (IIT 1977) 


Solution: The time taken (¢) for the plate to fall freely through a distance 
S = 10 cm is given by 


al 
$—58t 


fe 
or t= |2 
g 


During this time the fork completes 8 oscillations. Hence the frequency of 
the fork is 


ts E 
t 2S 


i 980 — 
=8 x [5 = 56 He 


Example 12: Two wires of radii r and 2r are welded together end to end. 
This combination is used as a sonometer wire kept under tension T. The 
welded point is midway between the two bridges. What would be the ratio 
of the number of loops formed in the wires such that the joint is a node 
when stationary waves are set up in the wires? (IIT 1976) 


Solution: Let p, and p; be the densities of the wires and 4, and ED their 
move cross-sectional areas. The mass per unit length of the wires will 
e 


m = Ay pp = Tripi 
and m, = A2 p2 = 7 (ry Pa = 4m r? po 
So that 

mo p 

m Ap, 


If p and q are the number of loops in the wires, their frequencies are 
E. E 
m 2L, mı 
«1. E: 
m = 25, N m 


Since the joint is midway between the bridges L, = Zz = L. Since the 
combination vibrates with the same frequency, nı = n2. Hence 
p [T E 


2LNm, 2LNm 


p_ jm 1 fa 
q m 2N p 

If the wires are made of the same material, p; = pz in which case 
p 1 


q 2 
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Example 13: A sonometer wire of length 110 cm is stretched with a ten- 
sion T and fixed at its ends. The wire is divided into three segments by 
placing two brigdes below it. Where should the bridges be placed so that 
the fundamental frequencies of the segments are in the ratio 1 : 2 : 32 


Solution; Let Lı, L, and L, be the lengths of the segments of wire A B 
(Fig. 9.5). Then : 


Li + L + L; 110 cm (i) 


EUM TRAGEN MM 


Fig. 9.5 


Let n, m and n; be their respective fundamental frequencies. Thus 


idm 
2L, Nm 
pie Meus 
2L, m 
and n= T, JE 
Hence n Li =m L, = nm L, (ii) 
But n:n:n-—l:2:3 
25 nm — 2n, and m = 3n, (iii) 
From (ii) and (iii) we have 
Li = 2L, = 31, (iv) 


Substituting (iv) in (i) we get 
1 1 
or L, = 60 cm 
Hence L,= 30cm and L; = 20cm 


ae. the bridges should be placed at distances of 60 cm and 90 cm from 
end A. 


Example 14: An underwater swimmer sends a sound signal to the surface. 
It produces 5 beats per second when compared with the fundamental tone 
of a pipe 20 cm long closed at one end. What is the wavelength of sound 
in water? Given velocity of sound in air and water are 360 m s^! and 1500 
m s^! respectively, (IIT 1973) 


Solution: The frequency of the fundamental tone of the pipe is 


ah m 
4L 4x 039- 450 Hz 
The frequency of sound signal — 450 +5 = 445 Hz or 455 Hz 
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Since the frequency remains unchanged when sound travels from water to 
air, the frequency of the sound signal in water is either 445 Hz or 455 Hz. 
Hence the wavelength in water is either 

1500 1500 


d45 m 3.37] m or 458 — 3.297 m 


Example 15: AB is a cylinder of length 1.0 m, fitted with a thin flexibl. 
diaphragm C at the middle and two thin flexible diaphragms A and B at 
theends (see Fig.9.6). The portions 4C and BC contain hydrogen and 
oxygen respectively. The diaphragms A and B are set into vibrations of the 
same frequency. What is the minimum frequency of these vibrations for 
which the diaphragm C is a node? Under the conditions of the experiment, 
the velocity of sound in hydrogen is 1100 m s^! and in oxygen is 300 m s^. 

(IIT 1978) 


A H2 Qr a B 


k- L=0:5m—H— L=0-5m—4 
Fig. 9.6 


Solution: Since C is a node, the two parts AC and BC behave as closed 
pipes with the closed end of each at C. Since diaphragms A and B are set 
into vibrations, the ends 4 and B must be anti-nodes. 

The fundamental frequency of each pipe corresponds to just one node 
and one antinode. If n; and n2 are the fundamental frequencies of gases 
in AC and BC respectively, we have 


1100 


i LUE = 550 H: 
n — AY ans ipte 
and v2 300 _ 150 Hz 


noL Tina 


Where v; and v; are the sound speeds in hydrogen and oxygen respectively. 

These frequencies are not the same. Hence the two gas columns are not 
vibrating in the fundamental mode. We know that a closed pipe has only 
odd harmonics with frequencies which are 3, 5, 7, 9, 11, etc. times the 
fundamental frequency. To find out which harmonics of n and m have 
the same frequency we notice that 


—— —— — — 3 = llm 
m^ 150 ee 


Thus, the third harmonic of n; and the eleventh harmonic of m have equal 
frequencies. Similarly 6th harmonic of ni and 22nd harmonic of n, have 
equal frequencies and so on. 

z3n 3X 550 — 1650 Hz 


= 11m, = 11 x 150 1650 Hz 


Common minimum frequency 


Example 16: A copper wire is held at the two ends by rigid supports. At 
30°C the wire is uet taut, with negligible tension. Find the speed of trans- 
Wik waves in tho wire at 10 OM Gives. ac VE TO CC)y"t Y = 1.3 
X 10" N m^, p= 9x 103 kg m^. (IIT 1979) 
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Solution: Let L be the original length of the wire and / the contraction in 
length as the temperature falls from 30 °C to 10 °C. Now 

L=L(i+en 
Ly = L(1 +308) 
Lio = L(1 + 10a) 
l = Ly — Lip = 200L = 20 x 1.7 x 105 L = 34x 10751 
l 


Strain in the wire = L 


= 34 x 1075 


Since the wire is rigidly fixed at its ends, it cannot contract, producing a 
tension T in the wire which caused the strain i/L. If A is the cross-sectional 
area of the wire, we have 


T 
Stress A TL 

E. SS SS 

Strain 23 

L 


or T «TA! (i) 
The mass per unit length of the wire is 


— mass ^ volume x density 
length length 
., (area x length) x density 
length 


= area X density or m— Ap (ii) 


Speed of transverse wave is given by 


de 
v= /— 
m 


Using Eqs (i) and (ii) this becomes 


l. il 
= 4 uas x 34 x 10-8 


= 70 m s~! 


Example 17: A metal wire of diameter 1 mm is held on two knife edges 
separated by a distance of 50 cm. The tension in the wire is 100 N. The 
wire vibrating with its fundamental frequency and a vibrating tuning fork 


to 81 N. When the two are excited, beats are heard at the same rate. 
Calculate (a) the frequency of the fork and (b) the density of the material 
of the wire. (IIT 1980) 


Solution (a) Let N be the frequency of the tuning fork. Then frequency of 
the wire, when the tension is 100 N will be (N + 5) and when the tension 
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is81 N, it is (N — 5); since in each case 5 beats are heard per second. 
Hence 


UDIN See yeas 30 i 
Nr m 2x05* m wm o 
ic. Qu à 
mae s s- x (Bast m^ Vm (i) 
Substracting (ii) from (i) we have 
1 
10=—= or = 0.01 kg m^! 
NETS ' 


Using this value of m in (i) or (ii) gives N = 95 Hz 


mT 


(b) Now m = ar? p = : p 
where d= 1 mm —1 x 10-*m and p = density of the wire, Thus 


oe 4m Fi 4 x 0.01 z Es 
e-zh731axdog 14 Nm 


Example 18: A string 25 cm long and having a mass of 2.5 g is under ten- 
sion. A pipe closed at one end is 40 cm long. When the string 1s set vibra- 
ting in its first overtone and the air in the pipe in its fundamental frequency, 
8 beats per second are heard. It is observed that decreasing the tension in 
the string decreases the beat frequency. If the speed of sound in air is 320 


ms, find the tension in the string. (IIT 1982) 
Solution: Frequency of fundamental mode of the closed pipe is 
v 320 
"= an — 4x 0.40 — 70M 


Since the beat frequency is 8, the frequency of the string vibrating in its 
first overtone is 


n, = n, + 8 = 200 + 8 = 192 Hz or 208 Hz 


where ("jr overtone = j ge © 


Here I = length of the wire = 0.25 m 
2.5 x 10° 192 kg m^! 
0.25 


m = mass per unit length = 


and T is the tension in the string 


It is given that the beat frequency decreases if the tension in the erak i 
ecreased. As the frequency decreases with decrease of tension, it is 
ous that n, > n,. Hence 


n, — 208 Hz and not 192 Hz 
Substituting the values in Eq. (i) we have 


‘zon pA 
208 = 525 4 107 
or T = 27.04 N 
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Example 19: A uniform rope of length 12 m and mass 6 kg hangs vertical- 
ly from a rigid support. A block of mass 2 kgis attached to the free end 
ofthe rope. A transverse pulse of wavelength 0.06 m is produced at the 
lower end of the rope. What is the wavelength of the pulse when it reaches 
the top of the rope? (IIT 1984) 


Solution: If m is the mass per unit length of the rope and T the tension 
at any point on the rope, then the velocity of the pulse at that point is 


given by 
ac: J 
i m 


Now, the tension at the lower end of the rope = 2 x g newtons where 


g is the acceleration due to gravity. Hence 


,- f 
m 


Let n be the frequency of the pulse and A = 0.06 m its wavelength at the 
lower end, then 


v=na 
or [B= x 0.06 
m 
E J2 i 
or TAA A (i) 


The tension at the upper end of the rope = (2 + 6) x g = 8 x g newton. 
If A’ is the wavelength and »' the velocity of the pulse when it reaches the 
top of the rope, we have, since frequency n remains unchanged, 


v —mRnA = 8g 

m 
or N= l x 8g 
n m 


(ii) 
Substituting for n from (i) into (ii) we get 
m m. [8 
A' = 0.06 x 42g X m» "912m 


,Example 20: The vibrations of a string of length 60 cra fixed at both ends 
are represented by the equation 


TX 


y = 4sin (72) cos 067 0 


where x and y are in cm and t in seconds, 


(i) What.is the maximum displacement of a point at x = 5 cm? 
(ii) Where are the nodes located along the string? 
(iii) What is the velocity of the particle at x = 7.5 cm at t = 0.25s? 
(iv) Write down the equations of the component waves whose super- 
position ‘gives the above vibration. (IIT 1985) 
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Solution: (i) Displacement is maximum when cos (96 7 t) = 1. At x = 5 
cm, the maximum displacement is 


Ee Ke a mrt ZO, MS rem 
Ga = 4 sin (72) = 4 sin ( 15 ) = sin 5 
V3 


ux TX ER 3.46 cm 


(ii) At nodes the displacement is always zero. Hence nodes are located at 
values of x given by 


or Te — p" 


where p = 0, 1, 2, 3,. . .etc. Thus 


x = 15 p = 0, 15, 30, 45 and 60 cm. The end points of the string at 
x = 0 and x = 60 are nodes, as expected. 


(iii) The velocity of the string at a point x at time t is obtained by differ- 
entiating y = 4 sin (72) cos (96 v t) with respect to f. 


15 
a 3 
Velocity 2 = — (4 x 967) X sin s) x sin (96 7 t) 


At x = 7.5 cm aud t = 0.25 s, the velocity is zero because att = 0.25 s, 
sin (96 v t) = sin (24 7) = 0. 
(iv) The standing wave given in the question may be rewritten as 
y = 2A sin « cos B 


where A = 2cm, a sez Vand E = 96 Ti 


15 
But 2A sin a cos B = A sin (« + B) + A sin (« — B) 
1 x 
= 2 sin (73 496m1) + 2sin (53-9621) 


Le, y= y +t) 
Hence the two constituent waves are 


TR 
yı ZEE TES + 961) 


and y = 2sin (Fz — 96m 1) 
Example 21: An ambulance blowing a siren of frequency 700 Hz is travel- 
ling slowly towards a vertical reflecting wall with a speed of 2 m s-'. Cal- 
culate the number of beats heard in one second by the driver of the ambu- 
lance. Velocity of sound = 350 m s^. 


Solution: The driver will hear two sounds, one coming directly from the 
Siren and the other reflected from the wall or coming from the acoustic 
Image of the car. The reflected sound can be imagined to be coming from 
the mirror image (see Fig. 9.7). 
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The observer is approaching the image-source which is also approaching 
him with the same speed. Hence the frequency of sound heard by him is 
given by (ug = us) 


n' = n x CE _ 399 x 


(350 + 2) — 
(v — uj) (350 — 2) 


= 708 Hz 


Ambulance 
car 


Acoustic 
image 


Fig.9.7 Reflecting wall 


Number of beats heard per second = n’ — n = 708 — 700 = 8 
Beat frequency — 8 Hz 


Example 22: Two persons A and B, each carrying a source of sound of 
frequency 600 Hz, are standing a few metres apart ina quiet field. Calcu- 
late the beats heard by ach when A moves towards B with a velocity of 
3 m s~}, Velocity of sound = 340 m s-!. 


Solution: 


Beats Heard by Person A The person A hears the sound of his own source 
and that of the source carried by B. towards whom he is moving. The 
apparent frequency of this sound is given by 


emet) 


Beat frequency apparent to A = 605.29 — 600 = 5.29 Hz, i.e. A hears 
529 beats in 100 seconds. 


) = 605.29 Hz 


Beats Heard by PersonB The person B hears the sound of his own source 
and that of the source carried by A, which is approaching him with a. speed 
3 m s^!. The apparent frequency of this sound is given by 


CAS n 600 


n KE Geer Hz 
v 340 


Beat frequency apparent to B = 605.34 — 600 = 5.34 Hz. i.e. B hears 
534 beats in 100 seconds. 


Example 23: A sonometer wire under a tension of 64 N vibrating in its 
fundamental mode is in resonance with a vibrating tuning fork. The vib- 
rating portion of the sonometer wire has a length of 10 cm and a mass of 
1 g. The vibrating tuning fork is now moved away from the vibrating wire 
with a constant speed and an observer standing near the sonometer hears 
one beat per second. Calculate the speed with which the tuning fork is 
moved, The speed of sound in air is 300 m s-!. (IIT 1983) 
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Solution: T = 64 N 
L = 10cm = 0.1 m 


The frequency of the sonometer wire vibrating in the fundamental mode is 
given by 
i FTO (Chek 
Vm 20d do 0 Re 
As the wire is in resonance with the tuning fork, the.frequency of the fork 
= frequency of the wire, i.e. n = 400 Hz. 

Let u, be the speed with which the fork is moved away from the observer 
standing close to the sonometer. The apparent frequency of the sound of 
the fork is given by 


n. 


"n U 
nl: n NES 
(v + uj) 


where v = speed of sound = 300 ms! 


As | beat is heard per second, n —n' = 1 


or n = n — 1 = 400 — 1 = 399 Hz 
N pine 
m n v nano 
or C If oe 
n v 
(n — n). (400 — 399) 
or u,=uX mre = 300 X Tr 300101" 
= 0.752 ms? 


Example 24: Two tuning forks with natural frequencies of 340 Hz each 
Move relative to a stationary observer. One fork moves away from the 
observer, while the other moves towards him at the same speed. The obser- 
ver hears beats of frequency 3 Hz. Find the speed of the tuning fork. The 
speed of sound in air = 340 ms". (IIT 1986) 


Solution: Let v be the speed of sound in air and u, the spéed of each tun- 
ing fork. When the source moves towards a stationary observer, its appa- 
Tent frequency is 


ha Lees (i) 
k R (» — us) 
Where n= 340 Hz and v —340m s^ 
When the source moves away from the stationary observer, its apparent 
frequency is 


S parse in (ii) 
eae TET 
When both the forks are moving relative to a stationary observer, the num- 
et of beats heard by him per second = n' — n. = 3 Hz (given). 
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Since u, < v, Eqs (i) and (ii) may be simplified as fo llows. 


2 

" u, u 

n =n(1 +) = n( EM 
v v | 


where terms of order u?/? have been neglected in the Binomial expansion. 


Thus, 
n -w= nfi +) (1 tt) = mn 
y U U 
us 
or 3 m2 X 90x 415 
or u, = 1.5 m s~! 


Example 25: Two sound waves have intensities of 5 x 10-!° Wm™ and 
| x 1075 W m. Find the intensity level of each sound in decibel. How 
many decibels is the louder sound above the other? 


Solution: T,=5 x 10:199 W m 
L= 1 x 108 Wm 
Standard intensity P — 1 x 10-12 W m2 


SEX Tox 
0 


10 log (500) = 27 dB 


ll 


Intensity of 7, in decibels (dB), 


Il 


Intensity level of 7; in decibels (dB); = 10 log (2) 
0 


1 


78 
= 10 log (6) = 10 log (104) = 40 dB 


(dB), — (dB), 


X|xX 


40 — 27 — 13 dB 


9.3 TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are 
true or false giving, in brief, the reason in support of our answers. 


1. Any function y (x, 7) of the form YG, 1) = f (ot. + x) represents a travelling 
wave. 


2. The velocity, wavelength and frequency do not undergo any change when a wave 
is reflected from a surface. 
3. The velocity, wavelength and frequency all undergo a change when a wave 
travels from one medium into another. 
. When an ultrasonic wave travels from air into water, it bends towards the norma! 
to the air-water interface. 
. The velocity of sound is generally greater in solids than in gases at NPT. 
(IIT 1977) 
6. The decrease in the speed of sound at high altitudes is due to a fall in pressure. 


7. The standing wave on a string under tension, fixed at its ends, does not have well- 
defined nodes. 
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| 8. When two waves interfere, the law of conservation of energy is not obeyed at points 
where destructive interference takes place. 

9, The phenomenon of beats is not observed in the case of visible light waves. 

10, The apparent frequency is m when a source of sound approaches a stationary ob- 
server with a speed u and is mz when the observer approaches the same stationary 
source with the same speed. Then m2 > m, if u < v, where v is the speed of sound. 


ANSWERS 


1. True y (x, t) = f (ot + x) = f (2) where z = et = x, Differentiating with respect 
to t we have 
Oy Of Oz of 
Ot E ys z 


Differentiating again wrt time t we have 


aE ye 
or oz 


Hence, 


which is the standard equation (in differential form) of a travelling wave. 


True Because the wave is reflected back into the same medium, the velocity re- 
mains unchanged. The wavelength cannot change because the frequency cannot 
change by reflection. ius. 

3. False The frequency does not change when a wave travels from one medium into 
another. 

4. False The ultrasonic wave bends away from the normal because the speed of the 
wave (being a sound wave) is greater in water than in air. i 

5. True The reason is that solids have a much higher coefficient of elasticity than 
gases at NTP. A : 

6. False A change in pressure has no effect on the speed of sound. The decrease in 
the speed of sound at high altitudes is due to a fall in temperature. — 

7. True Standing waves are produced due to a superposition of the incident waves 
and the waves reflected from the fixed ends of the string. Since, the ends are never 
perfectly rigidly fixed, the amplitude of the reflected wave is always less than that 
of the incident wave. Consequently, the resultant amplitude at nodes is not exact- 
ly zero. Thus the nodes are not well-defined. j 

8. False The energy is not destroyed at points where destructive interference takes 
place. The energy is transferred from regions of destructive interference to regions 
of constructive interference; the average energy being always equal to the sum of 
the energies of the individual waves. [ y 

9. True To observe beats the difference between the two interfering frequencies 
must be less than about 10 — 16 Hz. Since visible light waves have very high fre- 
quencies, beats are not observed due to persistence of vision. 

10. False 


e] 


n (i) 
12 


U 


and TIT (1 ra £) (ii) 


" 
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9.4 


The expression for m may be rewritten as 


m=n (: m 32 
v 


u? 
Expanding Binomially and retaining terms upto order qi We have 


2 
man (1 + $48) Gi 


u? 
Comparing (ii) and (iii) we find that m > m. 


MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives in each of the follow- 


ing 
ay 


[n 


tA 


9 


Transverse waves are produced in a long string by attaching its free end to a vib- 
rating tuning fork. Figure 9.8 shows the shape of a part of the string. Which pairs 
of points are in phase? 

(a) A and D (b) Band E 

(c) Cand F (d) A and G 


Fig. 9.8 


- When a wave travels in a medium, the particle displacements are given by 


X(x, t) = 0.03 sin » (2t — 0.01 x) 
where y and x are in metres and 1 in seconds. The wavelength of the wave is 


(a) 10m (b) 20m 
(c) 100 m (d) 200m 
. The velocity of the wave in Q.2 is 
(a) 100 m s^! (b) 200 m s! 
(c) 300 m s (d) 400 m s~: 


. What is the phase difference, at a given instant of time, between two particles 25 


m apart, when the wave of Q. 2 above travels in a medium? 


(a) 7/8 (b) 7/4 
(c) 7/2 (d) 7 


- Transverse wave of amplitude 10 €m is generated at one end (x — 0) of a long 


string by a tuning fork of frequency 500 Hz. At a certain instant of time, the dis- 
placement of a particle A at x — 100 cm is —5 cm and of particle B at x — 200 
cm is --5 cm. What is the wavelength of the wave? 


(a) 2cm (b) 3 cm 

(c) 4 cm (d),5 cm 

How long does the wave of Q. 5 take to travel from A to B? 
(a) 10s (b 1s 


(c) 1/10 s (d) 1/100 s 


E 


oo 
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. Transverse waves of the same frequency are generated in two steel wires A and B. 


The diameter of A is twice that of B and the tension in A is half thatin B. The 
ratio of the velocities of waves in A and B is 


(a) 1:2 (b) 1: V2 
(o 1:2V2 (à 3:22 


. A sonometer wire, with a suspended mass of M= 1 kg, is in resonance with a 


given tuning fork. The apparatus istaken to the moon where the acceleration 
due to gravity is 1/6 that on earth. To obtain resonance on the moon, the value 
of M should be 


(a) 1 kg (b) V6 kg 
(c) 6 kg (d) 36 kg 
. Both light and sound waves 
(a) can be diffracted (b) can be polarized 
(c) travel in vacuum (d) are electromagnetic in nature 


. A source of sound vibrates according to the equation y = 0.05 cos 7 t. It sends 


out waves of velocity 1.5 ms~*. The wavelength of the waves is 


(a) 1.5 m (b) 3.0m 
(c) 4.5 m (d) 6.0 m 


. Two identical waves, each of frequency 10 Hz, are travelling in opposite directions 


in a medium with a speed of 20 cm s^*. The distance between adjacent nodes is 


(a) 1.0 cm (b) 1.2cm 
(c) 1.5 cm (d) 2.0 cm 


. Figure 9.9 shows the shape of a part of a long string in which transverse waves 


are produced by attaching one end of the string to a tuning fork of frequency 250 
Hz. What is the velocity of the waves? à 

(a) 1.0 m s^! (b) 1.5 ms 

(c) 20 m st (d) 2.5ms 


Displacement 


Fig. 9.9 


. Particle displacements (in cm) in a standing wave are given by 


y (x, t) = 2 sin (0.1 7 x) cos (100 v t) 
The distance between a node and the next anti-node is 
(a) 2.5 cm (b) 5.0cm 
(c) 7.5 cm (d) 10.0 cm 


If the Young's modulus of the material of a rod is2 x 10? N m~? and its den- 
sity is 8000 kg m=, the time taken by a sound wave to traverse 1 mof the rod 
will be 


(a) 107* s (b) 2 x 10s 
(c) 10-* s (d) 2 x 107*s 
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15 


17. 


18. 


19. 


2l. 


22, 


23. 


An observer moves towards a stationary source of sound with a velocity one-tenth 
the velocity of sound. The apparent increase in frequency is 

(a) zero (b) 5% 

(c) 10% (d) 0.1% 

in which of the following gases will the velocity of sound at a given temperature 
have the least value? 

(a) Na (b) O: 

(c) SO, (d) CO: 

Two parts of a sonometer wire, divided by a movable knife-edge, diífer in length 
by 1 cm and produce | beat per second when sounded together. If the total length 
of the wire is 100 cm, the frequencies of the two parts of the wire are 

(a) 51 Hz, 50 Hz (b) 50.5 Hz, 49.5 Hz 

(c) 49 Hz, 48 Hz (d) 49.5 Hz, 48.5 Hz 


A stone hangs from the free end of-a sonometer wire whose vibrating length, 
when tuned to-a tuning fork, is 40 cm. When the stone hangs wholly immersed in 
water, the resonant length is reduced to 30 cm. The relative density of the stone is 


(a) 16/9 (b) 16/7 

(c) 16/5 (d) 16/3 

A pipe closed at one end and open at the other will give 

(a) all the harmonics (b) all even harmonics 
(c) all odd harmonics (d) none of the harmonics 


A cylindrical tube, open at both ends, has a fundamental frequency n. If one of 
the ends is closed, the fundamental frequency will become 

(a) n/2 (b) n 

(c) 2n (d) 4n 

An organ pipe, open at both ends and another organ pipe, closed at one end, 
will resonate with each other, if their lengths are in the ratio of 

(a) 1:1 (b) 1:4 

ORAS i (d) 1:2 


The real frequency of a source of sound is and the speed of sound is v. The 
apparent frequency is n’ when the source moves away from an observer witha 
velocity u and n” when the observer moves away from the source with the same 
velocity u. If u < v, then 

(a) n = 1/2 (n + n") (b n’ = n” 

(c) no «n (d) n > n* 

Two loud speakers 4 and B, 1.0 m apart, produce sound waves of the same 
wavelength and in the same phase. A sensitive sound detector, moving along PQ, 


parallel to line AB, 2.4 m away, detects maximum sound at P (on the perpendi- 


cular bisector of AB) and another maximum sound when it first reaches Q directly 
opposite to B, as shown in Fig. 


9.10. What is the wavelength of sound emitted by 
the speakers? 


n 
a 


27. 


28. 


29. 


30. 


Bis 


. Determine the amplitude, period, frequency, 
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(a) 0.1 m (b) 0.2m 
(c) 0.3 m (d) 0.4 m 
. Two waves of the same frequency travel in opposite directions in a inedium with 


amplitudes of 3 units and 2 units respectively. The ratio of the amplitude at an 
anti-node and at a node in the stationary wave is 


(a) 5:1 (b) 5:3 
(c) 3:2 (d) infinite 


| A progressive wave in a medium is represented by the equation 


y == 0-1 sin (10 aAa) 


where y and x are in cm and z in seconds. The maximum speed of a particle of the 
medium due to the wave is 

(a) 1 em s^! (b) 10 cms" 

(c) "em st (d) 10 7 cm s~? 


. A plane progressive wave is represented by the equation 


y = 025 cos (27 t — 7 x) 
The equation of a wave with double the amplitude and half. the frequency but 
travelling in the opposite direction will be 
(a) y = 0.5 cos (c t — 7 x) (b) y = 0.5 cos (rt 7x) 
(c) y = 0.25 cos (7 t 5 27 Xx) (d) y — 0.5 cos (27t27 x) 
A tuning fork of frequency 340 Hz is sounded above a cylindrical tube 1 m high. 


Water is slowly poured into the tube. If the speed of sound is 340 m s^, at what 
levels of water in the tube will the sound of the fork be appreciably intensified? 


(a) 25 cm, 75 cm (b) 20 cm, 80 cm 
(c) 15 cm, 85 cm (d) 17 cm, 83 cm 
A sonometer wire, 65 cm long, is in resonance with a tuning fork of frequency N. 


If the length of the wire is decreased by | cm and it is vibrated with the same tun- 
ing fork, 8 beats are heard per second. What is the value of N? 

(a) 256 Hz (b) 384 Hz 

(c) 480 Hz (d) 512 Hz 

Two organ pipes, each closed at one end, give 5 beats per second when emitting 
their fundamental notes. If their lengths are in the ratio of 50 : 51, their funda- 
mental frequencies (in Hz) are 

(a) 250, 255 (b) 255, 260 

(c) 260, 265 (d) 265, 270 

Two sources A and Bare sounding notes of frequency 680 Hz. A listener moves 
from A to B with a constant velocity u. If the speed of sound is 340 ms", what 
must be the value of u so that he hears 10 beats per second? 

(a) 2.0 m s^' (b) 25ms^ 

(c) 3.0 m s7! (d) 3.5 m s^* 


NUMERICAL EXERCISES 
speed and wavelength of the waves 


given by (all quantities are in MKS units) 
(a) y (x, t) = 0.01 sin 27 (31 — 2 x) 

(b) y (x, t) = 0.02 sin (2 t + 3 x) 

(c) y (x, t) = 0.03 cos (v t + x) 

(d) y (x, £) = 0.05 cos (67 t — 7 X? 
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2. 


10. 


kl; 


12. 


13, 


14. 


Write down the equations (using the sine function) of a harmonic travelling along 
(—) x-axis and having the following characteristics: 

(a) Amplitude 0.05 m, speed 2 m s-!, frequency 4 Hz 

(b) Amplitude 0.02 m, frequency 800 Hz, wavelength 0.3 m 

(c) Amplitude 0.01 m, speed 10 m s~, wavelength 0.2 m. 

Two strings 4 and B, of equal thickness, are made of the same material. The 
length of A is half that of B while the tension in A is twice that in B. Compare the 
velocities of the transverse waves on them. i 


. Two strings A and B are of the same length and are made of the same material. 


The cross-sectional area of A is half that of B while the tension in A is twice that 
in B. Compare the velocities of the transverse waves in them. 

A string 25 m long has a mass of 0.5 kg. A 10 m long specimen of the string is 
stretched with force equal to the weight of 5 kg. How long will the transverse 
wave take to travel the length of the string? 

The intensity of the sound of a barking dog is 10-? W m-?. If the frequency is 
1000 Hz, calculate the amplitude of the sound waves in air at standard conditions. 


Calculate the amplitude of the sound wave of Ex. 6 if the air temperature were 
35*C. 


- Two waves, travelling in a medium, are given by 


yi = 0.02 sin 4.» (100 7 — x) 
and Y» = 0.03 cos 4 7 (100 t — x) 
where the distances are in metres and time in seconds. 
(a) What is the frequency of each wave? 
(b) What is the phase difference between them? 


(c) Calculate the amplitude of the resultant motion of a particle at x when the 
two waves interfere. 


(d) Will the resultant amplitude depend on where the particle is located in the 
medium? 


(e) Will the resultant amplitude change with time? 


- It is desired to tune the string of a sonometer with a tuning fork of frequency 


512 Hz. When vibrated together they produce 10 beats per second. (a) By what 
percentage should the length of the string be altered to achieve tuning, tension re- 
maining the samc? (b) By what percentage should the tension in the string be 
altered to achieve tuning, the length of the string remaining the same? 


A string under a tension of 100 N is emitting its fundamental note. While tuning 
with a tuning fork 5 beats per second are heard. When the tension is increased to 
121 N, again 5 beats per second are heared. Determine the frequency of the fork. 


Two identical pipes are sounding notes of frequency 500 Hz. The air temperature 
in both is 25 °C. The temperature of the air in one pipe is increased to 30 °C. 


How many beats are heared per second when both the pipes are blown? Velocity 
of sound at 0 °C = 330 m 5-1, 


Calculate the Percentage change in the frequency of the fundamental note emitted 
by a closed pipe of length 1.0m if the temperature of the air is changed from 
15 °C to 30 °C. Velocity of sound at 0 °C = 330 m s-!, 


Two tuning forks A and B produce 4 beats per second when vibrated together. If 
a prong of fork Ais filed, the beats reduce to 2 per second. If the frequency of 


fork B is 480 Hz, what is the frequency of fork A (a) before and (b) after it is 
filed? 


A sonometer wire carries a metal block at the other end. When the block is in air, 
the resonant length with a tuning fork is found to be 90cm. When the block is 
wholly immersed in water, the resonant length with the same tuning fork de- 
creases to 80 cm. Find the relative density of the block. 


18. 


]9: 


20. 


2l. 


22. 


. A railway engine and a car are moving on p 


. A source of sound of frequency 256 
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. Two tuning forks A and B produce 10 beats per second when sounded together. 


When each fork is sounded above the water column in a resonance tube apparatus, 
their respective resonance lengths of the air column are found to be l6 cm and 
16.5 cm. Determine the frequencies of forks A and B. 


. A pipe of length 1.5 m closed at one end is filled with a gas and it resonates in its 


fundamental mode with a tuning fork. Another pipe of the same length but open 
at both ends is filled with air and it resonates in its fundamental mode with the 
same tuning fork. Calculate the velocity of sound at 0 °C in the gas, given that 
the velocity of sound in air is 360 n; s~! at 30 °C where the experiment is perform- 
ed. (HT 1974) 


Two tuning forks A and B produce 8 beats per second when sounded together. 
A gas column 37.5 cm long in a pipe closed at one end resonates in its funda- 
mental mode with fork A, whereas a column of length 38.5 cm of the same gas in 
a similar pipe is required for a similar resonance with fork B. Calculate the fre- 
quencies of the two forks. 


A tube of a certain diameter and length 48 cm is open at both ends, Its funda- 
mental frequency of resonance is found to be 320 Hz. The velocity of sound in air 
is 320 m s^. Estimate the diameter of the tube. One end of the tube is now closed. 
Calculate the lowest frequency of resonance for the tube. (IIT 1980) 


A steel wire of length 1 m, mass 0.1 kg and uniform cross-sectional area 10 5 m* 
is rigidly fixed at both ends. The temperature of th: wire is lowered by 20°C. If 
transverse waves are set up by plucking the wire in the middle, calculate the fre- 
quency of the furidamental mode of vibration. Coefficient of linear expansion of 


steel = 1.21 x 1075 CC)“, Young's modulus of steel == 2 x 10" N m^. 
(IT 1984) 


The sound of a horn in a car is recorded by a stationary tape recorder as the car 
is approaching it and also as it is receding from it. The ratio of the two apparent 
frequencies is found to be 1.2. If the speed of sound is 340 m s-t, determine the 
speed of the car. 

At what speed is a car approaching à stationary observer ifhe hears the music of 
the car radio with à frequency 1076 higher than it actually is? The speed of the 
sound is 350 m s^*. 

At what speed must the driver of a car approach a stationary siren so that the 
frequency of the sound heard by him is 10% higher than itactually is? Speed of 
sound = 340 ms“. 

arallel tracks with speeds of 30 m sa 
and 15 m s^! respectively. The engine iscontinuously sounding à whistle of fre- 
quency 1000 Hz. Calculate the frequency of sound heard by the driver of the car 
when (a) the car and the engine are moving in opposite directions and approach- 
ing each other,(b) they are moving in opposite directions but going away from 
each other, (c) they are moving in the same direction, the car being ahead of the 
engine and (d) they are moving in the same direction, the car being behind the 
engine. 

Hz is moving rapidly towards a wall with a 
velocity of 5 m s71. How many beats per second will be heard if sound travels at 
a speed of 330 ms7!? (UIT 1981) 
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ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (d) 2. (d) 3. (b) 
6. (c) 7. (c) 8. (c) 
11. (a) 12. (a) 13. (b) 
16. (c) 17. (b) 18. (b) 
21. (c) 22. (d) 23. (b) 
26. (b) 27. (a) 28. (d) 
NUMERICAL EXERCISES 


1. 


N 


SONDU AY 


(a) 0.01 m, 1/3 s, 3 Hz, 1.5 m 87150:5:m 


(b) 0.02 m, 3. 14 s, 0.32 Hz, 0.67 m s~}, 2,09 m 


(c) 0.03 m, 27/v's, v/2z Hz. v m s, 27m 
(d) 0.05 m, 1/35, 3 Hz, 6m s$,2m 


- (a) y (x, 1) = 0.05 sin 47 (21 — x) 


(b) y (x, t) = 0.02 sin 27 (800: — x/3) 
(c) » (x, t) = 0.01 sin 10 z (107 — x) 


V2:1 
23 


a025 
. 3.44 x 10-7 m 


3.33 x 107 m 


4. (b) 
9. (a) 
14. (b) 
19. (c) 
24. (a) 
29. (a) 


(a) 200 Hz, (b) 90°, (c) 0.036 m, (d) No, (c) No 


- (a) 1.95%, (b) 4.02% or 3.895 
. 105 Hz 

«4 

. 2.63% 

- 476 Hz, 478 tiz 

. 4.76 

+ 330 Hz, 320 Hz 

. 683.4 m s^! 

- 300 Hz, 308 Hz 

+ 3.33 cm, 163.3 Hz 
id Hz 

. 30.9 m s^! 

. 31.8 m s! 

. 34ms7} 


: (a) 1112.5 Hz, (b) 881.6 Hz, (c) 1046.9 Hz, 
. zero, 


(d) 260.5 Hz 
7.7 or 7.9 beats per second depending on the position of the obse;ver. 


5. (aj 
10. (b) 
15. (c) 
20. (a) 
25. (c) 
30. (b) 


10 


Thermal Physics 


SECTION A : THERMAL EXPANSION OF SOLIDS AND LIQUIDS 


10.1A REVIEW OF BASIC CONCEPTS 


10.1A.1. Linear Expansion Almost all solids expand on heating. The 
expansion is practically uniform and the change in length Alis propor- 
tional to the change in temperature At and the original length l. Thus the 
basic equation for the expansion of a solid is 


Al = lat (10.1) 


where « is the coefficient of linear expansion for the given solid. To find 
the final length, 4 / is added or substracted from the original length depen- 
ding on whether the temperature increases or decreases. 

The unit for « is per degree celsius °C") in the CGS system and per 
kelvin (K~!) in the SI system. The magnitudes of both these units are equal 
since the size of the degree is the same on the two temperature scales. 

The coefficient of linear expansion is almost constant if 47 is not too 
large, say not more. than 100 K. Ifa solid of length Lo at 0 ^C is heated 
to a temperature t °C, then its length at temperature t °C is given by 


L=L ti) (10.2) 


It may be remarked that the elastic properties and thermal expansion of 
a substance are dependent on the cohesive forces between molecules. Thus, 
substances which are easily compressed also usually have high expansion 
coefficients and low melting points. Lead, with relatively weak cohesive 
forces between atoms in the crystal, is one such example. 


10.1A.2 Differential Expansion The difference in the expansion of differ- 
ent materials is used in various practical applications such as in thermo- 
stats and inexpensive thermometers. Thin strips of different metals are 
welded or riveted together along their lengths and clamped at one end. 
When the temperature changes, the combination bends in an aro, as shown 
in the schematic diagram of a thermostat (Fig. 10.1), where metal 1 has a 
greater coefficient of expansion than metal 2. Due to increase 1n tempera- 
ture, the electric contact is broken and the appliance 1$ turned off. 
Consider two rods XY and X'Y' of different metals rigidly connected at 
X. If I, and /; are their lengths at a temperature fi» the difference in 
lengths is 4 h = (h — Ii). If ~ and a' are the coefficients of linear expan- 
sion of the materials of the rods, then the lengths at temperature fo will be 


b d a (tz — 5) 
Bs CO et (tj — t) 
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The difference between their lengths will now be 
4h=bh-I,=()—h)+()—1) («1 — eT) 
12 lo 


ELLETTTTTTTTTTTTTTTTTTTTTTTTTTTTTHTITITTI 


Fig. 10.1 


If the materials are suitably selected such that a li = «' [i then 
Ah -—4AL 
This principle is used in compensated pendulums, 
10.1A.3 Superficial Expansion If A, is the area of a solid at 0°C and A, 
its area at ? ^C then 
A, = Ao (1 + Bt) (10.3) 
where £ is known as the Coefficient of superficial expansion. 
10.1A.4 Volume Expansion The change in the volume of a solid with a 
change in temperature 47 is given by 
A.V — y y At (10.4) 


where y is the coefficient of volume expansion. 
For an isotropic solid, 


Be2« and y:t 3a 


10.1A.5 Variation of Density with Temperature If V, is the volume of a 
solid at 0°C and V, its volume at 1 "C then 


V, — V -c yt) (10.5) 
Since density d = T or V= E we have 


m m 
Y a d t v0 


where d,, and d, denote the density at t ^C and 0 °C respectively. 
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Hence d=d(lt+yt) (10.6) 
or d, do (L— t) 


R 


10.2A EXPANSION OF LIQUIDS 


10.2A.1 Volume Expansion Coefficient . In the case of liquids, the cohesive 
forces are very weak. The liquids are, therefore, generally more compressi- 
ble than solids and their thermal expansion is greater. The shape of a 
liquid is determined by the vessel containing it. The only expansivity which 
is relevant for liquids is, therefore, the volume or cubical expansion. The 
coefficient of volume expansion of a liquid is defined as 


ENDE 10.7) 
2 Vi (t; — t) ( 

where V, and V; are the volumes of a given mass of a liquid at tempera- 
tures /, and t» respectively. ; 

The expansion observed when a liquid is heated is always less. than the 
true expansion of the liquid itself, as the volume of the containing vessel 
also increases. The observed expansion is, therefore, called the ‘appar- 
ent expansion'. If y, is the coefficient of the apparent expansion, the coeffi- 
cient of real expansion y of the liquid is given by 


m 
y =y + Yg a (10.8) 


where m, and m, denote the mass of the same liquid filling the vessel at 
temperatures /, and f» respectively. 


For m = my y = Ya + Ye 
If d, and d; are the densities of the liquid at the two temperatures, then 
d qlee (10.9) 


>= TE a 


10.2A.2 Correction of the Barometer If d, is the density of mercury at 
t °C, then the atmospheric pressure at this temperature is given by 


p=gah 
where h, the true height is given by 
h = ha (1 +48) Goo) 


_ where ovs is the observed height on the scale and à is the coefficient of 
linear expansion of the metal scale. The height of a mercury column at 
0°C which would exert the same pressure is called the correct height, Mtcor- 


Thus 
Bere a: (10.11) 
where dy is the density of mercury at 0 ^C. Therefore, 
dh om ds (10.12) 
But d do A odos) 


i E) 
where y is the coefficient of expansion of mercury. From Eqs (10.10) 
and (10.13) we have 


ha = Vows ET PN HOG YO 
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or Ic, = hows (1 +A t) a reid t) 
= hoss {1 — (y —A) t) (10.14) 


where terms of order /? and higher have been ignored. 


Thus the correction to the Observed barometric height depends on the 
difference between the volume expansion coefficient of mercury and the 
coefficient of linear expansion of the scale. 


10.34 COEFFICIENTS OF VOLUME EXPANSION OF SOME 


SUBSTANCES 
Table 10.1 
Solids (K~) Liquids (K~) 
x107* X 10% 
Iron or steel 72 Alcohol (cthyl) 750 
Aluminium 72 Alcohol (methyl) 1134 
Brass 60 Carbon tetrachloride 581 
Copper ` 51 Carbon disulphide 1150 
Glass 17-27 Glycerine 485 
Pyrex glass 10 Mercury 182 
Invar 2 Turpentine 900 
Fused quartz I Water (20 C) 200 
Concrete 36 Water (50 C) 600 
Platinum 27 
Lead 87 


10.44 FORMULAE 

Linear expansion bg Mg (t5 — t,)} 
Superficial expansion 4,=A, {148 (6 — 1,)} 
Volume expansion Vici Y (ts — n) 
Density d, = d, U -y(n — td} 


Reti E 


5. Coefficient of real expansion y = y, 4. »i my 


m» 
10.5A NUMERICAL EXAMPLES 


Example 1: The metal of a pendulum clock has a linear thermal coefficient 
of 2 x 1075 K-!. If the period is 2 s at 15 °C, calculate the loss or gain in 
time shown by the clock in 10 hours when its temperature rises to 35°C. 


Solution: Due to increase in temperature from 15 °C to 35°C the increase 
in the length of the pendulum is given by 


Al=JaAr 


4^ 
or TE Se LOTS 00 4v 10-* — 0.0004 


Thermal Physics 295 


If T is the time period when the length is / and T’ the time period when 
the length is /’, we have 


rg (mere J 
T 7. 1 since =27 ‘) 


where '=1+4t 
T. 14 A 
TUB EL, p^ = / 1.0004 = 1000 


T' = 2 x 1.0002 s = 2.0004 s 
Loss of time — 2.0004 — 2 = 0.0004 s 
This is the loss of time in every two seconds. Hence the loss of time in 
10 hours is 


10 x 3600 


Example2: A cylinder of diameter exactly 1 cm at 30 °C is to be slid into 
a hole in a stecl plate. The hole has a diameter of 0.99970 cm at 30 CON hal 
hoe temperature must the plate be heated? For steel « = Hee (Uma 
RC?) 


Solution: The hole will expand in the same way asa circle of steel filling it 
would expand. The diameter of the hole needs to be changed by 
Al See 0.99970 = 0.00030 cm 


But Al = «ram 


Al 0.00030 A 
EET Lor e 2 273.76 
4t= > = pi x 105 x 0.99970 : 


The plate must be raised to a temperature of 30 +'27.3 = 57.3 BG 


Example 3: A steel scale measures the length of a copper rod as 80.00 cm 
when both are at 20 ^C, the calibration temperature for the scale. What 
would the scale read for the length of the rod when both are ,at 40 G? 
a for steel = 11 % 10° (C 1 BEP for copper = 17 X 10-* (C). 
Solution; The length of 1 cm division of the steel scale at 40 °C is 


(1 em) x (1 + 11 X 107-5 x 20) = 1.00022 cm 


Length of the copper rod at 40 ^C will be 
(80) x (1-- 17 X 10* x 20) — 80.0272 cm 


The number of cm read on the scale will be 


80.0272 
1.00022 


Example 4: A barometer scale made of steel reads 750 mm on a day when 
the temperature is 20 °C. If the scale is correctly graduated at 0 c calcul- 
ate the correct pressure. Linear expansivity for steel is 12 X 107 i o 

and the coefficient of absolute expansion of mercury is 182 x 10 Cor. 


cm = 80.0096 cm 
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Solution: The length of the Scale at 20 ^C is 
bo = ly (1 + a, ft) 
= 750 X (1 + 12 x 10-5 x 20) mm 
The density of mercury at 20 °C is 


do eee) dy r 
I+iyt 33 482x% 107° x 20 


True pressure at 20 °C is given by 


dry = 


P = height at 20°C x density at 20°C x ¢ 
= ho X dy X g 


= 750 (1 + 12 x 1075 x 20) Dee ev 


which gives i — 747.46 mm 
08 


Now P—h dg 


where Jo is the true ba rometric height. 


hiems ev qan de tad 
dog 
The above result can also be obtained from Eq. (10.14) : 
iae = lovs (L+A t) (1 — y t) 
= 750 X (1 + 12 x 10-6 x 20) xx (1 — 182 x 10-5 x 20) 
= 747.45 mm S 
Example 5: A mercury barometer has a quartz bulb of volume 0.300 cm? 
and a stem of bore 0.0100 cm. How far does the indicating thread of mer- 


cury move when the temperture changes from 30 °C to 45°C ? Ignore the 
small expansion of the quartz bulb. The volume expansivity of mercury is 


182 x 10-5 (°C), 
Solution: The incrcase in volume due to expansion is given by 
AV=yVAt1 
= 182 x 10-5 x 0.300 x 15 = 8.19 x 10-4 cm? 
Cross-sectional area of the bore — 7 (0.01/2)? = ~ (0.005)? cm? 


8.19 x 107 


"(5 x 103) 


= 10.4 cm 


Height through which mercury thread rises — 


Example 6: A glass flask of volume 250 cm? is just filled with mercury at 
20 "C. How much mercury overflows When the temperature ofthe system 
is raised to 100 °C ? The coefficient of volume expansion of glass is 12 X 
1075 (°C)! and that of mercury is 18 x 10-5 EES 


Solution: The increase in the volume of the flask is 


(84V), — Vy At = 250 x 12 x 10-6 x 80 == 0.24 cm? 
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The increase in the volume of mercury is 
(4 V),, = 250 X 18 x 105 x 80 = 3.6 cm? 
Therefore, the volume of mercury overflowing is 
3.6 — 0.24 = 3.36 cm? 
Example 7: A one litre flask contains some mercury. It is found that at 
different temperatures the volume of air inside the flask remains the same. 
What is the volume of mercury in the flask? Given the coefficient of linear 


expansion of glass = 9 x 10-5 (^C)-!, the coefficient of volume expansion 
of mercury is 1.8 x 10*(Cy! (IIT 1973) 


Solution: Let x be the volume of mercury in the flask. Since the volume 


of air in the flask remains constant, the volume expansion of the flask must 
be exactly equal to the expansion of mercury ‘n the flask. Therefore 


V y, At xA 


where y, and ym are the volume expansivities of glass and mercury res- 
pectively. 


x= VE 
Ym 
Here »,-3Xx 95 10527 9 CC 


Ym = 18 x 1075 CC)", WV = 1000 cm? 


1000 «0 T es LOR CUN ME 
; PUBL. UU 
X ig x 1075 cm 150 cm 


Example 8: A sphere of diameter 7 cm and mass 266.5 g floats in a bath 
of liquid. As the temperature is raised, the sphere begins to sink at a tem- 
perature of 35 ^C. If the density of the liquid is 1.527 g cm ? at 0 °C, find 
the coefficient of cubical expansion of the liquid. Neglect the expansion of 
the sphere. (IIT 1962) 


Solution: When the sphere just begins to sink, the upthrust experienced by 
it must be equal to its weight. Thus, 


(5s ") d; = 2660 


Substituting ~ = 3.5 cm in this equation we get d, = 1.484 g cm? 


Also d= d, (Y + y t) 


= 1.484 (1 + 35 y) 
Now, d, = 1.527 g cm. Using this value of d, we get 
y = 8.30 x 1074 °C)" 


Example 9: A metallic bob weighs 50 g in air. If it is immersed in a liquid 
T a temperature of 25 °C, it weighs 45 g. When the temperature of the 
Iquid is raised to 100 °C, it weighs 45.1 g. Calculate the coefficient of cubi- 
cal expansion of the liquid, given the coefficient of lincar expansion of thc 
Metal to be 12 x 10% (°C) 7. (MIT 1973) 
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Solution: Let y,, be the coefficient of cubical expansion of the metal. 
Then yum range) 360) x) 107° CC)! 


If 1; and V; are the volumes of the metal bob at 4; = 25 °C and h = 
100 C respectively, then 


= es «19:575 = 1.0027 


V 
Now, Upthrust — loss of weight of the bób in the liquid 
Vi d m RS AERE 
and Vy dj = 50 — 45.1 = 4.9 g 


Here d, and d; are the densities of the liquid at 25 °C and 100 °C respec- 
tively. Therefore 


Vache JEN 
V2 th X? 4.9 
But PARET OS 
EE E O ENSY Jm 
|y = g X 1007 = 1.0232 
0. a 
Ae 20222 — 3.088 x 104 ^C) 


Example 10: A sinker of weight Wọ has an apparent weight W, when 
placed in a liquid at a temperature /, and W, when weighed in the same 
liquid atà temperature ft. The coefficient of cubical expansion of the 


material of the sinker is 8. What is the coefficient of volume expansion of 
the liquid ? 


Solution: Let vı be the volume of the sinker at temperature /, and V2 its 
volume at temperature 1. If d, and d, are the densities of the liquid at 
temperatures /, and f» respectively, then we have 


W-W=Vide 
and Wy) ~ Wy = dg 


because the loss of weight of the sinker must be equal to the weight of the 
liquid displaced. 


Wy -= Wy Vick 
Ws Wo d Weds 
But V3 ss ee 8 (ti ni 
and dy = dy {l + y (t5 — 1) 
where y is the coefficient of cubical expansion of the liquid. 
Substituting for Vi/F» and dj/d» we have 


Wo — Wir 2 Misty (ta = ty) 
Wo— Wi VB — t) 
(Wo — WM) {L + Büs =n)! = (Wo ~ Wa {1 + y (5 — 0 
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which gives 


,. GE BN oy) 
í: (Wo — W) (h — t;) (Wo — W^.) 


10.6A TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are 
true or false giving, in brief, the reasons in support of our answersin each 
case. 


1 


2 


A thermometer measures the amount of heat in a body. 
A temperature change which increases the length of a steel rod by 0.1% will in- 
crease its volume by 0.3%. 


. If a copper plate, with a hole in it. is heated, the hole becomes smaller due to ther- 


mal expansion. 

When the distance between two fixed points is measured with a steel tape, the 
observed reading will be less on a hot day than on a cold day. 

A temperature change of 1 °C on the celsius scale is equal to a temperature change 
of 274 K on the kelvin scale. 


ANSWERS 


jih 


n 


Faise The working of a thermometer is based on the principle of thermal expan- 
sion and hence measures the change in the temperature of a body. 

True The coefficient of volume expansion is nearly three times the coeficient of 
linear expansion. 


. False The hole becomes larger due to expansion as if it were a part of the solid 


plate. Alternatively, one could imagine the plate to be cut in such a way so as to 
form a rectangular plate. The expansion would cause an increase in length unifor- 
mly. (This is equivalent to an increase in the outer and inner circumference of the 
circular plate). 

True , Because of the expansion of the steel tape on a hot day, the markings on 
the tape would be farther apart than on a cold day. 

False Since the size of a degree on the celsius and the kelvin is the same, a tem- 
perature change of 1 °C corresponds to a temperature change of 1 K. 


107A MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives in each of the follo- 
wing: 


in 


A barmade of iron for which « = 11 x 107* per “Cis 10.000 cm at 20 `C. At 
19 *C the length is 

(a) 1] x 10° cm longer (b) 11 x 107* cm shorter 

(c) 11 x 10-5 cm shorter (d) 11 x 107* cm shorter 

A linear accelerator contains a hundred brass discs tightly fitted into a steel tube. 
The coefficient of expansion of brass is 2 X 10-5 per 'C. The system is assembled 
by cooling the discs in dry ice (—57 ^C) to enable them to slide into the close- 
fitting tube. If the diameter of the disc is 80 mm at. 43 °C, its diameter in dry ice 
Will be 


{a) 78.40 mm (b) 79.68 mm 
(c) 80.16 mm (d) 79.84 mm 
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3 


s 


When a copper ball is heated, the largest percentage incrcase will occur in its 


(a) diameter (b) area 
(c) volume (d) density 


At about 4° C,a certain amount of water has maximum 


(a) density (b) energy 

(c) volume (d) specific heat 

To keep correct time, watches are fitted with a balance wheel made of 
(a) stainless stecl (b) platinum 

(c) tungsten (d) invar 


10.8 A NUMERICAL EXERCISES 


1. 
_ be placed in a hole-4.100 cm in diameter. Would it be possible to do the job by 


12 


6. 


D 


During the construction of a steel bridge, a steel rivet 4.103 cm in. diameter is t0 


first cooling the rivet in dry ice (— 78 °C)? The temperature of the surroundings 
is 22 °C and a for steel is 11 X 107* per “C. 


A steel scale is to be prepared such that the millimeter intervals arc to bc accurate 
within 5 X 107* mm at a certain temperature. Determine the maximum permissi- 
ble temperature variation during the ruling of the millimeter marks. For steel the 
value of æ is 13.22 x 107° per °C. (IIT 1967) 
A clock with a metallic pendulum is 10 s slow each day at a temperature of 30 iC 
and 5 s fast ata temperature of 15 °C. Determine the coefficient of linear expan- 
sion of the pendulum metal. 


- The design of a physical apparatus requires that there be a constant difference in 


length at any temperature between an iron and a copper cylinder laid side by side- 
What should be the lengths of the cylinders at 0 °C, for the difference in length to 
be 10 cm at all temperatures? a (Fe) = 11x 1075 (C)-!, a (Cu) == 17x107 CC). 

(IIT 1964) 


. An iron rim is to be fitted round the wheel of a wagon whose circumference at 


15 "C is 270.562 cm. The rim is the form of a band having a cross-section of 2.50 
cm? and inner circumference at 15 °C of 270,020 cm. (a) To what temperature must 
the band be heated to fit tightly on the wheel? (b) What will be the tension in the 
band when it cools to 15 °C? The value of « for iron = 11 X 107° (C). 

The relative density of aluminium is 2.699 and that of glycerine is 1.248 at 20 C. 
A block of aluminium whose volume is 100 cm? at 20°C is immersed in glycerine 
at 20 C. (a) What is the apparent weight of the aluminium block? (b) What will 


be the apparent weight of the block if the system is hcated to 80 °C?« (Al) = 26 
x05" CO) i 


. Aniline is a liquid which does not mix with water and when a small quantity of it 


is poured into a beaker of water at 20 ^C, it sinks to the bottom; the densities of 
the two liquids being 1021 and 998 kg m^? respectively. To what temperature 
must the beaker and its contents be uniformly heated so that the aniline will form 
a globule which just floats in the water? The mean coefficients of real expansion 


of aniline and water over the temperature range are 8.5 x 107! and 4.5 x 107* Ks 
respectively. 


. A glass weight thermometer is filled with mercury at 0 °C. When it is heated to 


100 °C, 7.785 g of mercury overflow and 450 g remain in the thermometer. If 81y- 
cerine is used in place of mercury, the corresponding figures are 2.173 g and 418. 
Determine (a) the coefficient of linear expansion of glass, (b) the coetlicient of 
volume expansion of glass and (c) the coefficient of volume expansion of glycerine. 
Using the following data, determine the temperature at which wood will just sink 
in benzene. 
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Density of benzene at0 C = 900 kg m^? 

Density of wood at 0 C = 880 kg m? 

Coefficient of volume expansion of benzene = 1.2 » 107* K^' 
Coefficient of volume expansion of wood = 1.5 x 107! K^'. 

10. A certain Fortin's barometer has its pointers, body and scales made'of brass. 
When it is at 0 ^C, it records a barometric pressure of 760 mm of Hg. What will it 
read when its temperature is increased to 20 °C if the pressure of the atmosphere 
remains unchanged? The coefficient of real expansion of Hg = 1.8 x 107* K^' 
and the coefficient of linear expansion of brass — 2 x 107* K-?. 


SECTION B; MEASUREMENT OF HEAT 


10.1B REVIEW OF BASIC CONCEPTS 


10.1B. 1 Heat We know that heat is a form of energy. We may regard 
it as a form of energy that is transferred as a consequence of a difference in 
temperature between a system and its surroundings; the transfer, of course, 
taking place in compliance with the law of conservation of energy. 


10.1B.2 Units of Heat A popular unit of heat is the International. 15 C 
calorie, ordinarily referred to simply as the calorie. A calorie is the amount 
of heat required to raise the temperature of one gram of water from 14.5 
"€ to 15.5 °C on the international scale of temperature under the pressure 
of one normal atmosphere. 

The units of heat now used in the SI units is the standard unit of energy, 
the joule. The relation between the two units is 


| cal == 4.1868 J 


10,1B.3 Thermal Capacity The thermal capacity of a body is the quan- 
tity of heat required to raise the temperature of the whole of the body 
through a unit degree. It is measured in calorie per °C or joule per K. 


10.1B. 4 Specific Heat Capacity The specific heat capacity (also refer- 
Ted to as specific heat) of a substance is the amount of. heat required to 
raise the temperature of a unit mass of the substance through 1 °C. It is 
measured in cal g ! CC)! or J kg! Kt. 

Strictly speaking, the specific heat capacity of a substance depends upon 
(i) its temperature and (ii) the external conditions under which it is heated, 
€g. constant pressure or at constant volume. However, for ordinary pur- 
Poses, the dependence on temperature is usually neglected. Also the diffe- 
Tence in the specific heat capacities of solids and liquids. when heated at 
Constant pressure or at constant volume, is small enough to be neglected. 

Or gases, on the other hand, this difference Is significant and we have to 
differentiate between the specific heat of a gas at constant pressure and at 
Constant volume. 


WAB 5 Water Equivalent The ‘water equivalent’ ofa body is the mass 
of Water which would require the same quantity of heat to raise its tempe- 
rature through 4 unit degree as the body does. Jn other words, it is the mass 
of water which has the same heat capacity as that of the body itself. Hence 


the units of water equivalent are kg. 
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If w is the water equivalent of a body of mass m and specific heat s, we 
have, by definition of w, 


wx Ss, = m1 Xs 


where s, is the specific heat capacity of water. Thus 


As 
Wo nm x (3) 
Sy 


The specific heat capacity of water is | cal g! (°C) !. Thus, in these units, 
the water equivalent of a body is simply its mass times its specific heat 
capacity. In these units, therefore, it is numerically equal to the thermal 
capacity of the body. 


10.1B.6 The Basic Heat Formula The heat Q required to raise the tem- 
perature of a mass m of a substance of specific heat capacity s through! 
degrees is given by 


Q zm o s IKE. 
ie. Heat required = mass X specific heat x change in temperature. 


This is the basic heat formula. 


10.1B. 7 Calorimetry Calorimetry is concerned with the measurement of 
heat, the basic apparatus for this purpose being called the calorimeter. 
When two bodies at different temperatures are ‘mixed’, heat ‘flows’ from 
the body at a higher temperature to the one at a lower temperature, until à 
common 'equilibrium' temperature is reached. Assuming this “heat ex- 
change’ to be confined to the two bodies alone (i.e. neglecting any heat 
loss to the surroundings) we have, from the law of energy conservation: 


Heat gained by one body — Heat lost by the other 
This is the basic principle of calorimetry. 


10.1B. 8: Latent Heat We know that energy has to be supplied to a body 
to make it pass from the solid to the liquid phase. This heat energy is uti- 
lised in bringing about the change of state and does nox show itself as a rise 
ip temperature on a thermometer. It is, therefore, called latent (hidden) 
eat. 

The /atent heat of fusion of a substance is the quantity of heat required 
to change a unit mass of a solid substance from the solid state to the liquid 
state, the temperature remaining constant. 

The latent heat of vaporisation of a substance is the quantity of heat re- 
quired to change a unit mass of the substance from the liquid state to 
the gaseous state, the temperature remaining constant. 

Latent heats are measured in cal g^! or J kg". If L is the latent heat for 
a particular phase change’ of a substance, the quantity of heat needed to 
change the ‘phase’ of a mass nz of that substance is given by 


OET 


10.1B.9 Principle of Cooling When a body is placed in an enclosure $9 
that it loses heat | only by radiation from its surfaces, the cooling of the 
body takes place in accordance with the general law: 

$0 à 

sp = KS) 
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where ô Q = quantity of heat lost by the body in time ô /, K is a constant 

depending on the nature and area of the exposed surface of the body and 

J). a function of 0, the excess temperature of the body over the surroun- 
ings. 

Irrespective of the form of the function f, the above relation signifies that 
the rate of cooling depends upon the excess temperature in a well defined 
way and this dependence remains the same under identical conditions. Thus, 
if equal volumes of water and some other liquid are allowed to cool under 
identical conditions (i.e. in identical calorimeters kept in identical surroun- 
dings) from the same initial temperature ô, to the same final temperature 
b, their rates of cooling must be the same. This is the underlying principle 
of the method of cooling used for determining the specific heats of liquids. 


10.2B SI UNIIS 


Tahle 10.2 
Quantity SJ unit 
Heat J (joule) 
Thermal capacity YR ig 
Specific heat capacity Ske KT 
Water equivalent kg 
Latent heat of fusion J kg^! 


or vaporisation 
LL 


10.3B FORMULAE 
I. 1 cal = 4.1868 J = 4.2J 


nN 


H=mx s 
H = thermal capacity, m = mass, and s = specific heat capacity 


S 
3: w=mx ES 


w = water equivalent, jj = mass, 
s = specific heat capacity of the body, 
5$, = specific heat capacity of water. 
4. Q=mxsxXt 
Q = heat required, m = mass, s = specific heat capacity 


t 


ll 


li 


„rise or fall in temperature. 
5. For heat exchange between two bodies, 
Heat gained by one body — Heat lost by the other. 
6. 5 (Ova DE AE 
Q = heat required for ‘phase change’ at constant temperature 


m = mass, and’ /, — latent heat of the substance for the phase change be- 
ing brought about. 
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7. The general cooling law 


80 


5Q = quantity of heat lost by a body in time à 1, K — constant dependent 
on the nature and area of the exposed surface of the body and 0 = excess 
temperature of the body over the surroundings. 


8. Some useful constants are 
Specific heat capacity of water = 4.2 x 103 J kg"! K^! 
Latent heat of fusion of ice at 0 ^C = 336 x 10° J kg-' 
Latent heat of vaporisation of steam at 100 °C 
= 22.5 x 108 J kg! 


10.4B NUMERICAL EXAMPLES 


Example 1: A copper calorimeter of mass 100 g contains a lump of ice at 
— 4°C. When 520 calories of heat are given to the calorimeter and its 
contents, the temperature rises from — 4 °C to -- 2°C. The addition of 
another 41540 calories of heat brings the temperature of the calorimeter 


and its contents to + 2 °C, Determine the specific heat capacity of copper 
and the mass of ice present in the calorimeter. 


Given: Latent heat of fusion of ice = 80 cal gi 
Specific heat capacity of ice = 0.5 cal g~! (C)! 


Solution: Let s be the specific heat capacity of copper and m the mass of 
Ice present in the calorimeter. We then have 


100 x s x (—2—(— 4)} + m x 0.5 x {— 2 — (—4) = 520 
or 200 s -+ m == 520 (1) 


Also 100 x s X 12 —(— 2) + m x 0.5 x 10 — (— 2) 


Tmx80-4-m*x1|x(2-90- 41540 
or 400 s.-- 83 m = 41540 (ii) 
Solving Eqs (i) and (ii) we get 
m = 500 g 
and s = 0.1 cal g*! (*C)-! 
Example 2: A thermally insulated vessel contains some water at 0 ^C. The 
vessel is connected to a vacuum pump to pump out water vapour. It is ob- 


served that this results in some water getting frozen. Explain why this hap- 
pens and work out the maximum percentage of water that will get solidifi- 


ed in this way. Given 
Latent heat of vaporisation of water at 0 ^C = 21 x 105 J kg" 
Latent heat of freezing of water = 3.36 x 105 J kg". 


Solution: As the system is "thermally insulated’, the heat required for br 
porisation is extracted from water itself. The water in the vessel being 4 
0 ^C, this results in part of the water getting frozen. 
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Let x be the maximum fraction of water frozen in this way. Then (1—x) 
is the fraction that gets vaporised, Equating the heat given out in the first 
process to the heat gained in the second, we have 


x X 3.36 x 105 = (1 — x) x 21 x 10° 
which gives 
x — 0.862 


Thus a maximum of 86.2 °; of water present in the vessel can be frozen in 
this manner. 


Example 3: A copper calorimeter of mass 100 g contains 200 g of a mix- 
ture of ice and water. Steam at 100 *C under normal pressure is passed in- 
to the calorimeter and the temperature of the mixture is allowed to rise to 
50 ^C. If the mass of the calorimeter and its contents is now 330g, what 


was the ratio of ice and water in the beginning? Neglect heat losses. Given 
Specific heat capacity of copper = 0.42 x 10! J Eod 

Specific heat capacity of water — 4.2 X 103 Jkg ' K^! 

Latent heat of fusion of ice = 3.36 x 105 J Kg-! 

Latent heat of condensation of steam = 22.5 x 10° J kpt: 
Solution: Heat is lost by steam in getting condensed and gained by water, 


ice and the calorimeter. Let the calorimeter originally contain x grams of 
ice and (200 — x) grams of water. We then have 


Heat gained by calorimeter = 100 0.42 x 10 x (50 — 0) 


1000 
= 2100 J 
Heat gained by ice — 1500 (3.36 x 105 | 4.2 x 10° G0 — 0) 
= x {(336 + 210)} = 546 x J 
Heat gained by water = e ao x42 x 10? x (50 — 0) 


— (42000 — 210 x) J 
Heat lost by steam 


= 030 - 200 309) x [2.5 x 105 + 4.2 X10? x (100 — 50) 


= 30 (2250 + 210) = 73800 J 
Heat gained = Heat lost 
546 x + 2100 + 42000 — 210 x = 73800 
which gives x = 88.4 g 
Mass of ice in the original mixture = 88.4 8 
Mass of water in the original mixture = 200 — 88.4 = 111.68 


Ratio of ice present to water present — 88.4: 111.6 
= 1: 1.26 
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Example 4: An aluminium container of mass 100 g contains 200 g of ice at 
— 20 °C. Heat is added to the system at the rate of 100 calories per second. 
What is the temperature of the system after four minutes? 


Draw a rough sketch showing the variation of the temperature of the 
system as a function of time. Given: 


Specific heat of ice = 0.5 cal g^! (^C)! 

Specific heat of aluminium = 0.2 cal g^! (°C)! 

Latent heat of fusion of ice — 80 cal g!. (IIT 1973) 
Solution: As heat is added to the system, the container and the ice in it 
will first be brought to 0 °C; next the ice will melt and, if this process is 
completed before four minutes, the water formed will be heated above 0 °C 


to some temperature ? °C. Let us calculate the heat required in each step 
and thence the time needed for that step. 


(i) Heat required to bring the container and ice from — 20 ^C to 0°C 
= 100 x 0.2 x (0 — (— 20)} + 200 x 0.5 x (0— (— 20)} 
= (400 + 2000) = 2400 cal 


Time 7, needed for this = E = 24s 


(ii) Heat required to melt the ice at 0 °C into water at 0 °C 
= 200 x 80 = 16000 cal 


Time f; needed for this = rd = 160s 


ti + h = 24 + 160 = 184s ' 


This is less than 4 minutes (= 240 s). Hence the heat supplied during the 
remaining (240 — 184) = 56 s will be used up in raising the temperature 
of the container and 200 g of water in it to some final temperature t. 


Heat supplied in 56s = 56 x 100 = 5600 cal 


Hence 5600 = 100 x 0,2 x (t —0) --200 x 1 x (t — 0) 
or 220 t — 5600 
or == 25.45 °C 


Thus after four minutes, the container and the ice initially in it will have 
acquired a temperature of 25.45 °C, 


The variation of temperature of the system as a function of time is as 
shown in Fig. 10.2. 


Example 5: Equal volumes of water and alcohol, when put in similar calo- 
rimeters take 100 s and 74 s respectively to cool from 50 ‘C to 40 °C. Cal- 
culate the specific heat capacity of alcohol given that the thermal ca- 
pacity of each calorimeter is numerically equal to the volume of either 
liquid. Take the relative density of alcohol as 0.8 and the specific heat 
capacity of water as 1 cal per gram per ^C, 
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Solution: Let V cm? be the volume of either liquid. Then the thermal ca- 
pacity of each calorimeter is also V cal per *C. 


30 


25:45 ^C 
e 
f= 
T 
E 
^ 
& 
E 100 150 200 250 
= Time (in 5) — 
-10 
-20 


Fig. 10.2 


Mass of water = V x 1 — Vg 
Mass of alcohol = Y x 0.8 = 0.8 V g 
The rate of cooling of the "water calorimeter’ 
=> SERI 
100 
= 5 V cal s~! 
The rate of cooling of the *alcohol calorimeter’ 


(Vv x (50 — 40) + V X 1 x (50 — 40)} 


- lw x (80 O ones onc 


l 
= 4 00V +88) 


Because identical volumes of the liquids are getting cooled under identi- 
cal conditions, the rate of cooling js the same in both the cases. Hence 


1 
= -8 Vs 

Sy ==, 00V + ) 
which gives 

s = 0.6 cal g^! CC)! 
Example 6: A body initially at 80 oC cools to 64 °C in five minutes and to 
52 "Cin 10 Nd. LR M be its temperature after 15 minutes as also 
the temperature of surroundings? 
Solution: Let 69 be the temperature of the surroundings. We assume that 


ee cooling of the body takes place in accordance with the law of propor- 
lonality: 


50 


si = K (0 — 0) 
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Since ô Q = m s 58, we have 
ms ô 
(0 — &) = — Kôt 
5a ES 
or E x 6-—m: 
where k u £ is a constant for that body. 
Integrati h L a6 k[^ 8 
4 vi ——— == — t 
ntegrating, we have n (8 — 9; i 
0; = 9 p 
or log, (2 = 2) -—kí(t-t) 
Substituting the given data we have 
— 8, 
log. (50e) e ($m SE 
52 — & : s 
and oe (g R) = -kao s= — Sk 


Hence 80 — à, = 64 à, 
or (64 — 8u)? = (80 — %) (52 — %) 
or 4096 — 128 % + 05 = 4160 — 132 bo + 02 


which gives fo = 16 “C 
Let the temperature of the body be « ^C after 15 minutes. We then have 


& Bois 64—6, 64—16 3 
52--%  80— 60,  80— 16 4 
4—16 3 

og 52—16 4 

or 42 —- 64 = 108 


which gives x = 43 °C 


Thus the body will have cooled down to 43 °C 15 minutes after the start 
of the cooling process. 
Example 7: A mixture of 250 g of water and 200 g of ice is kept in a calo- 
rimeter of water equivalent 50 g. If 200 g of steam at 100 ^C is passed 


through this mixture, calculate the final temperature and the weight of the 
contents of the calorimeter. (IIT 1974) 


Solution: Lct us find out the heat required to raise the temperature of the 
calorimeter and its contents from 0 °C to 100 °C. The system is equivalent 
to (250 + 50) g or 300 g of water at 0 °C and 200 g of ice at 0 °C. 


Heat required to raise the temperature of 300 g of water from 
0 °C to 100 °C = 300 x 1 x (100 — 0) = 30,000 cal 
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-— Heat required to (i) melt 200 g of ice at 0 °C into 200 g of water at 0 °C 
- and (ii) raise the temperature of 200 g of water from 0 °C to 100 °C 


a uo 
SN = 200 x 80 + 200 x ! x (100 — 0) = 36,000 cal 

y . Total heat needed to bring the calorimeter and its contents to 100 °C 

= 30,000 + 36,000 = 66,000 cal 


If all the steam at 100 ^C were to condense into water at 100°C, the 
- heat released will be 200 x 540 = 108,000 cal. This is more than the heat 

required to raise the calorimeter and its contents from 0 °C to 100 °C. 
— Hence all the steam will not condense. In fact, only that much mass (say 
EN grams) of steam will condense that can release 66.000 cal of heat on con- 
= densation. Hence, 
E m — $6000 
P x $40 


Thus the final temperature will be 100 *C with (200 — 122.2) g— 77.8 g 
‘of steam remaining uncondensed. 


` Example 8: About 5 gof water at 30 °C and 5 gof ice at — 20 °C are mix- 
together in a calorimeter. Find the final temperature of the mixture. 
ater equivalent of the calorimeter is negligible. 


ecific heat of ice = 0.5 cal g~! CC)! 
tent heat of fusion ofice = 80 cal g^! (IIT 1977) 


lution: Let us first calculate the heat required to (i) raise the tempera- 
re of ice from — 20 °C to 0 °C and (ii) melt the ice at 0 °C into water at 


ao c 
— Heatrequired for step (i) = 5 X 0.5 x (0 —(— 20)) = 50 cal 
A Heat required for step (ii) = 5 x 80 = 400 cal 
a When water at 30 °C is allowed to cool to 0 °C, the heat given out 
=5x 1 x (30 — 0) = 150 cal 


— . Thus it is clear that all the ice cannot melt and the system will remain at 
.. 0*C. Since only (150 — 50) = 100 cal are available for melting ice, the 
. mass of ice melted = 100/80 = 1.25 g. ; 

Thus finally the mixture consists of (5 + 1.25) = 6.25 g of water at 0 c 
_ and(5 — 1.25) = 3.75 g of ice at 0 °C. 


j Example 9: Earthen vessels are widely used for cooling water in summer. 
n water evaporates at the rate of o kg s^! from one such vessel (of 
equivalent w kg) containing M kg of water, the temperature falls from 
to 6, in t seconds (M > c r). Assuming that a fraction fof the heat need- 

Or evaporation is taken from the vessel and the contained water, 
tain a formula for the average rate of fall of temperature. Take L as the 
age latent heat of vaporisation and s as the specific heat of water. 


n: The average rate of fall of temperature is (0, —93)/t. The amount 
er evaporating in / seconds = c t kg. The heat needed for its evapo- 
n over the temperature range 6, to 9 is a t L, where L is the average 
at of vaporisation in this temperature range. ‘ 

a fraction f of this heat is taken from the vessel and the contained 
the heat lost by the two is fot L. 


= 122.22 
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The mass of water in the vessel is M at the start and (M — o t) after 1 
seconds. Since M > c t, we may assume that the mass of water will remain 
constant at M. Therefore, heat lost by the vessel and water in cooling from 
6, to £5 is 


(M +) X s X (6, — 6) 
We thus have 
fetL-—Ms(8h — €) 


Dico d RD 
er Lu M s 
Thus the average rate of cooling is given by ILE 


Example 10 A vessel is completely filled with 500 g of water and 1000 g 
of mercury. When 21200 calories of heat are given to it, water of mass 3.52 
g overflows. Calculate the coefficient of volume expansion of mercury. The 
expansion of the vessel may be neglected. 


Coefficient of volume expansion of water = 1.5 x 1074 per °C 
Specific heat of mercury = 0.03 cal g-! (C)! 
Density of mercury = 13.6 g cm? (IIT 1976) 


Solution: The volume of water that overflows must equal the total increase 
in the volumes of mercury and water as a result of their rise in temperature 
through ¢ °C (say). To calculate t we notice that 


21200 = 500 x 1 x t+ 1000 x 0.03 x t 


which gives 


t'24056 
Now initial volume of water — Lees = 500 cm? 
] gem 
and initial volume of mercury = CARIUS as 73.529 cm? 
13.6 g cm? 


Final volume of water = 500 (1 + 1.5 x 1074 x 40) = 503 cm? 
Final volume of mercury = 73.529 (1 + y x 40) em? 
where » is the coefficient of volume expansion of mercury 
Increase in volume of water and mercury 
= 73.529 (1 + 40 y) + 503 — 73.529 — 500 
= (73.529 x 40 x y + 3) em? 
= (2941.16 y + 3) cm? 


This must equal the volume of water that has overflown. Now the density 
of water at the new temperature is given by 


d, = d (1—1.5 x 10-4 x 40) 
= 1 (1 — 0.0060) = 0.994 g cm~? 
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Mass of water overflowing 3.52 g 


A L4 ve ERR TA 
Volume of water overflowing — 0.994 
= 3.54 cm? 
Hence 2941.16 y + 3 = 3.54 
or y = 1.84 x 107* CC)" 
10.5B TRUE-FALSE STATEMENTS WITH REASONS 


Given below are some statements. We have to decide whether they are true 
or false, giving, in brief, reasons to support our answers. 
1. It is possible to just melt a given mass of ice completely by using an equal mass of 
water at 100 °C. 
2. The specific heat capacity of a solid is different when the solid is heated at (i) con- 
| stant volume and (ii) at constant pressure. 
3. The water equivalent of a body is numerically equal to its thermal capacity irres- 
pective of the units used. 
4. The ‘method of cooling’ for determining the specific heats of liquids can be used 
only over the temperature range for which Newton’s law of cooling is valid. 
5. The heat required to melt 102.35 g of ice at0°C into water at 0 °C is roughly 
1/7th that needed to convert the same mass of water at 100 °C into steam at 
100 °C, 


ANSWERS 


1. False Since the latent heat of fusion of ice is 80 cal 

is only 80 °C as is given by the formula 
mX E alae 0) 
With L = 80 cal g^, £ comes out to be 80 °C. 

. True When a solid is heated at constant pressure, it does expand a little and some 
heat is required for doing the mechanical work associated with this expansion. 
The difference between the two specific heats (at constant pressure and at constant 
volume) is small enough to be generally neglected for solids and liquids. 

. False The statement is true only for the CGS system in which the specific heat 
capacity of water is unity. It is not true for the ST system of units. 


4. False The method of cooling is valid for any law of cooling of the form 


èQ 
aY ia K f (0) 


g7}, the required temperature 


t2 


p 


irrespective of the form of the function f. 
5. True The required heats are the same ratio as the latent heat of fusion of ice and 
the latent heat of vaporisation of water. The ratio is 80 : 540 or roughly 1 : 7. 


10.68 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alte 
ing 
1. 1080 g of ice at 0 °C is mixed with 1080 g of water at 80 °C. 


of the mixture will be 
(a) 0*C (b) 40 °C 
(©) 60°C (d) 80°C 


rnatives in each of the follow 


The final temperature 
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2. A source of heat supplies heat at a constant rate to a solid cube. The variation of 
the temperature of the cube with the heat supplied is shown in Fig. 10.3. The 
slope of the part ST of the graph represents 


(a) the latent heat of the vapour 

(b) the specific heat of the vapour 

(c) the thermal capacity of the vapour 

(d) the reciprocal of the thermal capacity of the vapour. 


Temperature —> 


o 


Heat input —+ 


Fig. 10.3 


3. In Fig. 10.3 of the above question, it is observed that RS = 2.5 PQ. It means that 
(a) the thermal capacity of the liquid is 2.5 times that of the solid 
(b) the specific heat capacity of the liquid is 2.5 times that of the solid 
(c) the latent heat of vaporisation of the liquid is 2.5 times the latent heat of 
fusion of the solid 
(d) the latent heat of fusion of the sclid is 2.5 times the latent heat of vaporisa- 
tion of the liquid. 


4. If there aré no heat losses, the heat released by the condensation of x gram of 
steam at 100 °C into water at 100 °C can be used to convert y gram of ice at 0 "C 
into water at 100 ^C. Then the ratio y : x is nearly 
(a) 1:1 (b) 2:1 
(c) 3:1 (d) 2.5:1 

5. The rates of cooling of two different liquids put in exactly similar calorimcters and 
kept in identical surroundings are the same if 


(a) the masses of the liquids are equal 

(b) equal masses of the liquids at the same temperature are taken 

(c) different volumes of the liquids at the same temperature are taken. 
(d) equal volumes of the liquids at the same temperature are taken. 


10.7B NUMERICAL EXERCISES 


1. A copper vessel of mass | kg is heated to 200 °C. What is the maximum mass of 
a lump of ice that, when put into the vessel, will get completely converted into 
steam? 


Specific heat capacity of copper = 0.1 cal g^! (^C)! 
Latent heat of fusion of ice = 80 cal g^! 
La tent heat of vaporisation of water = 540 cal g~. 


Li 


à 


Thermal Physics 313 


tə 


. When 500 g of mercury at 50 °C is poured intoa vacuum flask containing 90 g of 
water at 15 °C, the temperature of the mixture is 19 C. When 90 g of water at 
50.-C is poured into 500 g of mercury at 15 C contained in the same flask, thc 
temperature of the mixture is 38°C. Find the specific heat of mercury and the 
water equivalent of the flask. 

3. In an industrial process, 10 kg of water per. hour is to be heated from 20 Cto 
80 *C. To this steam at 150 *C is passed from a boiler into à copper coil immersed 
in water. The steam condenses in the coil and is returned to the boiler as water at 
90°C How many kg of stcam are required per hour? (UIT 1972) 

4, When a quantity of liquid bismuth at its melting point (271 C) is transferred to a 
calorimeter containing oil, the temperature of the oil rises from 12.5 ‘C to 27.6°C. 
If the experiment is repeated with solid bismuth at the same temperature, every- 
thing else remaining the same, the temperature of the oil rises to 18.1 °C, Calcu- 
late the latent heat of fusion of bismuth. The specific heat of bismuth is 0.032 
cal gy? K'!. 

5, A copper calorimeter of mass 200 g contains 500 g of water at 10 ^C. When 15.5 g 
of ‘moist’ steam is passed into water, the temperature rises to 30 °C. Neglecting 
heat losses, determine the percentage of water present in moist steam. 

Latent heat of vaporisation of water = 540 cal g` 
Specific heat of copper = 0.1 cal 8 (cyst 

6. The temperature of equal masses of three different liquids 4, Band C are12°C, 

19 ^C and 28 °C respectively. The temperature when A and B are mixed is 16 ^C 

and when B and C are mixed it is 23 °C. What should be the temperature when A 

and C are mixed? (LIT 1976) 


SECLION C: TRANSMISSION OF HEAT 


10.1C REVIEW OF BASIC CONCEPTS 


10.1C.1 Modes of Hcat Transfer The thrce main modes of heat trans- 
fer are (a) conduction, (b) convection and (c) radiation. 


Conduction According to Maxwell, conduction is the flow of heat through 
an unequally heated body from places of higher temperature to those of 
lower temperature 


Convection Maxwell defines convection as the flow of heat by the motion 
of the hot body itself carrying its heat with it. 


Radiation Radiation is the mode of heat transfer in which heat travels 
ad from one place to another without the agency of any intervening 
medium. 


10.1C.2 Steady State When a uniform rod is kept with its one end in con- 
tact with a heat source, it attains a steady state after a while. In the steady 
state, the temperature of any element of the rod is purely a function of its 
distance from the hot end but is independent of time. In this state, the flow 
of heat along the rod does not depend on the density or the specific heat of 
its material but is governed by another characteristic of its material called 


its thermal conductivity. 


10.1C.3 Thermal Conductivity The coefficient of thermal conductivity (k) 
of a material is defined as the rate of flow of heat through it ina steady 
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state across each unit area of it perpendicular to the direction of heat flow 
when there is a unit temperature gradient along the material. 

For a bar of cross-sectional area A, length / and having temperatures 6 
and 0; at its two ends, this definition tells us that the amount of heat Q 
flowing normally across the bar ‘in time / is given by 


Q-k40— 9, 


Here (0, — 63)/I is the uniform temperature gradient over the whole bar. 
Denoting the temperature gradient by — d8/dx, we also write this relation 
in the form 
CELE, 
Q — —kA Vp t 

This is the basic cquation for flow of heat by conduction. 

It is clear that the dimensions of k are M L T— 0^! and its units are cal 
cm! s~! (°C)! or J s! m7! K~! or Wm-! K-! where K denotes kelvin. 


10.1C.4 Thermal Resistance The thermal resistance of a body is a measure 
of its opposition to the flow of heat through it. It is defined as 
temperature difference at the two ends 


Thermal resistance = : 
rate of flow of heat through it 


It is easily seen that 


Thermatrrasistencs =e length or thickness of the material 
thermal conductivity x area 


I 


TEA 
This relation is analogous to the corresponding relation for electrical 
resistance. 


10.1C.5 The Case of a Compound Bar The case of a compound bar made 
up of two materials of thermal conductivities k, and k; is similar to the 
case of two resistances in series (see Fig. 10.4). For such a bar, we have, 
in the steady state 


8, 0; 
ANN eic 
Fig. 10.4 
Rate of flow of heat — heat current 
a 8) 
(iat Ea) 
le (0, -] 43) 
Sla) 


.., temperature difference at the ends 
total thermal resistance 
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If the rod or bar is made of two materials as shown in Fig. 10.5, the 
analogy with the law of resistances in parallel holds. The total thermal 
resistance in this case is given by 


(£5 
A NET 


Fig. 10.5 


10.1C.6 Increase of Thickness of Ice on a Pond Let the temperatures on 
the two sides of ice on the pond be 9, and 0; respectively and let L, p and 
k represent the latent heat, density and thermal conductivity of ice respec- 
tively. The time ¢ in which the thickness of ice increases from an initial 
thickness x, to a final thickness xz is given by 


1 b Lp IR n ist 
dt z ru b (GRO, xdx 


10.1C.7 Experimental Results on Conductivity 


1, The conductivity of metals is higher than that of other substances. 

2. Conductivity of liquids (except mercury) is small. 1 

3. Conductivity of gases is even smaller than that of liquids; hydrogen 
and helium being the best conductors among gases. 

4. The best conductors of heat are also the best conductors of electri- 
city. This fact is also expressed mathematically as the Wiedmann- 
Franz-Lorentz law: 

k 3/R 
oT j (S) = a constant 

Here k and o stand for the thermal and electrical conductivities and 

T is the absolute temperature of the material. 


oe Two Types of Convection There are two types of convection: 

i tee or natural convection and (ii) forced convection. Forced convec- 
9n takes place when a stcady stream of a fluid is blown as a draught, past 
à hot body, 

à = forced convection, Newton discovered a law of cooling according to 
Propor in a steady stream of air, the rate of cooling of a body is directly 
Th Roicond to the excess of its temperature over that of its surroundings'. 


Q dé 
a = msg 20» 
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where 6, is the temperature of the surroundings. Hence 


d 
e En 
di k (8 o) 


where K is a constant dependent on the.mass and the specific heat of the 
body being cooled. 

We must remember that Newton's law of cooling refers to the cooling 
mainly by convection. It is not a law of radiation and, in fact, if radiation 
losses are small, it holds even for large differences of temperature. 

Natural convection always causes the hot air to rise upwards carrying 
the heat of the hot body along with it. It is a consequence of gravity and, 
in general, continues only when free circulation of air is permitted by 
the surrounding conditions. 

For natural convection, we have an approximate Langmuir-Lorentz law 
according to which 


16 ; 
— FeO — y^ 


Thus the rate of loss of heat by convection is proportional to (i) the ex- 
cess temperature (8 — 65) for forced convection and (6 — 65)5/^ for natural 
or free convection. 


10.1C.9 The Lapse Rate The lapse rate in the atmosphere is the rate of 
fall of temperature per unit increase in altitude. It is given approximately 
by 


dT —  Mg(y — 1) 

dz R y 
Where Af = molecular weight of air, R = gas constant, y = the ratio 
of the. two specific heats of air and g = acceleration due to gravity. 


For dry air, the lapse rate is about 10°C per kilometre. When the air 
is saturated with water vapour, the lapse rate is about 1°C per 150 m. 


10.1C.10 Properties of Thermal Radiation Thermal radiations are electro- 
magnetic waves (just like visible light) except that they are not visible. 
They travel in free space at the speed of light. They obey all the laws of 


light such as rectilinear Propagation, reflection, refraction, interference, 
diffraction and polarisation. 


10.1C.11 Emissive Power The emissive power of a surface is defined as 
the rate of emission of thermal radiation per unit area of the surface at å 


given temperature compared with that of a black body under similar condi- 
tions. 


10.1C.12 Absorptive Power The absorptive power of a surface is the ratë 
of absorption of thermal radiation per unit area of the surface compare 
with that of a black body under similar conditions. 


It may be noted that the absorptive power of a perfectly black body 15 
unity as it absorbs all the radiation incident on it. 


10.1CJ13  Prevost's Theory of Heat Exchanges According to this theory 
all bodies emit thermal radiation at all temperatures above absolu 
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zero, the amount of radiation emitted increasing with increase in tempera- 
ture. Also there is a continual exchange of radiation between a body and its 
" surroundings and the rise or fall in its temperature is purely a consequence 
"of this exchange. 


10.1C.14 Kirchhoff's Law The ratio of the emissive and absorptive powers 
for radiation of a given wavelength is the same for all substances at the 
same temperature and is equal to emissive power of a perfectly black body 
at the same temperature. 

In simple qualitative terms, Kirchhoff’s law implies that ‘good emitters 
are good absorbers and poor emitters are poor absorbers’. 


10.1C.15 Stefan Boltzmann Law The rate of loss of heat by radiation per 
unit area of the surface of a perfectly black body is directly propertional to 
the fourth power of its absolute temperature. 

B= orks 
where c, the Stefan’s constant, is a uniVersal constant being equal to 5.672 
x 1075 Wm K-* in SI units. 

We often extend this law by saying that if a black body at a temperature 
T is surrounded by a constant temperature enclosure at temperature Tos 
the net rate of loss of heat per unit area of the former is given by 

Ex = c (T* — TQ) 

For a body of emissivity e we have 
E, = ec (T* — TQ) 

For small differences of temperature (T = To), we have 
Ex « (T — To) 

This is similar to what Newton’s law of cooling states. However, we 
must not think of Newton’s law as a special case of the Stefan Boltzmann 
law. This is because whereas the former is a law of cooling under forced 
convection conditions (with radiation playing only a minor role), the latter 


is a law of pure radiation and is basically a law of emission and not one ot 
cooling. 


10.1C.16 Wien’s Displacement Law According to this law, fora black 
body the wavelength (A,,) for which the emissive power (Ep) has its maxi- 
mum value is inversely proportional to its absolute temperaturey(T), i.e. 


àm T = a constant 
The value of the constant is found to be 2.93 X 107? mK. 


10.2C SI UNITS 


Table 10.3 
aoa’ a ER 
Physical Quantity SI Unit 
Thermal conductivity wore K^ 
Thermal resistance J i 
Rate of heat loss Js m 
Rate of fall of temperature Ks if 
Lapse rate de nr 
.Emissive power 
bars wm? K- 


Stefan's constant ) 
Wien's displacement law constant. iom ii 
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10.3C FORMULAE 


i 


- Thermal resistance — 


O=kA Mz 0) t 
Q = amount of heat flowing normally across a bar in time 1 
A = cross-sectional area 
= length of bar — 
0,, 8; = temperatures at the two ends of the bar 
k = thermal conductivity of the material of the bar 


~ 


kA 


. Thermal resistance of two bars 


(i) in series — Y (4) 


(ii) in parallel = 


=) 


temperature difference at two ends 
. Heat current for a compound bar --.¢™peratu 


total thermal resistance 


m Lp 2 2 
t= STi Sar (9p (xz 1) 
L — latent heat of ice, o — density of ice, k = thermal conductivity 
of ice, / — timetaken in increasing the thickness of the ice block from 
an initial thickness x, to a final thickness x; andé@,, 0, = tempera- 
tures at the two ends of the block of ice. 


k 
oT = a constant 


k = thermal conductivity o = electrical conductivity 
T = absolute temperature, 


. For forced convection (Newton's law of cooling) 


dé 
Ad PEE OD 


10 
a = rate of fall of temperature of a body at a temperature Ü 


fo = temperature of the surroundings 
For natural convection 
= To (0 — Ay)s/4 
This is known as the (ive -fourths power law or Langmuir-Lorentz law. 
dT MESA 
dz R y 


dT Mar 
ES lapse rate (rate of fall of temperature per unit increase 
^ in altitude 


M = molecular weight of air, = gas constant y = ratio of the 
two specific heats of air 
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10. Eo 
E = rate of loss of heat per unit area of the surface of a black body 
o — Stefan's constant T = absolute temperature 

ll. E, = o (T* — T9) 


E, = net rate of loss of heat per unit area of the surface of a black 
body at absolute temperature 7 


Ty = absolute temperature of the surroundings. 


For small differences of temperature (T = Ty) we have 


Ep © (T. — 19) 
12. X, T = constant = 2.93 X 10? mK 
,, = wavelength for which the emissive power (£.) is maximum 


T — absolute temperature of the black body. 


10.4C NUMERICAL EXAMPLES 


Example 1: A slab of stone of area 3600 sq. cm and thickness 10 cm is 
exposed on the lower surface to steam at 100°C. A block of ice at OFC 
rests on the upper surface of the slab. In one hour 4800 g of ice is melted. 


Calculate the thermal conductivity of the stone. The latent heat of fusion 
of ice = 81) cal g^'. (IIT 1972) 


Solution: The quantity of heat flowing through the stone in one hour 
— 4800 x 80 — 384 x 10? cal 


Now we know that 


Vali 
Ok Ae 


where k is the thermal conductivity of the stone, A its surface area and Ax 
its thickness and 4 T is the temperature difference across the two faces of 
the slab and z is the time for which heat flows. 


Substituting the values we get 
OAM 


ESATA 

_ 384 x 10° | 10 / Y 

= "00 — * 100 " 3600 

— 2.96 107? cal cm! s^' GOR 


Example 2: A bar of copper of length 75 cm and a bar of steel of length 
125 cm are joined together end to end. Both are of circular cross-section 
with diameter 2 cm. The free ends of the copper and steel bars are maintained 
at 100 °C and 0 °C respectively. The surfaces of the bars are thermally insu- 
lated. What is the temperature of the copper-steel junction? What is the heat 
transmitted per unit time across the junction? Thermal conductivity of 
copper is 9.2 x 10-2 k cal m (°C)! s and that of steel is 1.1 x 10° k 
cal m-! s! (*C)-! (IIT 1977) 


Solution: The temperature T of the juncti Q of the bars PQ and QR 
. E junc 10n 
can be determined E remembering that, in the steady state, the heat flow- 
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ing per second through PO must equal the heat flowing per second through. 
OR (Fig. 10.6) 


T,=100°C 1 T=0°C 
Copper Steel 
P-75cm—4d9 125 cm. —— 
Fig. 10.6 


Since the areas of cross-section of the two bars are the same, we have 
k A(T; i T) Nu k;A(I-— T3) 


75 125 


k, K NEK eyes KaTa 
i a. E i d erste PL 
uT x 125 + ko T) x 75 
ky X 75 + ky x 125 
_ 9.2 x 107? x 100 x 125 + 1.1 X 102 x 0 x 75 
1.1 x 10? x 75 4+ 9.2 x 107 x 125 
POA Oe 
~ 0.825 -- 11.50 
='93.37°6 
Thus the temperature of the junction is 93.3 °C. The heat flowing through 
the junction per second is now given by 
_ ky A (100 — 93.3) 
97 0.75 
— 9:2 x 10% X » x (10? x 6.7 
0.75 Tam 
= 258.2 x I0-5k cal s7! 
= 0.2582 cal's! 


Hence Z 


Example 3: An ice box is built of wood 1.75 cm thick, lined inside with 
cork 2 em thick. If the temperature of the inner surface of the cork is 0 ^C 
and that of the outer surface of the wood is 12 *C, what isthe temperature 
of the interface? The thermal conductivity of wood is 0.0006 and that of 
cork is 0.00012 CGS units. 


Solution; Let « be the temperature ol the interface in the steady state. Since 
the same amount of heat must flow through wood and cork, we have 
ky AQ z) | k3 A (x — 0) 
li h 
where /, and /; are the thicknesses of wood and cork respectively. Their 
respective conductivities are k) and k, (Fig. 10.7). 
Substituting the values we get 


Gael One ES 
CT x a2 — PEN ue 4 
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or 12) =) hI pean Os 


19-101 NR 
z E 


Fig. 10.7 


Example 4: A uniform copper bar, 50 cm long, is lagged and has its ends 
exposed to ice and steam respectively. If there is à layer of water 0.1 mm 
thick at each end, calculate the temperature gradient in the bar. Thermal 
conductivities of copper and water are 1.04 and 6.0014 CGS units respec- 
tively. Also calculate the temperatures at the two ends of the bar. 


Solution: Let J, and @, be the temperatures atthe two ends of the bar. 
Since the same amount of heat must be flowing per sècond throughout the 
bar in the steady state, we have (Fig. 10 8) 


ELS ye ee Ir MN UR ae ky dA (03-0) 
0:01 S 30 ay 0.01 


Water 


8c 9;C 
Fig. 10.8 
Here k, = 0.0014 cal cm! s^ (Cy! = thermal conductivity of water 
ky = 1.04 cal em"! s^! (^C)! = thermal conductivity of copper 
Hence we get 
100 — 0, = 65 
k, A (100 — 0) _ Ks A (8, — (100 = ny 
meri] a ee 


and aE: 
0.01 
or 5000 x A x (100 — 8) = Q0, — 100) 
or 5000 x Er x (100 — 861) = (29, — 109) 


which gives 0, — 88.4 C 


and Us 400 0, = 11.46 C 
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The temperature gradient along the bar is 


80, — 6, 88.54 — 11.46 R 
* Ap die AT P 
i 50 1.542 *C per cm 


Example 5: A closed cubical box made of a perfectly insulating material 
has walls of thickness 8 cm and the only way for the heat to enter or leave 
the box is through two solid cylindrical metal plugs, each of cross-sectional 
area 12 cm? and length 8 cm fixed in the opposite walls of the box. The 
outer surface A of one plug is kept at a temperature of 100 ^C while the 
outer surface of the other plug is maintained at a temperature of 4 ^C. The 
thermal conductivity of the material of the plug is 0.5 cal cm^! s^! (^C). 
A source of energy generating 36 cals"! is enclosed inside the box. Find 
the equilibrium temperature of the inner surface of the box assuming that 
it is the same at all points on the inner surface. (IIT 1972) 


Solution; At equilibrium, the total energy generated by the source per 
second must equal the heat leaving per second through the two metal plugs 
(Fig. 10.9). Let T ^C be the equilibrium temperature. Then heat leaving 
the box per second through surface A 


_k(T— 100) x 12 
8 


cal s^! 


Metal 
plug 


Surface A at 
100°C Surface B 


at 4°C 


Fig. 10.9 


and-heat leaving the box per second through the surface B 


Cros 
= KA D—DXD cal s^! 
Hence E (T == 100: 4 T. — 4) = 36 
36 x 8 36 x 8 
— TOA E gee ea eg AYA aa S 
or 27. 04 YE was 48 
or T = 76°C 


Example 6: Find the time in which a layer of ice 3 cm thick on the surface 
of a pond will increase in thickness by ] mm when the temperature of the 
surroundings is — 20 °C. The thermal conductivity of ice is 0.005 CGS 
units, its latent heat is 80 cal g-! and its density is 0.91 gem^ at 0 "C. 


Selution: Let a layer of ice of surface area 4 increase in thickness from 
y to y + dv in time dt. The amount of heat flowing across a thickness y of 
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ice from the water at the bottom (at @, °C) to the surroundings (at 6, °C) 
in time dr is given by (Fig. 10.10) 
E 6 dt 
» 
where 0 = (9, — 6;) = 20 °C in this case. 
The mass of ice formed when the layer of 
ice increases in thickness by dy is A dy p, 


where p is the density of ice. Hence the heat 
released to the surroundings also equals 


! i 
1 i 
(A dy p) x L where L is the latent heat of i ge i 
ice, Thus we have ^ i 
L ' 
6 
has dt = ApLdy ' WATER i 
es 8 1 i 
ydy = zh dt 1 Age EO CMS : 
Hence if the thickness increases from v, to Fig. 10.10 
y» in time t, we have 
P k 6 t 
yd = = | dt 
J. ^ L Jo 
_ P L3 — yi) 
k 8 2 
Substituting the numerical values of L — 80 cal g^!, p = 0.91 g cm", 
k = 0.005 cal cm~! s-! (9C)-!, 8 = 20 C, ys = 3.1 cm and vi = 3.0 cm 


we get 
_ 0.91 x 80 Wu (3.1? — BF 
~ 0.05 x 20 2 
= 222.04 s = 3 min 42 s 
Example 7: A body cools from 60 °C to 50 C in 10 minutes. Find its tem- 
perature at the end of next 10 minutes if the room temperature 1s 258. 
Assume Newton's law of cooling. 
Solution: According to Newton's law of cooling, we have 
d 6 
aom ceu 


p 8 is the temperature of the body and 0, that of the surroundings. 
ence 


dé 
Be disi 2: 
d D 
Integrating we have E oo 2 Bi cum f $ 
oi Ae s: 
or Peut ) 
log. | ;^—, ) = — Kt 
98 (FF — I 
or one? Z2 
l c 
5 ($ =) K x 10 X 60 
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If x is the temperature at the end of the next 10 minutes, we have 


D es E 9 10 x60 
ee 
Hence 39. ae 


which gives « = 42.85 °C 


Example 8: A metal ball of 14 cm diameter and mass 10 kg is heated toa 
temperature of 227 °C and suspended in a box whose walls are at a tem- 
perature of 27 `C. What is the maximum rate at which its temperature will 
fall? Given Stefan's constant = 5.7 x 1075 erg cm? s^! (^C). specific 
heat of the metal = 0.1 cal g^! ^C)^'. 


Solution: The temperature of the body will fall most rapidly when it radia- 
tes energy like a black boay (emmissivity — 1). The net rate of loss of heat 
by the body, in this case, is given by Stefan's law: 


A x 
9 - .A4(T - m) 


At 
X) ji 5 
= x 44 m (7)? x 500! — (00); 
= 45.46 cal s^! 
If the temperature falls by 4 @ in one second, we have 
10 = me 3! 
Hence pi 4l 
at ms å t 


l 
0 X0 x uj ^ 49-46 


0.04546 Cs! 
Example 9: A room heater is made up of 5 polished thin-walled tubes of 
copper, each 1 m long and 2.5 cm in radius and hot water at 70 °C circula- 
tes constantly through the tubes. Calculate the amount of heat radiated in 


one hour in the room where the average temperature is 15 °C. The emissi- 
vity of copper = 4 x 10% cal s~! cm? K~. 


Solution: The emissivity ¢ gives the heat radiated per unit area per second 
per degree difference of temperature between the body and the surround- 
‘ings. Hence the total heat radiated is given by 


Q —eAt4U 
where A is the area of the radiating surface emitting Q units of heat in time 
t, A0 being the difference of temperature ate the body and the 
surroundings. 
Here --. A = 5 X Qm x 2.5 x 100) em? — 7855 cm? 

t = 60 x 60 = 3600s 

40 — (70 273). (15-- 273). 55 K 
e= 4% 107% cals! em? K! 


ll 


Q-—4Xx1075x 7855 x 3600 x 55 == 6221.2 cal 
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Example 10: The radiant energy received from the sun on the earth’s sur- 
face is 8.2 J cm? per minute. Assuming the radiation to be black body in 
character, calculate the surface temperature of the sun, Stefan’s constant 
— 5.67 x. 10-5 erg cm~? s-! K-* and angular diameter of the sun = 0° 32’. 


Solution: Let R be the radius of the sun and r its distance from the earth 
(Fig. 10.11). Then the angular diameter of the sun is 


2R RAGS m J 
8 = = ae ppm Z0 X 180 radian 
r 32 T 
E iro d 5 
R 5 * 60 x 180 0.004665 r 
I7] 
Earth 
Fig. 10.11 


Now the total surface area of the sun = 4 m R?. Assuming the sun to be 
à black/body, the total energy radiated by it in one second is 
cT^x 427 R 


where 7' is the surface temperature of the £ in. This energy is uniformly 
spread over an area 4 m r? at points as far distant from the sun as the 
earth. Hence the radiant energy received per unit area per second on the 
earth is 


c T^ x 47 R oT! (5) 
rr? S r 

— e T* (0.004665) 
= 0.000022 o T* 


Hence 0.000022 c. Tt — As Jom? s^! 
8.2 


——— 7 erg cm? s^! 
60 x 10' erg 
Substituting the value of ¢ = 5.67 X 10-5 erg cm! s^! in the above 
Cquation we get 


T == 5770 K 


10.5C_TRUE-FALSE STATEMENTS WITH REASONS 


4 give below a few statements. We have to decide whether they are true 

alse, giving in brief the reasons in support of “ur answers in each case. 
l. It is some times possible for a block of wood and a block of metal to feel equally 
Cold or hot when touched. 

. oi layers of cloth of equal thickness p 

3, 9f double the thickness. 

` The thermal conductivity of air being less than that of felt, 
for thermal insulation. 


‘ 1 1 ETT 
" rovide as warm à covering aṣ a single layet 


we prefertelt to air 
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4. Ona winter night, we feel warmer when clouds cover the sky than when the sky js 
clear. 

5. Two thermometers are constructed in such a way that one has a spherical bulb and 
the other an elongated cylindrical bulb. The bulbs are made of the same material 
and their walls have equal thickness. The spherical bulb will respond more quickly 
to temperature changes. 

6. A sphere, a cube and a thin circular plate of the same mass are made of the same 
material. If all of them are heated to the same high temperature, thc rate of cool- 
ing is maximum for the plate and minimum for the sphere. 

7. Before the steady state is reached, the rate of heat flow is proportional to the ther- 
mal diffusivity (or thermometric conductivity = k/c p); the ratio between the ther- 
mal conductivity k and thermal capacity per unit volume ( — c »), where c is the 
specific heat and ? the density. 

8. Boilers are occasionally scrubbed by rapidly and artificially circulating water inside 
them to remove any thin water film that may have formed on their inside. 

9. Newton's law of cooling, an approximate form of Stefan's law is valid both for 
forced and natural convection provided the difference of temperature between the 
body and its surroundings is smaller than about 30°C. 

10. During clear nights, the temperature rises steadily upward near the ground level, 
i.e. the lapse rate there is negative. 


ANSWERS 


1. True An object appears hot (or cold) to us, if more (or less) heat flows from it 
into our body than the heat flowing out of our body to it. If, therefore, an object 
is at our body temperature. there will be no exchange of heat between it and our 
body and it will appear equally hot or cold no matter whether it is made of wood 
or metal. 


False The two layers of cloth provide us with greater warmth as they trap a layer 
of air between them and air is a poor conductor of heat. 


False The thermal conductivity of air is less than that of felt. However, we prefer 

felt which traps pockets of air between its fibres. These air pockets cannot carry 

heat by convection either as they are ‘contained’ by the fibres. 

4. True The cloud cover does not let the heat radiated by the ground at night 10 
escape easily into the space. This heat is ‘trapped’ between the ground and the 


cloud cover making us feel warmer. On a clear night, no such ‘trapping’ of heat 
takes place. 


5. False Because of its greater surface area the cylindrical bulb will respond more 
quickly to temperature changes. 

6. True Since the mass and material are the same, the volumes must also be the 
same. For the same volume, the surface area of the plate is the greatest and of Wi 
sphere the least. The rate of loss of heat by radiation being proportional t9 tus 
surface area, the plate cools the fastest and the sphere the slowest. 

7. True Before the steady state is reached, heat is not only ‘transferred across n 
cross-section’ but is also used up in heating the section of the bar through d 
it is flowing. The latter heat will be less if the thermal capacity of the bar per er 
volume (=c ?) is small. Thus the rate of heat flow will be proportional to kan 
inversely proportional toc», i.e. the rate of heat flow will be proportional e 
(kje n). ill 

8. True A water film, if formed, will act as a very poor conductor of heat and w 
not easily let the heat of the furnace pass into the boiler. An oil film, if present, 


‘Jop must 
even worse than water film and tbe formation of such films inside the boiler m 
be avoided: 


Thermal Physics 327 


9. False Firstly, Newton's law of cooling, though similar in mathematical terms to 
an approximate form of Stefan's law, is not an approximate form of the latter. It 
is a law of cooling by convection, whereas the Stefan's law tells us about the heat 
given out by a body through radiation. Secondly Newton'slaw is valid only for 
forced convection and not for natural convection, for which the five-fourths law 
holds. For forced convection, Newton's law is valid for quite large temperature 
differences. 

10. True On clear nights, the ground cools more quickly than the air and, therefore, 
we have conduction from air to ground. The layers of air near the ground are now 
cooler than the ones above and we can regard the temperature as rising upwards, 
near the grount level. The lapse rate, i.e. the rate of fall of temperature with alti- 
tude, is therefore negative. 


10.6C MULTIPLE CHOICE QUESTIONS 


Select the correct answer from the ‘given alternatives in each of the follow 
ing. 
1. A solid sphere and a hollow sphere of the same material and size are heated to the 
same temperature and allowed to cool in the same surroundings. Jf the temperature 
difference between the body and that of the surroundings is T, then 


(a) both spheres will cool at the same rate for all values of T 
(b) both spheres will cool at the same rate only for small values of T 
(c) the hollow sphere will cool at a faster rate for all values of T 
(d) the solid sphere will cool at a faster rate for all values of T. 
2. The top of a lake gets frozen at a place where the surrounding air is at a tempera- 
ture of — 20 °C. Then 
(a) the temperature of the layer of water in contact with the lower surface of the 
ice block will be at 0 °C and that at the bottom of the lake will be 4 °C 
(b) the temperature of water below the lower surface of ice will be 4 ^C right up to 
the bottom of the lake 
(c) the temperature of the water below the lower surface of ice will be 0^C right up 
to the bottom of the lake 
(d) the temperature of the layer of water immediately in contact with the lower 
surface of ice will be about — 20 °C and that of water at the bottom will be 
936. 
A block of metal is heated well above the room temperature and then left to cool 
in the room. Which of the graphs shown in Fig. 1 .12 correctly represents the rate 


D 


of cooling ? 
Temp, 7 7 Ü 
Time + Time-- Time + Time-* 
(a) (b) (c) (d) 


Fig. 10.12 


4. A piece of blue glass heated to a high temperature and a piece of red glass at room 
temperature are taken inside a dimly-lit room. Then 
(a) the blue piece will look blue and the red piece will look red as usual. 
(b) the red piece will look brighter red and the blue piece will look ordinary blue. 
(c) the blue piece will look brighter red compared to the red piece. 
(d) both the pieces will look equally red. 
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a 


6. 


11. 


14. 


A ‘fire screen’ produces a sensation of cooling as it 


(a) allows only the visible light to pass through and cuts out the longer wavelength 
infrared radiations from the fire. 

(b) cuts out both the visible as well as the infrared radiations from the fire. 

(c) allows the long wavelength infrared radiations to pess through but cuts out the 
shorter wavelength visible radiations from the fire. 

(d) allows both the infrared and the visible radiations to pass through but cuts out 
the very short wavelength ultraviolet radiations from the fire. 


Two rods of the same length and areas of cross-section 4; and Aa have their ends 
at the same temperature. If ky and ke are their thermal conductivities, c, and c; 
their specific heats and m, ps their densities, then the condition that the rate of flow 
of heat is the same in both rods is 


^i ^ Va kie ay 

(3) A: (b) As ka ce Ps 
Ay Aa ce) REA 

MA ER da 


- Which one of the following statements is not true about thermal radiations? 


(a) All bodies emit thermal radiations at all temperatures 

(b) Thermal radiations are electromagnetic waves 

(c) Thermal radiations are not reflected from a mirror 

(d) Thermal radiations travel in free space with a velocity of 3  10* m s^". 


. Which of the following devices will you use to detect thermal radiations? 


(a) Liquid thermometer 

(b) Six's maximum and minimum thermometer 
(c) Constant volume air thermometer 

(d) Thermopile 


The absorptive power of a perfectly black body is 

(a) zero (b) 0.5 

(c) 1 (d) infinite 

A Leslie's cube filled with hot water is slowly rotated about the vertical axis. A 


thermopile is placed in front of it. The galvanometer of the thermopile will show 
the greatest deflection when the face of the cube in front of it is 


(a) coated with lampblack (b) painted dull white 
(c) painted with shiny silver polish (d) painted green 
The amount of energy radiated by a body depends upon 


(a) the nature of its surface (b) the area of its surface 
(c) the temperature of its surface (d) all the above factors. 


. The wavelength of the radiation emitted by a body depends upon 


(a) the nature of its surface (b) the area of its surface 
(c) the temperature of its surface íd) all the above factors. 


The SI unit of Stefan's constant is 


(a) Nov? Kt (b) J m^* K7! 
fe) pmo Iste Mm (d) W m^ K^! 

xa 
Which one of the following devices is used for measuring very high temperatures: 
(a) Mercury thermometer (b) Gas thermonieter 


(c). Platinum-resistance thermometer (d) Pyrometer 
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15. When a coil of copper is kept ata certain distance above à flame, the candle keeps 
burning, but when the coil is placed over the flame, it is extinguished. This happens 
because 
(a) the coil reduces the amount of oxygen necessary for burning 
(b) the coil prevents the setting up of convection currents in air 
(c) the coil reduces the radiation losses 
(d) the coil conducts away heat very quickly and reduces the. temperature of the 
flame to a. value below the ignition temperature. 


10.7¢ NUMERICAL EXERCISES 


1. Water is being boiled in a flat-bottomed kettle placed on a stove. The area. of the 
bottom is 300 cm* and the thickness is 2 mm. If the amount of steam produced is 
1 g per minute, calculate the difference of temperature between the inner and outer 

surfaces of the bottom of the kettle. The thermal conductivity of the kettle materi- 
al is 0.5 cal cm-! s^" (Cc)? and the latent heat of steam is 540 cal g^. (IT 1972) 

2. A bar of length 30 cm and of uniform cross-section of 5 cm? consists of two halves 
AB of copper and BC of iron, welded together at B. The end A is maintained at 

| 200 *C and the end C at 0°C and the sides are thermally insulated. Find the rate of 

flow of heat along the bar when the steady state has been reached. Thermal con- 
ductivities are: copper 0.9 and iron 0.12 in the CGS units. 

3. Two flat sheets of thicknesses d, and d: and thermal conductivities kı and k: are 
joined together. If the open face of the first sheet is maintained at à temperature Ay 
and the open face of the second sheet at a temperature 62, calculate the (a) temper- 
ature of the interface of the two plates and (b) the conductivity of the composite 
plate. 

4. Show that the increase in the thickness of ice on a pond in a time ¢ from an initial 
thickness xo to a final thickness x is given by 

x? — x0 = ake t 
Lp 
when — 6 °C is the air temperature, L the latent heat, ^, the density and k the ther- 
mal conductivity of ice. 
Hence calculate the time in which the thickness of the ice layer on à lake wil get 
doubled from an initial thickness of 10 cm when the surrounding air is at — 20 °C. 
Given thermal conductivity of ice == 0.004 cal cm~? s^? (C), latent heat of fusion 
of ice = 80 cal g™ and the density of ice = 0.92 8 cm”. 

5. The walls of a building have an area A, of which the windows occupy an area a. 
The thickness of the walls is d and. that of the windows is d’. The thermal conduc- 
tivities of bricks and glass are ks and k, respectively - Obtain an expression for the 
wattage of an electrical heating system that will maintain the building interior at à 
steady temperature 0 °C above that of the surroundings. 

6. The luminosity of the Rigel star in the Orion constellation is 17000 times that of 
the sun. If the surface temperature of the sun is 6000 K, calculate the surface tem- 
perature of Rigel. 

| (Hint : The luminosity of a star depends on the total 

7. Compare the rates of emission of heat by two black bodies maintained at tempera- 
tures 727 °C and 227 °C. 

8. Each square cm of the sun's surface radiates energy at the rate of 1.5 x 10? cal st 
cm-?, Calculate the temperature of the surface of the sun assuming that Stefan's 
law is applicable. The Stefan's constant is 5.7 x 1078 erg cm~” sci Kt 


heat energy radiated by it.) 
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ANSWERS 
Section A 

MULTIPLE CHOICE QUESTIONS 


1. (b) 2. (d) 3. (c) 4. (a) 


NUMERICAL EXERCISES 


- Yes, 0.0015 cm to spare 


| 

2i MBA CS 

3..2,315 > 107? (C)^ 

4. 28.33 cm for Fe, 18.33 cm for Cu 

5. (a) 197 °C, (b) 9.5 x 10! N 

6. (a) 1.422 N, (b) 1.452 N^ 

97639 36 

8, (a) 3.33 x 107* (C), (b) 1.0 x 107 (C)71, (c) 5.4 x 107* (°C)! 
9H2 10:56 

10. 762.4 mm of Hg 


Section B 


MULTIPLE CHOICE QUESTIONS 
l. (a) 2. (d) 3. (c) 4. (c) 


NUMERICAL EXERCISES 


1..27.7 g 
2. 0.031 cal g^! CC)75, 31.3 g 
3. Lkg 
4. 14.04 cal g~ 
2. LESES 
6::20.26.*C. 
Section C 
MULTIPLE CHOICE QUESTIONS 
L c) 2. (a) 3. (b) 4. (c) 
6. (d) 7. (c) 8. (d) 9. (c) 
11. (d) 12. (c) 13. (d) 14. (d) 
NUMERICAL EXERCISES 
1. 0.0:2°C 
2. 7.058 cal st 
ky ĝi à Ks b 


3 aa 2kds 
kitka Co ki + ka 

4. 38 hours 20 minutes 

S. EA the d' A + (Kcd — ky’) ah 

6. 68520K 

1016:1 


8. 5492 K 


S. (d) 


5. (d) 


5. (a) 
10. (a) 
15. (d) 
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Kinetic Theory of Gases 


11.1 REVIEW OF BASIC CONCEPTS 


11.1.1 The Gaseous State Every substance (solid, liquid and gas) consists 
of a very large number of very tiny particles called molecules. In a gas, the 
molecules move very rapidly because the forces between them are very 
weak, They move everywhere, filling every container they are put into. 


11.1.2 Postulates of Kinetic Theory The kinetic theory of gases is based 
on the following assumptions regarding the model of an ideal gas. 


1. A gas consists of tiny particles called molecules. 

2. The molecules of a gas are in random motion and obey Newton's 
laws of motion. 

3. The total number of molecules is large. 

4. The volume of the molecules is a negligibly small fraction of the 
volume occupied by the gas. : 

5. No appreciable force acts on the molecules during collision. 

6. Collisions are elastic and of negligible duration. 


11.1.3 Kinetic Theory and Gas Pressure The molecules of a gas move in 
all directions with various speeds. When a gas is contained in a vessel, the 
molecules strike against the walls of the container. These molecules collec- 
tively exert a sizeable force on the walls. The force experienced per unit 
area is the pressure of the gas. Thus, the pressure of @ gas is the result of 
continuous bombardment of the gas molecules against the walls of the contai- 
ner. According to the kinetic theory, the pressure P exerted by an ideal gas 
is given by 


a (21. 
where p is the density of the gas and c? is the mean square speed of the gas 
molecules which is defined as 

e Ne pr sles AONT ca) (11.2) 
where n is the number of molecules having speeds ci €» + ++ Cue 


11.1.4 Equation of State of an Ideal Gas The relationship between pres- 
sure P, volume V and absolute temperature T of a gas is called its equation 
of state, The equation of state of an ideal gas is 


PV —nRT (11.3) 
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where 7 is the number of moles of the enclosed gas and R is the molar gas 
constant which is the same for all gases and its value is 


R = 8.315 J K^! molt! 


11.1.5 Ideal Gas Laws 


1. P œ T, when n and V are constant (Gay-Lussac's law) 
2. V oc T, when ; and P are constant (Charles! law) 


Sup SoC p when z and 7 are constant (Boyle's law) 


11.1.6 Kinetic Interpretation of Temperature The total average kinetic 
energy of all the molecules of a gas is proportional to its absolute tempe- 
rature (T). Thus, the temperature of a gas is a measure of the average 
kinetic energy U of the molecules of the gas. 


URT (11.4) 


According to this interpretation of temperature, the average kinetic 
energy U is zero at T = 0, i.e. the motion of molecules ceases altogether at 
absolute zero. 


11.1.7 Degrees of Freedom and Equipartition of Energy The total number 
of co-ordinates or independent quantities required to completely specify the 
configuration of molecules of a system are called its degrees of freedom. 

l. 4 monoatomic gas, such as helium, argon, etc. consists of a single 
atom which has only three translational degrees of freedom along x, y and 
= axes. Thus a monoatomic gas has only three degrees of freedom. 

2. A diatomic gas, such as hydrogen, oxygen, nitrogen, etc. consists of 
two atoms and has three translational + two rotational = five degrees of 
freedom. 

3. A triatomic (or higher polyatomic) gas, has three translational -+ three 
rotational = six degrees of freedom. 


Law of Equipartition of Energy In any dynamical system, at a uniform abso- 
lute temperature T. the total energy is distributed equally among all. the 
degrees of freedom and the average energy per degree of freedom per mole- 
cule equals 1/2 k T where k is a constant called the Boltzmann's constant 
and its value is 


k = 1.38 X 107? J K+ per molecule 


Thus the average energy per molecule for a monoatomic gas = 3 x 1/2 


k T = 3/2 k T, for a diatomic gas = 5/2 k T and for a polyatomic gas = 
6/2k T=3k T. 


11.1.8 Specific Heat of a Gas The molar specitic heat of a gas at constant 
volume (C,) is the amount of heat energy required to raise the temperature 
of 1 mole of the gas through 1 K when its volume is kept constant. 

The molar specific heat of a gas at constant pressure (C,) is the amount 
of heat energy required to raise the temperature of | mole of the gas 
through 1 K when its pressure is kept constant. 
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Both C, and C, are expressed in J K^! mol”. They are related as 
C, — C, — R (11.5) 


11.1.9 Isothermal and Adiabatic Processes If a system is perfectly conduct- 
ing to the surroundings and the temperature remains constant throughout 
the process, the process is called isothermal. During an isothermal process, 
the temperature of the system remains constant, but it can absorb heat 
from or give heat to the surroundings. In an isothermal process, the pres- 
sure and volume changes of an ideal gas obey the relation 


P V = constant (11.6) 


Inan adiabatic process, the system is completely insulated from the 
surroundings. It can neither give heat to nor take heat from the surround- 
ings. In an adiabatic process. the pressure and volume changes of an ideal 


gas obey the relation 
P V^ = constant (11.7) 


where y —- 
[fe 


11.2 SI UNITS 


Table 11.1 

eee ann 

Physical Quantity SI Unit Symbol 

Heat energy joule J 

Temperature kelvin K 

Amount of gas mole mol 

Pressure newton (metre) Nm? 

Volume (metre)* m? 

Root mean square velocity metre/second ms! 

Molar specific heat joule per kelvin per mole J K~ mol" 

Molar gas constant joule per kelvin per mole J K^ mol"! 


joule per kelvin per 


Boltzmann's constant 
molecule 


J K^! (molecule)! 


11.3 FORMULAE 
1. Pressure P exerted by an enclosed gas 


= mean square molecular velocity, V = volume, N = total 


= density, 2 
ji in — mass of each molecule. 


number of molecules of enclosed gas, ?! 
2. Root-mean square velocity 


` E a P 
Crms = Ve Imi d 
yofa molecule of the gas 


3. Average translational kinetic energ 


E = $ m GM ics i me 


Im 
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Total energy of all the N molecules of a gas 
U=NE=3mNC =i RT 


U is called the intern 
4. Pus 


5. Equation of sta 
temperature T 


eV oar 


6. Average kinetic energy of a molecule 


al energy of the gas, 


/2u 
3 


te of an ideal gas consisting of » moles at ab solute 
RT 


per degree of freedom 


=3kT 


7. Molecular kinet 


8. Molecular kinetic energy per unit voiu 


ic energy per gram mole of a gas = i Am. 


3 
me of a gas = 5 P, 


9: (er ELO SUE 
10. Pressure-volume relationship for an isothermal process 
P V — constant 


ll. Pressure-volume relationship for an adiabatic process 


PV” == constant; gp e 
i 


or T. V*-" =- constant 


or T* pa-» 


12. Work done by a gas during expansion from 


BERN i 


= constant 


volume J’; to volume Vs 
P dy 


For an isothermal process 


l Vs : 
W = n RT log, (5) = 2.3031 R T logy, (2) 


=nR 


Vi 
^ P D 
T tog. (77) = 23035 R T log, (z) 


For an adiabatic process 


T2) 


y the gas is ta 


f ken to be positive and the 
is taken to be negative. 


11.4 NUMERICAL EXAMPLES 


Example 1: Assumin 
. Mean square speed of 
The density ot hydrog 


& hydrogen to be an ideal gas, 
the gas molecules at 0.0 °C and a 
en at 0.0 °C = 99 x 107? 


calculate the root- 
Pressure of | atm. 
kg m™, 
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Solution: P = 1 atm = 0.76 mof Hg 
— 0.76 x 13600 x 9.8 = 1.01 x 105 N m? 
p = 9.0 x 10? kg m? 


The root-mean square speed is given by 


ia 9.0 X 102 
1840 m s^! 


Example 2: At what temperature would the root-mean square speed of a 
gas molecule have twice its value at 100°C? 


3P 3 x 1.01 x 105 
[ee XS 3 Pp 


ll 


Solution: „We know that 
= 3 ROT noes 


"MG Wu 
Thus Gri 35m 
m 

and às 3k T; 

y m 

a.i 

à T 
Here c; 2d ES K 


ci 
™ = T; X 2 3x4 
d 


= 1492 K — 1219 *C 


Example 3: Calculate the average kinetic energy of a gas molecule at E 
temperature of 300 K. The Boltzmann constant k = 138 x 10? J K^. 


Solution: 7T — 300K 
k = 1.38 x 10% 1 K^ 
The average kinetic energy of a gas molecule is given by 


R 
=x 1.38 x 1077 x 300 


= 6.21 x 0A 


Example 4: Calculate the root-mean square speed of oxygen molecules at 
1092 K. Density of oxygen at STP = 1.424 kg m. 


Solution: We first calculate the root-mean square speed of oxygen at STP: 


P, = 0.76 m of Hg = 1.01 x 105 N m? 
po = 1.424 kg m^? 


336 A Course in Physics 


The root-mean square speed at 0 °C is given by 


13 R 
co= | — 
Po 
Us Tus 1.01 x 105 
a 1.424 
= 461 x I0? m s^! 
Now c, is also given by 
coU SRE 
Comis z^ m 
Cems g 
C NJD 
Here T = 273 K and T = 1092 K 


T ncs 
cm = JZ = 461 x x re 


= 9.22 x 10 m s^! 


Example 5: Argon is a monoatomic gas. Assuming that the gas is an ideal 
one, calculate C, and C, for argon. Given R = 8.32 J K€ mol !. 


Solution: The kinetic energy of 1 mole of a gas is given by 


3 i 
USA 


The heat energy is completely used up in increasing the kinetic energy ol 
the molecules of the gas if it is not allowed to expand. Thus, if the volume 
is kept constant, the gain in kinetic energy for | K rise in temperature I$ 
the same as the amount of heat energy gained by the gas for | K rise in 
temperature. Thus, from the definition of C,, we have 


PLE 3 3 
Now R52/8.32. KS mol, 
(o =3 X 8.32 — 12.48 J K^! mol"! 
Since C5 Gi +R, we have 
3 LI 
C, REER R 


x 8.32 = 20.80 J K^! mol! 


Example 6: One mole of an ideal gas is heated from 0 C to 100 °C at à 
constant pressure of | atmosphere. Calculate the work done in the process. 


Solution: One mole of a gas occupies a volume of 22400 cm? at 0. C anu 
at | atmosphere pressure. Thus the initial volume of the gas is V, — 22400 
cm? = 0.0224 m*. The final volume V, can be calculated from the expres- 


sion 
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Here T, = 0 CE 5 T2 = 100 °C = 373K 
P, = P, = 1 atmosphere = 1.013 x 105 N m? 


y. — y (2) = 0.0224 x 23 
1 . 


273 
= 0.0306 m? 


PdV =P $ dV 


v1 
= P(Vz—Vi) 
= 1.013 x 10° x (0.0306 — 0.0224) 
= 830.7 J 


The positive sign indicates that the work is done by the gas. 


Work done W = Í : 


Y1 


Example 7: Three moles of an ideal gas are compressed to half the initial 
volume at a constant temperature of 300 K. Compute the work done in the 
process. 


Solution: Since the temperature remains constant, the process is isother- 
mal. The work done in the.process 1s given by 


W = 2.303 n RT log (2) 
1 
Here n—3, Re 8315JK mol", 


T-30K and 7-2 


H 
W = 2.303 x 3 X 8.315 x 300 x log (1/2) 
= — 5188 J 
The negative sign indicates that work is done on the gas. 


Example 8: One mole of air at 27 °C is compressed adiabatically to half 
its volume. Calculate (a) the final temperature and (b) the work done in the 
process, Given y for air = 1.4. 


Solution: (a) In an adiabatic process the relation between pressure and 
volume is 
Py’ = constant © 


The relation between volume and temperature can be obtained by using 
the gas equation: ( n= 1) 


RT x Y 
PV 2 RT. or E Gi) 
Using Eqs (i) and (ii) we have 
TV") = constant 
Thus T, Vie? = Th py 


V, (71) 
ES no 
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Here T, = 27°C = 300K, Fi 2 and y= 14 
T; = 300 x (21-0 
= 300 (2) 


a OOD OK. 12.9 
(b) The work done is given by 
R 


8.315 
= x» x (300 — 395.9) 
= — 1994 J 
The negative sign indicates that the work is done on the gas. 


Example 9: An electric bulb of volume 250 cm? was sealed off during 
manufacture at a pressure of 10 mm of Hg at 27 °C. Find the number of 
air molecules in the bulb. (IIT 1974) 


Solution: Let N be the number of air molecules in the bulb. It is given that 
P = 107? mm of Hg = 10-4 cm of Hg 


V — 250 cm? 
T = 273 + 27 = 300 K 
Now PV —NkT, where k is a constant. (i) 


We know that at STP, one mole of a gas occupies a volume V) = 22400 
cm? and contains N, = 6.02 X 10? molecules (Ny is the Avogadro's 
number) and the pressure Po = 76 cm of Hg and 7, — 273 K. Also 


Po Vo = Ns kT (ii) 
Dividing Eqs (i) and (ii) we get 
Phi 
N= TU E ET 
N x x P, x V; 
273 1074 250 
xs 23 xis. LE DI 
(6.02 x 102) x E x E" ) x (5200) 


= 8.045 x 10!5 molecules 


Example 10: A cyclic process ABCA shown inthe V — T diagram (see 
Fig. 11.1) is performed with a constant mass of an ideal gas. Show the 


v 


Fig. 11.1 
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same process on a P — V diagram. (In the figure, CA is parallel to the V- 
axis and BC is parallel to the 7-axis.) (IIT 1981) 


Solution: To draw the corresponding P-V diagram, we use the ideal gas 
equation 


PV = RT 


Since the temperature T remains constant along the path CA, P will be 
inversely proportional to V along this path. Hence, as P increases, V must 
decrease in a non-linear fashion. This is represented by the curve C’ A’ in 
Fig. 11.2. 

Along the path BC, the volume V is constant. Hence the graph of P 
against V is a straight line perpendicular to the V-axis. On a P-V diagram, 
the corresponding path is B'C' as shown in Fig. 11.2. 


Fig. 11.2 


Forthe path AB, V is directly proportional to 7: pressure remaining 
constant. The corresponding path A'B’ is, therefore a straight line parallel 
to the V-axis. Thus the cyclic process on a P-V diagram is represented by 
the curve 4’B’C’A’ as shown in Fig. 11.2. 


Example 11: One gram mole of oxygen at 27 °C and one atmospheric pre- 
ssure is enclosed in a vessel. (i) Assuming the molecules to be moving with 
tmo find the number of collisions per second which the molecules make 
with one square-metre area of the vessel wall; (ii) the vessel is next ther- 
mally insulated and moved with a constant speed vo, It is then suddenly 
stopped. The process results in a rise of temperature of the gas by! (D 
Calculate the speed vp. (Boltzmann constant = 1.38 x 107? J K™ per 
molecule, Avogadro’s number = 6.02 x 10? molecules per mole, | atmo- 
sphere = 1.01 x 10° N m^?) (IIT 1983) 
Solution: (i) Let n be the number of molecules of oxygen per unit volume 
at pressure P and absolute temperature 7. Then 
d ees 
n ET 

Where P — latmosphere — 1.01 X 10N m^, T= 273 + 27 = 300K 
and k (Boltzmann MASH. 22/1:38 x 10773 J K7" per molecule. 


x 1.01 x 10 — = 2.44 x 1075 molecules per m° 
n= (138 x 10-2) x 300 
3P aT. Je NkT 
Now Urms = J= 2705 aig M 
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where N (Avagadro’s number) = 6.02 x 102 molecules per mole, 
M = molecular weight of oxygen = 32g = 32 x 10-3 kg. 


x 3 X (6.02 X 109) x (1.38 x 10- 3) x 300 
periods creme c. 00 


= 483.4 m s^! 


The number of collisions which the molecules make per second with one 
Square metre area of the vessel wall 


. (number of molecules per m?) X (r.m.s. velocity in m s7!) 
(number of degrees of freedom) 


=n X rms 
5 


=i X 244 x 10 x 483.4 = 2.359% 1027 


Note: A diatomic molecule (such as that of oxygen) has six degrees of free- 
dom in all—three Corresponding to translatory motion, two corresponding 


ments have shown that, at ordinary temperatures, the vibratory motion 
does not occur. Hence, at 27 °C, an oxygen molecule has just five degrees 
of freedom. 

(ii) The kinetic energy of oxygen molecules with a velocity vy = 3M 2%, 
where M = molecular weight of oxygen. 


Now heat energy = GIT- C see OM 


C, R R 
But C, — C, —R. or ard Se or v -D-c 
or C, ree * Therefor 
" 6-1) 
1/2 M o} = x 


= [ERRE ema 
OF | oos 32 x 109) x (1,4 =p (for air, y = 1.4) 


= 35.6m s^! 


Example 12: A motor car tyre has a pressure ot 2 atms at 27 ^C. If the 
tyre suddenly bursts, find the resulting temperature, 


Solution: The process is adiabatic. The final temperature is. obtained from 
the relation 


P 2-0 c P-n 
E 


where Initial pressure P, = 2 atms 
Initial temperature T, = 300 K 
Final pressure P, = 1 atm. 
y for air = 1.4 
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ls 


Lew | 


M Pi tY-1) a (2 Y 
Now (&) = 3 
1.4 


or (1/294 = (2) 

or 0.4 log (1/2) = 1.4 (log T; — log 300) 
or — 0.1204 = 1.4 log 7; — 2.4680 

or log Tz = 2.3911 


Ti = 246.1 K = — 26.9°C 


Example 13: An enclosure of volume four litres contains a mixture of 8 g 
of oxygen, 14 g of nitrogen and 22 g of carbon dioxide. If the temperature 
of the mixture is 27 °C, find the pressure of the mixture of gases. Given 
R = 8.315 J K^! mol, 
Solution: Temperature T = 300 K 
Volume V = 4 litre = 4 x 10? m? 
The pressure exerted by a gas is given by 


p = SRE ee a RT 
V molecular weight V 
Pressure exerted by oxygen P, — 5 RT - : RT 
Pressure exerted by nitrogen P; = A RT M ; V 
Pressure exerted by carbon dioxide P, = E a s 5 RT 


From Dalton’s law of partial pressures, the total pressure exerted by the 

mixture is given by 
P= P, + Pi + P3 

RT ERE URI 
Ti Rp Ew 

RT SSS 8.315 x 300 
4 Vo eee x 107 
= 7.79 x 10° Nm? 


Example 14: One mole of oxygen is heated from 0 °C, at constant pressure 
till rp dca increases by 10%. (a) Find the quantity of heat required. 
The specific heat of oxygen, under these conditions, is 0.22 calg ^K. 
(b) If the same quantity of heat is supplied to the gas at constant volume, 


what will be the final temperature? 
Solution: (a) For an enclosed gas at constant pressure, 
Voc T (Charles’ law) 


- Hence, to increase the volume by 10%, the absolute temperature must be 
increased by 10%. The initial temperature of oxygen is T = 273 K. The 
final temperature must be 1.1 x T = 300.3 K. 


Rise in temperature — 27.3 K 
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Quantity of heat supplied is given by 


Q = (mass of 1 mole) x (specific heat) x (rise in temp) 
= 32g x 0.22 cal g-! K`! x 27.3 K 
= 192.2 cal = 807.24 J 
(b) C, = molar specific heat at constant pressure 
= 0.22 x 32 cal K`! mol! 
= 022 x 32 x 4.2 = 29.568 J K`! mol! 
But C,—C,—R 
29.568 — 8.315 
= 21.253 J K-! mol"! 


When 807.24 J of heat energy is supplied to 1 mole of oxygen at 0°C, 
at constant volume, the rise in temperature is given by 


9 1580124. : 
nibo ruo teer d 


Final temperature — 38 ^C 


Example 15: Calculate the work done when one mole of a perfect gas is 
compressed adiabatically, The initial pressure and volume of the gas are 


Solution: Initial pressure, P, = 10° N m2 
Initial volume, V, = 6 litres — 6 x 1073 m? 
Final volume, V, = 2 litres = 2 X 107 m? 
Let P, be the final pressure. Now 


3 
PARAR 
C, = Ea therefore, y = C, ER = POEM 
2 (ed A 3n 
2 
S 
3 


For an adiabatic change, P, Vi" = P, yv? 


U 5/3 
PYE (z) = 10 x (5) = 624 x 10° N m? 
V2 2 
The work done in the adiabatic process is 


l 
W= PET (Pi V; — P3 V2) 


3 
== 


The negative sign shows that the work is done on the gas. 


E a X 6 X 10? — 624 x 105 x 2 x 107) 


11.5 
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TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are 
true or false, giving in brief, reasons in support of our answers 


Lh 


n 


The pressure exerted by an enclosed ideal gas depends on the shape of the con- 
tainer. 

The root-mean square speeds of the molecules of different ideal gases, maintain- 
ed at the same temperature, are the same. (IIT 1981) 


. The average kinetic energy of the molecules in one mole of all ideal gases, at 


the same temperature, is the same. 


. The average kinetic energy of 1 g of all ideal gases, at the same temperature, is 


the same. 


The volume V versus temperature T graphs for a certain amount of a perfect 
gas attwo pressures P, and P» are as shown in Fig. 11.3. It follows from the 
graphs that Pi > Pe. (IIT 1982) 


Fig. 11.3 


V 


Electrons in a conductor have no motion in the absence of a potential difference 
across it. (IIT 1982) 


One mole of a monoatomic ideal gas is mixed with one mole of a diatomic ideal 
gas. The molar specific heat of the mixture at constant volume is 2 R, where R 
is the molar gas constant. 


The curves A and Bin Fig. 11.4 show the P-V graphs for an isothermal process 
and an adiabatic process for an ideal gas. The isothermal process is represented 


by the curve A. (IIT 1985) 
P 
A 
B 
v 


Fig. 11.4 


344 A Course in Physics 


ANSWERS 


1. False The pressure of an ideal gas depends on the number of moles, 
ture and volume of the enclosure; not its shape. 


2. False ‘The root-mean square speed of the molecules of a gas is given by 
m= E 


and hence varies inversely as the square-root of the mass of the molecule. — 
3. True The average kinetic energy of one mole of any ideal gas is given by | 


E-PRT 


where R is the molar gas constant which is the same for all gases. Thus, Ed 
pends only on the temperature of the gas. 

4. False ‘The average kinetic energy of 1g of an ideal gas = 3 7 where. 
is the molecular weight of the gas and hence is different for different gi 
the value of M will be different. 


5. True Foran ideal gas PV/T = constant, i.e. I «“ A or the slope oft 
V-T curve is inversely proportional to the pressure. Since the graph for p essu 
P; has a smaller slope than that for pressure Ps, it follows that P: > Ps. 


6. False The electrons always have thermal motion. N 


5 
7. True For a monoatomic gas, Cy = H R and for a diatomic gas, Cr = 2728 
Since the mixture has two moles, the value of C» for the mixture ey 


1 (3 5 ". 
=F B R +5 R) = 2R. " 


8. True For an isothermal process, PV = constant and for an adiabatic prO ces 
P V” = constant, where y, the ratio of the two specific heats of the gas, BA. 
value greater than unity. Hence the slope of the P-V graph is less for an ise 
thermal process than for an adiabatic process. The curve A, whose slope is les 
than that of curve B, therefore, represents an isothermal process. 


11.6 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives in each of the tomi 
wing. 
1. The root-mean square speed of gas molecules 
(a) is the same for all gases at the same temperature 
(b) depends on the mass of the gas molecule and its temperature 
(c) is independent of the density and pressure of the gas 
(d) depends only on the temperature and volume of the gas. 


2. The relation between volume V, pressure P and absolute temperature T. 
ideal gas is PV = xT where x isa constant. The value of x depends upon 


(a) the mass of the gas molecule E. 
(b) the average kinetic energy of the gas molecules y * 
(c) P, Vand T 2 


(d) the number of gas molecules in volume V. EU 


4 
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. The equation of state for n moles of an ideal gasis PV» R T, where R isa 


constant. The SI unit for R is 


(a) JK“ per molecule (b) Jk K^ 
(c) J K~ mol^' (d) J K^' g^ 


. Four molecules of a gas have speeds 1, 2, 3 and 4 km s^*. The value of the root- 


mean square speed of the gas molecules is 
(a) AV TS km s7! (b) $V 10 km s~ 
(c) 2.5 km s^! (d) V 15/2 km s> 


- The average kinetic energy of a molecule of a gas at absolute temperature T is 


proportional to 


(a) 1/T (b VT 
(oT (d) T* 


. The root-mean square speed of the molecules of a gas at absolute temperature 


T is proportional to 


(a) 1/T (b) VT 
(oT (d) T: 


- The following four gases are at the same temperature. In which gas do the 


molecules have the maximum root-mean square speed? 


(a) Hydrogen (b) Oxygen ; 
(c) Nitrogen (d) Carbon dioxide. 


- If k is the Boltzmann constant, the average kinetic energy of a gas molecule at 


absolute temperature T is 


(a) k 7/2 (b) 3 k T74 
(OkT (d) 3 k T/2 


. Eo and Ey respectively represent the average kinetic energy of a molecule of oxy- 


gen and hydrogen. If the two gases are at the same temperature, which of the 

following statements is true? 

(a) Eo > Ey 

(b) E = E, 

(c) Eo < Ey Y TT 

(d) Nothing can be said about the magnitude of Ea and E, as the information 
given is insufficient. 


- Choose the correct statement from the following: 


(a) The average kinetic energy of a molecule of any gas is the same at the same 
temperature Pr 

(b) The average kinetic energy of a molecule of a gas is independent ofits tem- 
perature (d 

(c) The average kinetic energy of 1 g of any gas is the same at the same tempe- 
rature 

(d) The average kinetic energy of 1 g of a gas is independent of its temperature. 


- The root-mean square speed of the molecules of a enclosed gas is . What will 


be the root-mean square speed if the pressure is doubled, the temperature re- 
Maining the same? 

(a) v/2 (b) v 

()2c (d) 40 


The mass of an oxygen molecule is about 16 times that of a hydrogen molecule. 


At room temperature the rms speed of oxygen molecules is v, The rms speed of 
the hydrogen molecule at the same temperature will be 

(a) »/16 (b) 2/4 

(c) 4 v (d) 165 
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The average kinetic energy of hydrogen molecules at 300 K is E. At the same 
temperature, the average kinetic energy of oxygen molecules will be 

(a) E/16 (b) E/4 

(c) E (d)4E 


. The average kinetic energy ofa gas molecule at 27 ^C is 6.21 x 107?! J, The 


average kinetic energy at 227 °C will be 


(a) 9.35 x 107?! J (b) 10.35 x 107?! J 
(c) 11.35 x 107? J (d) 12.35 x 10-?' J 


- By what percentage should the pressure of a given mass of a gas be increased so 


as to decrease its volume by 10% at a constant temperature? 


(a) 8.1% (b) 9.1% 
(c) 10.1% (d) 11.1% 


A gas at a temperature 250 K is contained in a closed vessel. If the gas is heat- 
ed through 1 °C, the percentage increase in its pressure is 


(a) 0.4% (b) 0.6% 
(c) 0.8% (d) 1.0% 


. A vessel containing 0.1 m* of air at 76 cm of Hg pressure is connected to an 


evacuated vessel of capacity 0.09 m3. The resultant air pressure will be 


(a) 20 cm of Hg (b) 30 cm of Hg 
(c) 40 cm of Hg (d) 50cm of Hg. 


- A vessel is filled with a gas at a pressure of 10 atm and a temperature of 27 °C. 


One-half of the mass of the gas is removed from the vessel and the temperature 
of the remaining gas is increased to 87°C. At this temperature the pressure of 
the gas in the vessel will be 


(a) 5 atm (b) 6 atm 
(c) 7 atm (d) 8 atm 


. Figure 11.5 shows a horizontal tube sealed at both ends and containing a pellet 


of mercury which occupies negligible volume. The region marked I contains 
mass m of a gas and the region marked II contains a mass 2 m of the same gês. 
If both regions have the same temperature, what fraction of the volume of the 
tube will be occupied by the gas of mass 2 m when the pellet is in equilibrium? 


(a) 1/4 (b) 1/2 
(c) 2/3 (d) 3/4 
PN of mercury 


Fig. 11.5 


i s 
Figure 11.6 shows the P-V curves for a certain mass of an ideal gas at two ad 
tant temperatures T; and 7;. Which one of the following inferences is COIT? 
(a) Ti — Ts 

(b) T: > T2 
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(c) Ti < T: 
(d) No inference cau be drawn due to insufficient information. 


Tı 


Fig. 11.6 


21. Figure 11.7 shows a uniform tube open at one end and closed atthe other, A 


D 


11.7 


pellet of mercury is introduced in it so as to enclose a column of air as shown. 
The length of the air column is 18 cm at 27°C. Its length at 87 °C will be 

(a) 21.5 cm (b) 21.6 cm 

(c) 21.7 cm (d) 21.8 cm 


fa Pallet of mercury 


Fig. 11.7 


An ideal monoatomic gas is taken around the cycle ABCDA as shown in the 
P-V diagram (Fig. 11.8). The work done during the cycle is given by 

(a) 1/2 PV (b PV 

(c)2 PV (d)4PV 


Fig. 11.8 


NUMERICAL EXERCISES 


. Calculate the root-mean square speed of oxygen molecules at STP. Density of 


oxygen at STP = 1.424 kg m™. 


. Calculate the root-mean square speed of hydrogen molecules at 300 K. Mass of 


hydrogen molecule = 3.34 x 10-27 kg, Boltzmann constant 1.38 x 10-2 
J K^! per molecule. 


. At what temperature will the root-mean square speed of gas molecules be half 


its value at 400 K? 


- At what temperature will oxygen molecules have the same root-mean square 


speed as that of hydrogen molecules at 173 K? 


- Calculate the rms velocity of oxygen molecules at 300 K. The density of oxygen 


at STP =1.424 kg m™”. 


. Calculate the average translational kinetic energy of a molecule of a gas at 


1000 K. Given R == 8.32 J K^! mol". 
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At what temperature, pressure remaining constant, will the rms speed of gas 
molecules be half its value at 0 °C? 

Helium gas occupies a volume of 0.04 m? at a pressure of 2 x 10° N m=? and 
temperature 300 K. Calculate (i) the mass of helium, (ii) the rms speed of its 
molecules and (iii) the rms speed when the gas is heated at constant pressure to 
a temperature of 432 K. 


. A certain mass of a diatomic ideal gas (y = 1.4) at a pressure of 75 cm of Hg, 


is compressed to half its original volume. What is the pressure of the compress- 
ed gas, if the compression is carried out (i) isothermally and (ii) adiabatically? 
A certain mass of a monoatomic ideal gas (y = 5/3) ata temperature of 300K 
is compressed to half its original volume. What is the temperature of the com- 
pressed gas, if the compression is carried out (i) isothermally and (ii) adiabati- 
cally? 


- A gas expands isothermally from a volume of 100 cm? to 250 cm? under a cons- 


tant pressure of 2 atmospheres. Calculate the work done by the gas. 


- Two moles of an ideal gas expand to double the initial volume at a constant 


temperature of 400 K. Calculate the work done in the process. 


- Two moles of air at 300 K expand adiabatically to twice the original volume. 


Calculate the work done by the gas. Given R = 8.315 J K-t mol-! and y = 
1.4. 


. A certain mass of a diatomic gas (y = 1.4) occupies a volume of 100 cm’ ata 


pressure of 75 cm of Hg. It is compressed adiabatically until the pressure in- 
creases to 80 cm of Hg. Calculate the work done in the process. 

One mole of air at 300 K is compressed adiabatically until its temperature rises 
to 400 K. If the specific heat of air at constant volume is 20.75 J K^! mol”, 
what is the work done? 


ANSWERS 


MULTIPTE CHOICE QUSTIONS 


1. (b) 2. (d) 3. (9) 4. (d) 5. (c) 
6. (b) 7. (a) 8. (d) 9. (b) 10. (a) 
11. (b) 12. (c) 13. (c) 14. (b) 15. (d) 
16. (a) 17. (c) 18. (b) 19. (c) 20. (c) 
21. (b) 22. (b) 


NUMERICAL EXERCISES 


1 
2 
3 
4. 
5 
6 
7 
8 
9 
10. 
11 
12 
13 
14. 
15 


. 4.61 x 10? m s^! 


1.93 x 10m s^! 


. 100K 

. 2768 K 

. 4.84 x 10? m s^! 
. 6.06 x 107?" J 


68.25 K 


. (0 1.28 x 10-* kg (ii) 1.37 x 10° m s~: (iii) 1.64 x 10* ms! 
. (i) 150 cm of Hg (ii) 197.9 cm of Hg 


(i) 300K (ii) 395.8 K 


«30 

. 554.6 J 

. 3020 J 

» 29.25 

. — 2075 J 
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12. REVIEW OF BASIC CONCEPTS 


12.1.1 Coulomb's Law Force F between two point charges qı and qz, 
distance r apart is directly proportional to the product of their magnitudes 
and inversely proportional to the square of the distance between them, i.e. 


F = k UR (12.1) 


where k is a positive constant. The force Facts along the straight line 
joining the two charges and is directed away from each charge (repulsion) 
for like charges. If the charges have opposite signs, the force is directed 
towards each charge (attraction). 

In SI units, r is in metres, Fin newton and the charges are in a unit 
called coulomb (C). In SI units the constant k is given by 


k= | 29x10Nm Cc? 
47 & 
where ep = 8.85 x 10-272 C? N-! m^? is called the permittivity of free 
space. Thus, Coulomb's law for vacuum (or air) becomes 


esl LI HR (12.2 
res 4 T ép re ) 


In a material medium, €o is replaced by € = K eo. where e is called the 
permittivity of the medium and K is known as the dielectric constant of the 
medium. 

Coulomb’s law also applies to uniform spherical shells or spheres of 


Bue In that case, the distance r is measured from the centres of the 
Spheres, 


12.1.2 Electric Field and Electric Intensity An electric field exists at any 
Point in space where a test charge, if placed at that point, would expe- 
rience an electric force. A test charge is a fictitious charge of such a small 
Magnitude that it does not disturb the electric field due to the neighbour- 
Ing charges. The direction of the electric field at a point is the same as the 


oe of the force experienced by a positive test charge placed at that 
oint, 


e Fes H . * 
The electric intensity E at a given point in an electric field is the force 
experienced per unit positive charge when a test charge is placed at that 
Point. The SI unit of Eis N C' or V m-'. Ifa charge q is placed at a 
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— 
point where the electric field due to, other charges is E, the charge will 


— 
experience a force F given by 
— —- 


EE (12.3) 


12.1.3 Electric Intensity Due to a Point Charge Ifa test charge q is 
brought near a point charge q at a distance r from it, then it will experience 
a force 


But the force experienced by a test charge q in an electric field E is given 
by 


(12.4) 


Ec acr 


This is the electric field intensity at a distance r from a. point charge q. For 
me ; 
a positive charge, E is directed radially outwards from q, while for a 
— 


negative charge (—-q), £ is directed radially inwards. Equation 12.4 also 
applies to points outside a finite spherical charge q. 


B 
To find the electric field £ at a point due to several charges, the vector 
sum of the intensities due to the individual charges is taken. This is known 
as the principle of superposition, which may be used to calculate the cou- 
lomb force experienced by a charge due to a number of other charges. 


12.1.4 Electric Potential The potential difference between two points A 
and B is the work done against electrical force in transporting a unit posi 
tive charge from A to B and is represented by (Vg — V4) or simply V. If W 
is the work done in carrying a test charge q from A to B, then 


or = — 


The SI unit of potential difference is the volt (V). Thus 
1 volt = 1 joule/coulomb 
or 1 Vip. Gee 


Like work, potential is a scalar quantity and may be positive or negative. 


The electric potential (or absolute potential) at any point in an electric 
field is the work done against electric force in carrying a unit positive 
charge from infinity to that point. The potential at a point P at a distance 
r from a charge q in free space is 


pup 
r 


which, in SI units, can be written as 
ms. (12.5) 


ET 
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Because potential is a scalar quantity, the absolute potential at a point due 
to several point charges is given by (using the principle of superposition) 


uu | qi 
VR Pr (12.6) 


where r, are the distance of the charges q; from that point respectively. The 
terms in the summation are positive or negative depending on whether the 
charges are positive or negative, 


12.1.5 Electric Potential Energy Every charge possesses a potential | 
energy because work is done to carry the charge from out of the field to 
the point in question. The work done q V on a charge qto bring it from 
infinity to that point against the electrical force is stored as potential energy 
in the charge. The potential energy can be positive or negative depending 
on whether the work is done against the electric force or by the electric 
force during the transport of charge. For a positive charge, there is an in- 
crease in potential for positive potential energy. But for negative potential 
energy, there will be a drop in potential if charge q is positive. 


12.1.6 Relation Between E and V Because E is force per unit charge and 
V is work per unit charge, E and V are related in the same way as work 


and force. If 4 V (= Vg — V4) is the increase 
— 


in potential over a short displacement 4 s, then 
(see Fig. 12.1) 


> > »* 
y-2—EAS 1 gc 
É 
where the negative sign indicates that the work 
is done against bar field. If 8 is the angle bet- Fig. 121 
ween E and 4 s, we have 
V = — E(As)cosa —.—EAx 
— — 
where Ax = (45) cos isthe component of A s along E. 
Therefore, E — — du (12.7) 
Ax 


Thus electric intensity E is the negative gradient of potential. This means 


that the potential decreases along the direction of E. The SI unit of E is 
therefore, volt per metre (V m^). 

If two points separated by a distance d in a uniform electric field have a 
potential difference V, then 


\Vi= Ed 


or E= k (12.8) 


The electric field between two large, parallel and oppositely charged 
plates is uniform. Hence, the potential difference between them, when they 
are separated by distance d, is E d. 
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12.1.7 Electron Volt The work done in transporting a charge of +e 
(charge ona proton) through a potential of 1 volt is called one electron 
volt, written as eV. This is the unit of energy commonly used in atomic 
physics. 
Therefore, l eV = (1.6 x 107? C) (1 V) = 1.6 x 107? J 
l keV = 1000eV, 1 M eV = 106 eV, 
IBeV —1GeV =10 eV 
Work (in joules) 
e 


I} 


Work or energy (in eV) = 


12.1.8 Lines of Force ' As an aid on visualizing electric fields, Faraday 
and others drew lines of force that everywhere have the direction of the 
electric field. Fig. 12.2 shows the lines of force that represent the electric 
field surrounding a point charge. A line of force in an electric field is an . 
imaginary line, the tangent to which at any point on it represents the direc- 
tion of the electric intensity at that point. The lines of force are directed 
away from a positive charge, since like charges repeleach other and the 
imaginary test charge is a positive one. The lines extend all the way to in- 
finity in this case, since there isa small force on a test charge no matter 
how far away it is. The lines of force originate at a positive charge and 
terminate at a negative charge. The number of lines crossing a unit area is 
related to the electric intensity. For a uniform electric field lines of force 
are obviously parallel to each other and equally spaced because only then 
the magnitude and direction of the field will be same in the region. 


OK 


Fig. 12.2 


-— 


> 1 i nsider a beam of electrons, moving 
with a velocity V, between two parallel plates as shown in Fig. 12.3. The 
force on an electron of charge e between the plates is e£. 
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Fig. 12.3 


and is directed towards the +ve plate. Since Eis vertical, there is no 
horizontal force on the electrons and the velocity v, remains unaffected. 
The situation is similar to the motion of a projectile projected horizontally 
under the action of gravity. The vertical acceleration due to gravity does 
not affect the horizontal motion. 


The vertical displacement y is given by 


EDD xxt Felis o» ^i 
Jim dE (sz utd zltu 0) 
where a is the vertical acceleration given by 
a T EM m being the electron mass 
m 
y= pete ti) 


The horizontal displacement, 


vid (i) 
Substitution of t from Eq. (ii) into Eq. (i) gives 
„a L(eE) x (12.9) 
VEM ( n) 


The path of the electron is therefore a parabola in the plane defined by the 
electric intensity and the initial velocity. 

hie value of y after travelling the distance / between the ends of the 
plates is x 


rete (12.10) 
í 2m vi 


The beam then moves in a straight line as shown in Fig. 12.3. The time 
Spent by the electrons between the plates is //z,. The vertical component of 
Velocity », attained during this time is given by 


v, — acceleration x time 


eEl (12.11) 


mM. Vy 
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The angle 0 at which beam emerges from the field is given by 
UU CoE E ey 


tani come me Ja! (12.12) 


Uy 


The energy of the electron increases by an amount } m v? as it comes out 
of the plates. Thus if V is the pd between the plates 


eV = 4mu} 
2 
or 2, -fZ (12.13) 
m 


The above equations hold ifthe speed is much less than the velocity of 
light. The kinetic energy of the particle does not remain constant through- 
out the path. It increases as its path progresses in the field. 


12.1.10 Electric Dipole A pair of point charges of equal magnitude and 

opposite signs separated by a short distance is called an electric dipole. In 

Fig. 12.4 the dipole is in a uniform electric 
> 


field E, whose direction makes an angle 4 
with line joining the two charges, called 
the dipole axis. The net force on the dipole 
is zero, but a couple acts on it, whose 
moment is given by 


7 = (q E) l sin 0 (12.14) 
5 EDO ME E where /sin @ is the perpendicular distance 
q AE between the lines of action of the two forces. 
è The product q / of the charge q and the 
Fig. 12.4 separation / is called the electric dipole 
moment, p. 
The torque exerted by the couple is then 
7 — p Esin 0 (12.15) 
In the vector form 
7 (12.16) 


— 
p is the dipole moment along the axis of the dipole. The torque tends to 
— 


— à 
rotate the dipole to a position in which p is parallel to E. In a uniform 
HD us the dipole is in equilibrium in this position, as in the bottom 
of Fig. 12.4. 


12.1.11 Capacitance 


(a) Definition 1f a conductor has a charge Q on it and V is its surface 
potential then 


O=CY 
where C is a constant for the conductor and depends only on its size and 


Shape but is independent ofthe nature of the material of which the con- 
ductor is made. This constant is called the capacity of the conductor. 
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SI unit of capacity is farad. 


l farad = 1 coulomb 


Since | farad is very large, 1 mF, pF, pF are commonly used. 


(b) Energy of a Charged Conductor When a conductor is being charged, 
let the charge at any instant be q and the potential of the conductor V. 
Then 


Work done in giving a further charge d q to the conductor is 


dw=Vdq= 164 


Total work done in charging the conductor to a final charge Q from an 
initial value of zero is 


E ou) wig 
w= aw=5] qdq =5 Ç 
If V, is the final potential, 
ME 
Vo 


Eenergy stored in a charged conductor is 


^ 1202 2M asl 
w-ar odd 
(c) Capacitor or Condenser A capacitor or condenser consists of two con- 
ductors separated by an insulator or dielectric. The presence of a second 
conductor, which is usually connected to the earth, enhances the capacity 
of the system to store charge. ; ; 

The dielectric between the conductors reduces the electric intensity bet- 
ween them because of the polarisation of the dielectric. This decreases the 
potential on the charged conductor and hence increases the capacity of the 
condenser. i 
_ The capacity of a condenser in the presence ofa dielectric of a specific 
inductive capacity K (also known as dielectric constant) is K times the 
capacity when there is air (or vacuum) between the plates. Thus 


Ce = K Co (12.19) 


Where C: and C«, are the capacitance fora condenser with and without 
dielectric respectively. 
The energy of a charged condenser is the same as that of a charged con- 
uctor, i.e. 


2109. Los PES 
W= eo d um 

Where Q is the charge on either plate and V, the potential difference bet- 

Ween them. For the same charge, the presence of a- dielectric results in à 

fall of potential between the two conductors, increases capacity and hence 
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reduces the stored energy. This loss in energy is due to the work done in 
polarising the dielectric medium. 
(d) Spherical Condenser A spherical condenser consists of a solid charged 
sphere A surrounded by a concentric hollow sphere B insulated from out- 
side, as shown in Fig. 12.5. 

The capacity of such a condenser is given by 


C= ane K( 5) (12.20 


where K is the dielectric constant of the material between the two spheres, 
and a and b are the outer and inner radii of the two spheres. For vacuum, 


+Q -Q 


+ "T 
T —- 
E ~ 
+ — 
+ — 


«— d —» 
Fig. 12.5 Fig. 12.6 


(e) Parallel Plate Condenser The capacitance of a parallel plate capacitor 
with two large plates (Fig. 12.6) is given by 


C= Ke 4 (12.21) 


where A is the area of one side of one plate which is opposite the other 
plate and d is the distance between them. This result holds for a capacitor 
of arbitrary shape. 


(f) Cylindrical Condenser A cylindrical condenser consists of two co-axial 
cylinders with an inner solid cylinder and an outer hollow cylinder, as 
shown in Fig. 12.7. 


Fig. 12.7 


The capacitance of this capacitor is given by 
c= Cra) K! 


log. (ba) - (12:29) 
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(g) Capacitors in Parallel and Series 1n parallel arrangement of capaci- 
tors, as shown in Fig. 12 8 (a), the potential difference across individual 
capacitors is the same and the total charge is shared by them in the ratio 
of their capacities. if 


Q-0TQ;T09-... 


L 2 oO M 
and V ror C Coe 
C=C,+O,4+6,+... (12.23) 


(a) 


Fig. 12.8 


In series arrangement of capacitors, as shown in Fig. 12.8 (b), the charge 
on each capacitor is the same and the total potential difference is shared 
by them in the inverse ratio of their capacities. 


0=Q),=Ch=GV3=.--. 


and V=H=Yy+h4+V3+--- 
Thereforce, the effective capacity of the combination is given by 
1 1 1 1 
L.l "ELM T (12.24) 
C^ c UE 
12.2 SI UNITS 
Physical Quantity SI Units Symbol 
Electric charge coulomb c 
Permittivity of free space 8.85 x 107 C N^ m* to 
or Fm 
Dielectric constant K = — dimensionless K 
€o 
Electric intensity newton per coulomb N C^! 
or volt per meter Vm 
Electric potential volt (joule per coulomb) VorJ c 
Electric potential energy joule, electron volt J, eV 
Electric dipole moment coulomb meter Cm 
Capacity farad F 


eV PADACHEY | 00000 E O E E 
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12.3 FORMULAE 
1. Coulomb's Law: 


F= ÜB, (147g) =9 x10? NmC 


qu Cu reir 


2. Electric intensity due to a point charge 


3. Potential due to a point charge 


a gel 
V S clr, 


4. Relation between potential and uniform electric ficld 


V 
cof 


5. Path of an electron in a uniform electric field 


6. Moment of an electric dipole p = q l 
ac MS 
p £s 


Lia 
7. Torque due to an electric dipole 7 = p x 


8. Capacitance C — z 


9. Energy stored in a charged conductor or capacitor 
AUSTRO 1 2 1 
Wc p Wer 
10. Capacity of spherical condenser 


C 4n K (pee) 


b—a 
11. Capacity of a cylindrical condenser 
_ 2 meg KI 
E log, (b/a) 


12. Capacity of a series combination of capacitors 
T Sla. - ln n. 1 
C. Coo Gane: 
13. Capacity of a parallel combination of capacitors 
C= C+ CREC, +... 
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12.4 NUMERICAL EXAMPLES 


Example 1: Two negative charges of unit magnitude and a positive charge 
q are placed along a straight line. At what position and for what value of 
q will the system be in equilibrium? Check whether it is a stable or neutral 
equilibrium. (IIT 1973) 


Solution: Let the charge q be at distances r; and r} from the two charges 
P and Q respectively, as shown in Fig. 12.9. 


-1 -1 
P Al a Q 


Fig. 12.9 


For equilibrium of q, the forces on it exerted by P and Q must be co-linear, 
equal and opposite. 


Force on q by P 


Toa iT towards P 
Tepr? 
Force on q by Q 
ril hee towards Q 
2 
: q d. 
\Feel = El OF m p 


rj = ry = r (say). Hence charge q should be equidistant from 
P and Q 


For the system to be in equilibrium, the charges P and Q must also be in 
equilibrium. Now 


Fp, = force on P by = Eee (towards q) 


ET 


1 
F5 force ani by ies Fr alr? 


(away from P and away from q) 


Since Fp, and Fpg are oppositely directed along the same line, we have, 
for equilibrium, 4 


B Aves 
doer 476 (4r) 
or q = 1/4 


Similarly for the equilibrium of Q, we would get g = 1/4. Thus q = 1/4 
in magnitude of either charge P or Q. 


ili i i incre: itude 
Stability A slight displacement of q towards P increases the magnitu 
of Fp and ARAR the magnitude of F;o. Consequently, the displacement 
of q is increased. Thus the three charges are no longer in S 
Hence the original equilibrium is unstable for displacement along the axis 
on which the charges are located. 
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For a displacement of q along a direction normal to the line P Q, the 
resultant of the two forces of attraction F;p and F,9 will bring the charge 
q back to its original position. Thus the equilibrium is stable for displace- 
ment in the vertical direction. 


Example 2: Two balls of the same radius and weight are suspended on 
threads so that their surfaces are in contact. A charge of Qo = 4 x 107C 
is given to the balls which makes them repel each other to an angle of 60°, 
Find the mass of the balls if the distance from the point of suspension to 
the centre of a ball is 20 cm. Find the density of the material of the balls 
ifthe angle of divergence becomes 54^ when the balls are immersed in 
kerosene of density 800 kg m-?. Dielectric constant of kerosene = 2. 


Solution: Let 2 « be the angle between the two threads as shown in Fig. 
12.10. 


IN 

m 
Ww 
Fig. 12.10 


Each ball is acted upon by two forces: the weight W of the ball and Cou- 
lomb's force of repulsion F,. The resultant of these two forces is F. But 


È 
F, = W tana P3 


T €g r? 
and 5 = [sinx 
Hence Fi = W tana = Ha" as 
7 eœ A l^ sin? « 
1 2 
W= (a E. (1) 
ot (s T =) 41° sin? « tan x 


Each ball carries a charge 4 = Qo/2. Thus we have 


P^ OR 1/67; 
je Peri ien adus 
Now Qo = 4 x 107 C, 1 = 20 cm = 0.20 m, x = 30" 


and 


= 9 X 10° N m? C2 


47 e 


Electrostatics 361 


9 x 10 x (4 x 10-7? 
= Rv Mr «(057 w 0&7" 
Therefore W = Tex (0.20): x (0.5)? x 0.577 


= 0.0156 N 


Hence mg = 0.0156 N, where g == 9.8 m s? is the acceleration due to 
gravity. Thus we have 
0.0156 
98 
When the balls are immersed in kerosene, each ball is acted upon by the 


upward thrust W, (Archimedes’ principle). For a ball immersed in kero- 
sene, we have 


m= = 1.592 x 10^? kg = 1.592 g 


Ra gute eS DNE 
Ws hers (zzi) 4 [^ sin? a2 tan %2 Q 


where a is the angle between the threads now. Also 
W — Wi = (1 — pr) V8 6) 


where p, is the density of the ball and pz is the density of kerosene. V is 
the volume of the ball. From Eqs (1), (2) and (3) we have 


w — w e aksina ten ea Pte pq PP 
Ws Kin? a tan #2 Pi Pi 


As p2 K sin? « tan 2 

Pl = K sin? a; tan a — sin? «4 tan & 

as = 27°, sin? a, = (0.4540), tan 4; = 0.5095 

a, = 30°, sin? «, = 0.2500, tan «, = 0.5774 

K = 2, p; = 800 kg m^? 
(800 x 2 x (0.4540) x 0.5095 

Pı = 3 x (0.4540)? x 0.5095 — 0.2500 x 0.5774 
= 2559 kg m^? 


Example 3: Two identical balls, each of mass 0.20 g, carry identical 
charges and are suspended by two threads of equal length. At equilibrium, 
they position themselves as shown in Fig. 
12.11. Find the charge on either ball. Given 


g=98ms. 


Solution: Consider the ball on the right. There 
are three forces acting on it. They are 

(i) Tension Tin the thread, (ii) the force due 
to gravity 


mg = 0.20 X 102 x 9.8 
= 1.6 x 10? N 

and (iii) the force F due to Coulomb's re- Fig. 12.11 
pulsion. 


For equilibrium, the sum of the forces along x and y directions must be 
Zero, i.e. 


E&R-95 350 
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Thus for the ball on the right, writing the x and y components of forces, 
we have 
T cos 60 — F = 0 (i) 
T sin 60° — mg = 0 (ii) 
From Eq. (ii) we have 


UU RT oe ee oOo Orta w 
E E a A NAA 


Substituting in Eq. (i) we get 
F = T cos 60° = 2.26 x 10-3 x 0.50 = 1.13 x 103 N 


But this is the Coulomb’s force which is (since the two charges are equal) 


qq: PERA 
4Ter 4n or 
ji vua 
PE 47 egr? 
or P = (47 &) Fr? 
Now r= 50cm = 0.50 m, sa 9 x 10” N m? C. 


4T € 


2 _ 1.13 x 107 x (0.50)? 
9x 10 


q ST] K AGC =30N77 kC 


Therefore, q 


Example 4: Two similar helium-filled spherical balloons tied to a 5 g weight 
with strings and each carrying a charge q float in equilibrium as shown in 
Fig. 12.12. Find (a) the magnitude of q, assu- 
ming that the charge on each balloon acts as if 
It were concentrated at the centre and (b) the 
volume of each balloon. (Neglect the weight of 
the unfilled balloons and assume that the 
density of air — 1.29 kg m^? and the density 
of helium in the balloons =.0.2 kg m^.) 

im im (IIT 1967) 


Solution: Let T be the tension in the string. 
Resolve T into rectangular components at X. 
The horizontal components T sin ô balance each 
other. For equilibrium, 

59 Mg =: 2 T cos 0 


In triangle PRX, 


+—— 0°60m——+. 


Fig. 12.12 


ONE WA 
sin 0 = 107 0.3 
cos 8 = 4/1 — sin? 0 = 0,954 
3 
Te E BX X98 ex IN 


2cosð &— 2x 0954. 
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If v is the volume of each balloon and p;, the density of helium, the mass 
of helium in each balloon is given by 
m=vP;y = 0.» 


Let W be the upward thrust on cach balloon. Then the weight of the air 
displaced is 


W=Vpg = 1.2978 
Each balloon is in equilibrium under the action of the following forces. 
(i) its weight 
(ii) Coulomb force of repulsion F 


(iii) tension T in the string 
(iv) upthrust W 


r=0-50m. 
R Tsin8 A 


Mg 


Fig. 12.13 


Resolve T along horizontal and vertical directions at P. For the equili 
brium of the balloons, we have 


$ 
F= Tsin 0 and w = mg + Tcos®? 


non q ibo. id 

But F= 37 «, (0.60) T sin 
r , Tsin? x 036 
; T= Ane) 

2.568 x 10° x 0.3 X 0.36 

TE. 9 x 10° 

= 3.082 x 1073 
or q = 5.55 X 107C = 0.5554 C 
Now W = mg + Toos 6 = 1.29 vg, Butmg = 0:2 0g 


and T cos 0 = Mg/2 
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1.29 vg — 020g + 4^ 


or 1.09 v = M|2 = 2.5 x 10^? 

or v = 2.294 x 10-7 m? 

Example 5: A.particle having a charge of 1.6 x 107? C enters midway 
between the plates of a parallel plate condenser. The initial velocity of the 
particle is parallel to the plates. A potential difference of 300 V is applied 
to the capacitor plates. If the length of the plates is 10 cm and their sepa- 
ration is 2 cm, calculate the greatest initial velocity for which the particle 


will not be ableto come out ofthe plates. The mass of the particle is 
12 x 107 kg. (IIT 1976) 


Solution: ^E = i 


where V = 300 V, d = 2cm = 2 x 102 m. 


plat Ol m 
Therefore Ee — l5 x 10 V m“! 


Fig. 12.14 
Referring to Fig. 12.14, the maximum deflection so that the particle just 
fails to come out is given by 
y=1cm or 107m 
m oes 
But Jia 


2 buc q Es 
| 2my 
Here q = 1.6 x 10°C, F=1.5 x 10* V m-7!, 
x = l0 cm = 0.1 m 


Therefore 


y2 = 1:6 X 1079 x 1.5 x 104 x (9.1? 
ki 2x 12 x 10% x 103 


= 1.0 x 108 
V, = 1.0 X 104m s~! 


Example 6: A simple pendulum consists of a small sphere of mass m sus- 
pended by a thread of length /. The sphere carries a positive charge g. The 
pendulum is placed in a uniform electric field of strength E directed verti- 
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cally upwards. With what period will the pendulum oscillate if the electro- 
static force acting on the sphere is less that the gravitational force? Assume 
the oscillations to be small. (IIT 1977) 


Solution: Let x be the small displacement given to the pendulum such that 
the angle 9 is small (Fig. 12.15). 
The forces acting at A are 


(i) tension T along the thread 
(ii) weight mg acting vertically downwards 
(iii) electrical force gE vertically upwards. 


The resultant force vertically downwards is (mg — qE). Therefore 


Net acceleration 


Time period 


mg (mg-qE)cos 8 


Fig. 12.15 Fig. 12.16 


Example 7: A pendulum bob of mass 80 milligrams and carrying a charge 
of 2 x 10-* C is at rest in a uniform horizontal electric field of 20,000 V 
m-!, Find the tension in the thread of the pendulum and the angle it makes 
with the vertical. } (IIT 1979) 
Solution: The forces acting on the bob are shown in Fig. 12.16. Since the 
bob is in equilibrium, we have 


mg = Tcos 9, qE = T sin 8 


tah 8 a LE 
mg 
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Here q = 2 x 10* C, E = 2 x 104 V m~! and m = 80 x 10-5 kg. Sub. 
stituting these values, we get 


2X10?3x2 x 10¢ 
80 x 1075 x 9.8 


Qr om 


tan 0 = E0551 


Substituting the value of 0 in m & = T cos 6, we get 


mg 
cos 8 

. 80 x 10-5 x 9.8 
T - 0.8908 


= 8.8 x 107* N 


Example 8: An infinite number of charges each equal to q are placed along 
the x-axis at x = 1, x = 2, x = 8, ... and so on,Find the potential and 
the electric field at the point x — 0 due to this set of charges. What vill 
be the potential and electric field if, in the above set up, the consecutive 
charges have opposite sign? (IIT 1974) 


Solution: The potential at x — 0 due to this Set of charges is given by 


q q q 
DU cipi Xo LOL a NN 
x=0 x=} x=2 x=4 x=8 
Fig. 12.17 


7 € 2 8 
$3 (fee (129 
= SERN | TG eae 
pale 
EZ 


Since the point charges aresalong the same straight line, the intensities al 
x = 0 are also along the x-axis. 
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If the consecutive charges have opposite sign, the potential at x = 0 is 


- zi rroo 6) r- wl 
uL LE 
V iz AU 


The electric intensity of x = 0 is given by 


NENNT E. o QE 
E= ae opt G7 Gy a6 d 


( 
eese dH wee 
Tape caritate dM C 
1 


{ + 
y s E "f (cano) 
{ 


1 
am $1) 
4m eg V 5 


order. Calculate the electric potential and intensity at O, the centre of the 
square. If E and F are the midpoints of sides BC and CD respectively, what 
will be the work done in carrying a charge e from O to E and from O to F? 


Solution: Referring to Fig. 12.18, the potential at O is given by 
EXE ee ee 5) 
Kor an C + op OC OD 


m abe Lt _i)=0 
=i (f+; nir 


Since each charge has the same magnitude and is at the same distance, the 
electric intensities E4, Eg, Ec and Ep due to charges at 4, B, C and D 1es- 
pectively, have the same magnitudes. Therefore 
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The directions of the electric intensities are shown in Fig. 12.18 


Fig. 12.18 


Let £' be the resultant of E, and Ec, then 
ERE ES 4 
Similarly E", the resultant of Ep and Ep is 
E' = E, Ey 4 
The resultant E is then given by 
BOUE 
E = VIK ( 4) 


But r= — or puc 
Fie 2 2 
E=4Vix4 
The direction of E is parallel to AD or BC. Now 


2^ 
(AE)? = @ + (3) = x ,AE m M5 4 5 


Similarly DE = v55 and AF = BF— N33 
Therefore, the total potential at E is given by 


4 RC RP uw fa) m 
Ve=K( - DE* BE cz) o 
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Similarly 


or ng 

ga 24 a a 

M a a 
q 


=K(=t ie M)» EL-i) 
V5a 4 a 5 


Work done in carrying charge e from O to E is 
e (Vg — Vo) = e(0 — 0) —0 
Work done in carrying charge e from O to F is 
zd, add st (1 b ) 
e (Vp — Vo) = e Vr = K a NE 1 


Example 10: A rigid insulated wire frame in the form of a right-angled tri- 
angle ABC, is set in a vertical plane as shown in Fig. 12.19. Two beads of 
equal masses m each and carrying charges di and qz are connected by a cord 
of length / and can slide without friction on the wires. 


8 Horizontal 
Fig. 12.19 


Considering the case when the beads are stationary, determine 


(i) the angle « 
(ii) the tension in the cord and 
(iii) the normal reaction on the beads. 
If the cord is now cut, what are the values of the charges for which the 
beads continue to remain stationary? (IIT 1978) 


Solution: The forces acting on the bead P are shown in Fig. 12.20. 


Fig. 12.20 
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Assuming that the charges are similar, the repulsive force F is 
qı P 
F m K UTE 


where K is a constant. Let T be the tension in the string and N,, the nor- 
mal reaction on the bead at P. Considering the components of forces per- 
pendicular and parallel to 4B, we have, for equilibrium, 


m g cos 60° = (T — F) cos « (1) 

N, = mg cos 30° + (T — F) sin « (2) 
For the bead at Q, we have 

m g sin 60° = (T — F) sin « (3) 

N, = m g cos 60° + (T — F) cos « (4) 


Squaring and adding Eqs (1) and (3) we get 

m g= (T — FÈ 

T—F=+mg (5) 
Assuming that the charges are similar, we have 

T—F=+mg 

T=F+mg=KUB i meg (6) 


From Eq. (1) we have 

m g cos 60° = m g cos « 

a = 60° 
Equation (2) gives 

N, = m g cos 30° + m g sin 60° 

= 2 mg cos 30° = m g 4/3 

From Eq. (4) we have 

N2 = m g cos 60° + m g cos 60° =mg 
If the string is cut, T = 0 and we get, from Eq. (5) 


F=+mg 
‘ p 
F=KoR eu mg or Uo = Egg 


Thus q, and q; may have the same or opposite signs. 


Example 11: A thin fixed ring of radius 1m has a positive charge of 1 X 
1075 C uniformly distributed over it. A particle of mass 0.9 g and having 
a negative charge of 1 p C is placed on the axis at a distance of 1 cm from 
the centre of the ring. Show that the motion of the negatively charged 
particle is approximately simple harmonic. Calculate the time period o. 
oscillations. (IIT 1982) 
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Solution: Consider two small and equal elements of charge 4q on the 
opposite sides of a diameter of the ring of radius R as shown in Fig. 12.21. 
Pisa point on the axis of.the ring at a dis- 

tance r from the centre, The force on a nega- A 


tive charge (— q) placed at P is given by ^F cos 8 
. imag 
AF = Gm e (APP 
and is directed towards A along PA. 4F can be ^F sino P 


resolved into two components 4F cos 0 along 
the normal to OP and AF sin 0 along PO. The 
element of charge dq at B gives rise to a force 
equal in magnitude to 4F and directed along 
PB. On resolving this force into horizontal and 
vertical components, the vertical components Fig. 12.21 

AF cos @ cancel out and we have a resultant : 

force along PO alone. Summing over all such elements on the ring, the 
net force along PO is given by 

1 Qqsin 8 


^ 4 ey (PAY 
where Q is the total charge on the ring. But sin 0 = OP/PA. Therefore 


EN. E 
F= aap 


Here PA = OA, since OP < OA. OP = r = | cm and OA = 1 m. Hence 


1 r 

F— az QUO 
where q = — 1 x 10-5 Cand Q = 1 x 10°C. Therefore, we have 

F = —(9 X 10°) x 10-* x103r = —9 x I0?r 
Acceleration a is given by 

2. 
o T MEM d MC 
m m 


Thus the acceleration is proportional to the displacement r along the axis 
and directed towards the centre of the ring. The negatively Vat pini: 
cle, therefore, executes simple harmonic motion. The time period of this 


motion is given by 


T= 29 J7 
k 


Here m = 0.9 g = 0.9 x 10? kg k29x10?N m7. Therefore, 


Bs 
Tub [5 x 10 


9 x 107 
= dn A/10? 
27 
= 10 = 0.628 Lj 


Example 12: Two fixed, equal, positive charges, each of magnitude 5 X 
195 C, are located at deos ^4 and B separated by a distance of 6 m. An 
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equal and opposite charge moves towards them along the line COD, the 
perpendicular bisector of the line AB (Fig. 12.22). 

The moving charge, when it reaches the point C at a distance of 4m from 
O, has kinetic energy of 4 J. Calculate the distance of the farthest point D 
which the negative charge will reach before returning towards C. 


(IIT 1985) 
+q 4 
NE 
3m 5m 
-4 
=g D 0 C 
D C 
am 5m 
gi "ta 
Fig. 12.22 Fig. 12.23 


Solution: From Fig. 12.23, AC = BC, AO = 3m. OC = 4m, 
AC — BC — 5m 


The potential energy of the charge at C due to the charges at A and B is 
given by 


RSV EE. 

IE 4m eor 47 ey r 
E INN y 
4T er 


222X(5x105?»x9»x 10 
y 5.0 


— 9.0 J 
The kinetic energy at C is 
KE —4J 
Total energy = PE--KE—4—9— — 5] 


The negative charge will reach the farthest point D such that its total 
energy is equal to — 5 J. 


Total energy at D due to charges at A and B 
g? q 
p 4845 CAD) 4m co (AD) 


Thus we have 


ll 
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j MUT - 
or ADS 
p 52 
0998710 X2x(5x!0'y m 
5 
But OD = V(ADP — (AOF = 81 —9 = 72 
OD = 8.485 m 


Example 13: Eight charged water drops each with a radius of | mm and a 
charge of 107!? C merge into a single drop. Find the potential of the big 
drop. 


Solution: Considering a drop to be a perfect sphere of radius r, the poten- 
tial due to a charge q is given by 


lg 
domo 


The charge of n drops Qo — nQ = 8 x 10" C. 

The radius of the big drop (R) can be found from the condition 
s($«r p) = Fm Rp 
R = r (n)? 

Here n = 8 andr = 1 mm = 1 X 102 m. Therefore, 
R-2x 07, 


IBS UI cm 

Hence V= — ae = 3600 V 

Example 14: A tiny nucleus has a charge + 50 e. (a) Find the potential V 
at a radius of 10-!? m from the nucleus. (b) Ifa proton is released from 
this point, how fast will it be moving when it is 1 m from the nucleus? 
(+ e = 1.6 x10! C, mass of proton — 1.67 X 107?! kg) 


S : 1-380945, 
olution: (a) V war 


9 x 10? x 50 x 1.6 x 10°” 
TUMOR A NDA S 
= 72,000 V = 72 kV 


(b) Potential V, at r = 1 m is 


2 Eun 
Pi E 
9 x 10? x 1.6 x 107? x 50 


1 


= 72) AN N, 


Which is almost negligible in comparison with 72 kV. Thus we can say that 
1 m is far enough from the nucleus to consider it to be at infinity. 
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The proton falls through a potential difference of 72 kV. Therefore, 


Gain in KE — Loss in PE 


in$-jn5- qV 
Taking the initial velocity vo to be zero, we have 
/ i 719 x 72 x 10? 

ga = Lx OT XU? : RAD 

vp = 3.7 x 106 ms™ 
Example 15: A parallel plate condenser consists of two plates, each with 
area 200 cm?, separated by a 0.5 cm air gap. (a) Find its capacitance (b) 
If the capacitor is connected to a 500 V supply, find the charge on it, the 
energy stored in it, and the value of E between the plates. (c) If a liquid 
with dielectric constant 2.5 is poured between the plates so as to fill the air 
gap, how much additional charge will flow to the capacitor from the 500 V 
supply? Take e, = 8.85 x 10° Fm". 


Solution: (a) Capacitance of a parallel plate condenser is 
A 
C — Kt 2 


Here A = 200 cm? = 2 X 10? m? 
d = 0.5 cm = 0.5 x 107m and K = 1 for air. 


_ 8.85 x 107? x 2 x 107 


G 5 x 103 
= 3.54 x 107! F = 35.4 pF 
(b) q = CV = 3.54 x 107! x 500 = 1.77 x 10* C 
Energy = } qV = 1.77 X 107? x 500 = 4.425 x 1075 J 
y 500 


Ev EDS 1.0 x 10 V m! 


(c) The capacity of the condenser now becomes 
C' 2:5 x. 3.54 x 1077 —:8.85 56 10-1 F 


Therefore, now the charge will be 
q' =C V =8.85 x 107! x 500 = 4.425 x 10-5. C 


The additional charge which flows from the source is 
q' — q = (4.425 — 1.77) x 10-8 C 
22655 x 10? C 


Example 16: A capacitor of capacitance C is fully charged by a 200 V 
supply. Jt is then discharged through a small coil of resistance wire embed- 
ded in a thermally insulated block of specific heat 2.5 X 109 Jkg' Kt 
and of mass 0.1 kg. If the temperature of the block rises by 0.4 K, find the 


value of C. 
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Solution: Energy stored in the capacitor is 
ZC =} X CX QU = 2x 10 x C joule 


Energy appearing as heat in the block is 
mc0 — 0.13 2.5 X 10? X0.4 = 10J 
Therefore 
25€10* X-0:— 10 
or C 5 x91059EB:-57500 nF 


Example 17: The plates of a parallel plate air capacitor consisting of two 
circular plates, each of 10 cm radius, placed 2 mm apart, are connected to 
the terminals of an electrostatic voltmeter. The system is charged to give a 
reading of 100 on the voltmeter scale. The space between the plates is then 
filled with oil of dielectric constant 4.5 and the voltmeter reading falls to 
25. Calculate the capacitance of the voltmeter. Assume that the voltage re- 
corded by the voltmeter is proportional to the scale reading. 


Solution: Let V be the initial potential difference across the air capacitor 
and the voltmeter. If C is the capacitance of the condenser, and C, that of 
the voltmeter, then 

Total charge Q = CV + CV = (C + C) V (1) 


When the space between the plates is filled with oil, the potential difference 
falls to V, and the capacitance C increases to 4.5 C. But the total charge 


remains the same. Hence, 

4.5 CV + CV = Q eC rh CHY 
(4.5C 4- C) Vi =(C+C)V 
4.5C BC RT I00 


og Ct Geen Pal Aa 
(V and V, are proportional to the deflection). 
45C+C,=4C+4¢ 
(revo 
Ci UNA 7m zE 
Now C — e 4. VERI 
C= eo Ty = (4n eo) zg 
Here r= 10 cm = 0.1 m, d = 2 mm = 2 X 107? m. Thus 
(0.1)? ed 1 39 —10 
il ae IAN ees 139! XL F 
c 9x10 x4x2x 10? 
10 
Hence C= 139 * = 2:3 x locit F— 23 pF 


. t . : : f 
Example 18: A capacitor of capacitance 4 pF is charged to a potential o 
100 Vand another of capacitance 6 pF is charged to a. potential of 200 V. 
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These capacitors are now joined, with plates of like charges connected to- 
gether. Calculate 


(a) the potential across each after joining — 
(b) the total electrical energy stored before joining 
(c) the total electrical energy stored after joining. 


Explain why the energies calculated in (b) and (c) are different. 
Solution: V, — 100 V, C, = 4 uF 
QO; = CV, = 4 X 1075 x 100 = 4 x 107^ C 
V; = 200 V, C; = 6 uF 
Q; = 6 x 10% x 200 —12 x 104+ C 


When the plates with like charges are connected together, as shown in 
Fig. 12.24. both capacitors have the same 
Tue pF potential after the redistribution of charge. 


(a) Total charge Q = Qi; + Q: 
(4 + 12) x 10+ 
16 x 104*C 
Capacitance of the combination is 
C=C + C = 4 +6 = 10 pF 
= 10 x 106 F 
Potential across each capacitor after joining is 


NOM dO X TOS. 
Fig. 12.24 M s GA 061099 aud 


(b) Electrical energies W, and W2 before joining are 
Wi =4C, Vi =5(4 X 1075) x (100)? = 2 x 10° J 


I tt 


6 pF 


1 
W, = 5 C2 V3 =} (6 x 1075) x (200)? = 12 x 10? J 


W = Wi + W = (12 + 2) x 102 = 0.14 J 
(c) Electrical energy after the capacitors are joined is 
4 x 10 x 1075 x (160)? = 0.128 J 
The difference in energies in cases (b) and (c) is dissipated as heat as the 
current flows through the connecting wires. 


Example 19: From Fig. 12.25, find the value of the capacitance C if the 
equivalent capacitance between points A and Bis to be 1 pF, All the 
capacitances are in pF. (JIT 1977) 


ae 


Ms 


Fig. 12.25 
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Solution: The series combination of 6 and 12 is equivalent to 4, and the 
parallel combination of 2 and 2 is also equal to 4. Therefore, the combi- 
nation reduces to the one shown in Fig. 12.26. 

The parallel combination of 4 and 4 is equivalent to 8 and the series 
combe Hon of 8 and 4 is 8/3. Thus, we have the combination as shown 
in Fig. 12.27. 


Fig. 12.28 Fig. 12.27 


The series combination of | and 8 yields 8/9 as shown in Fig. 12.28. 
Now 8/3 and 8/9 are in parallel and their equivalent is 32/9. Since the total 
capacitance between A and B is to be |, we have 


sT Ld a— I— hz 


32/4 


Fig. 12.28 Fig. 12.29 


Example 20: In Fig 12.30 shown below, find the potential difference bet- 
ween A and B and between the points B and C in the steady TT 1919) 


Fig. 12.30 
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Solution: The combination can be redrawn as shown in Fig 12.31 (a) which 
is equivalent to that shown in Fig. 12.31 (b). In the steady state, there is 
no current in the circuit. Hence the points P and Q are at the same poten- 
tial as points A and C. 


JuF g !uF 6uF g 2uF 
T uF 
3pF lyF d Q 
P 3 a 100. 
zon 'HF 100v Sion 20m 100V 
A HH C A HH C 
(a) (b) 
ES 
L M 
YoyF 
P Q 
luF 
t 101 
20n 100V 
HH 
(c) 
Fig. 12.31 


Similarly, the potential between L and M is the same as that between 
points P and Q (see Fig. 12.31 (c)). The capacitance across L M is 3/2 pF. 
Therefore 


Charge Q=CV=3x 10-5 x 100 = 150 x 10-6 C 


Since 6 LF and 2 pF are connected in series, the charge on each condenser 
is the same and equals 150 x 10-5 C. Thus, the potential difference between 
A and B is equal to that between the two ends of 6 LF capacitance and is 
given by 

Q 150 x 10-6 


c^ 6x oe 25V 


-6 
Potential difference between B and C = DO = 75 V 


Example 21: A charge Q is distributed over two concentric hollow spheres 
of radii r and R (> r) such that the surface charge densities are equal. 
Find the potential at the common centre. (IIT 1981) 


Solution: Let Q, and Ox be the respective charges distributed over the two 
concentric hollow spheres such that Q = Q, + Qs. 


TAPE TEMA SM o 
Surface charge density o = ee en 
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Q,+ Qn PER 


or D. E EIT (adding 1 to both sides) 
Q rem 
or Ox R? 
Qr = 77) 2 
and Q, = (a T x) Q 
Qr Q, 


Al V, 
4r e R? To 4a €or 


Potentials Vp = 


where V4 and V, refer to the potentials due to Qpr and Q, respectively. 


UK RE Q 
gnus "RR (a 7 ze) an eR 
Ma ies Q 
and V, = (woe) zt 
The required potential V is given by 
dd i paite nt ( SE Ng ) 
V= Vg a ps Vx Ar & R zu r? 


Example 22: Figure 12.32 shows two identical parallel plate capacitors 
connected to a battery with the switch S closed. The switch is opened and 
the free space between the plates of the capacitors filled "with a dielectric 
of dielectric constant 3. Find the ratio of the total electrostatic energy 
stored in both capacitors before and after the introduction of the dielectric. 


Solution: When the switch S is closed, both capacitors have the same 
potential drop across them. The initial energy of both capacitors is 


4Ccv?--icy-cyWb 


Fig. 12.32 


i ic is i itance of 
When the dielectric is introduced between the plates, the capaci 
each capacitor becomes 3C. Let V’ be the new potential difference between 
the plates of the capacitor B (capacitance 3C). Then 


3C V' = C V (the total charge left on capacitor B) 
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: l PNG 
Electrostatic energy stored in capacitor B = 7 3C G ) 
2 liey 
Te CV 
Electrostatic energy stored in capacitor 4 — ; 3C V? 
EDT 
*5 Coy 
Total electrostatic energy stored in both capacitors 
ol aye je pb ep 
ee Cw, t5€V FE A 
The required ratio — SES 
SLICES 
3 CV 


Example 23: A potential difference of 100 V is applied between the 
plates of a parallel plate capacitor, which are 1 cm apart. One of the 
plates is in contact with a plane parallel plate of crystalline thallium bro- 
mide (K = 173) 9.5 mm thick. After the capacitor is disconnected, from 
the source of power, the crystalline plate is removed. What will be the 
potential difference between the plates after this is done? 


Solution: Let A be the area of the plates. Initially the capacitor is equiva- 
lent to two capacitors C, and C; in series. 


dad, EKAS 


Here dı = 0.5 mm = 0.5 x 102m, d, = 9.5 X 10-3 m. 
The resultant capacitance C is given by 
1 eed E ET 
A AE EE cA Eq 
ty An d EARR e x 107? 
C = d+ 7 = 05 xX 10 Wo m 
2:15:55 56 107* 
Go reo 113 
C= 555 x 104 ~ 1802404 


Charge on plates = C V = 1802 x 100 « A 
The capacitance after the crystalline plate is removed is 


pd E Maile eg AON fee 
C= OE = mm 10004 

Let V’ be the new potential difference between the plates. Then 
Cv=CV' 

or 1802 x 100 «, A = 10 e AV’ 
V' — 1802 V 
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Example 24: Cı, C», C; and C4 are four capacitors connected to a battery 
of constant emf equal to 12 V, as shown in Fig. 12.33. Find the charge on 
each capacitor when (a) switch S, is closed, (b) the switch 52 is also closed. 
Given Ci = | uF, C; = 2 pF, C; = 3 pF and Cs = 4uF.iWhat is the total 
charge drawn from the battery in each case? 


Ci C4 
A | 8 
5; 
MEE cd 
12V 5 
NUM, ALPEN 


Fig. 12.33 


Solution: (a) Sı is closed and S» is open 


C, and C, are in series with a total capacitance of 1 F. Similarly, C; 


and C4 are in series with a total capacitance of i pF. Hence, the total 


capacitance between A and B is 


3 VAS UAR 
4135 14598 


Since the voltage across AB is 12 V, the charge on C, and C; is 
Qi =} x 12= 9 uC = Q, 
Similarly, the charge on C and C4 is 


Qi =$ x 12 = 16 pC = Qi 


Thus, total charge drawn from the battery is (9 + 16) = 25 pC 


(b) When S, and S; are both closed 


Capacitors C, and C, are in parallel. Also C; and C; are in parallel. The 
two combinations are in series with the battery. Therefore 


C=C 4 C —3F 
C - 0,6, — TuF 


Total capacitance between A and B is given by 


Cog Bo 
po 
ur 
21 


or C ad pF 
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Total charge drawn from the battery is 
Q- IX 12 = 25.2 4C 


The potential difference across C, and C, is the same, since they are in 
parallel and is given by 
JNO A ZS eats 
y'= C 8.4 V 
Charge on C; is Qi =C, V — 1 X 84 = 8.4 pC 
Charge on €; is Q} = C2 Vi =2 x 8.4 = 16.8 pC 
Potential difference across C; and C4 is given by 
«10. 7022 2 
v= alent, n 3.6 V 
Charge on C; is Q3 = 3 x 3.6 = 10.8 uC 
Charge on C, is Q4 = 4 x 3.6 = 14.4 pC 
Example 25: A slab of thickness t and dielectric constant K is introduced 
between the plates of a parallel plate condenser such that its faces are para- 
llel to the plates and have the same surface area A as that of the plates of 
the condenser. What is the capacity of the system if dis the separation 
between the plates? If K = 3, what should be the value of ¢/d such that the 
capacitance of the system becomes twice that of the air condenser alone? 
Compute the change in the values of energy. 


Solution: | A partially filled condenser acts like two condensers in series, 
as shown in Fig. 12.34. 


d 


| —9 


" d 


GH 


Fig. 12.34 


pae 


The capacity of the air condenser is 
2 $4 
van ren 
and that of the condenser with the dielectric is 
6A 


QC = = 
The capacitance of the combination is given by 


D toca EEN E 
ema tan «aU (x) 
Ç 
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The capacity of the air condenser alone is 


— {04 
Ca = d 
But C = 2C, ie r 
«047 2 eoi 
t 
d tt 
d t 
or jd cep 
fd 
or ies ae 
tu Rat iH 
== (eee =} 
d ;( K ) but K = 3, 
t 1 
Therefore (5)- 3 
Energy of air condenser 
10 08 
Em 
Energy of the condenser with the dielectric 
dim 
2 Ging 
By CON Td 
Then Ee Qu or E-34HE 


Thus the potential energy of the condenser is reduced by the introduction 
of a dielectric. This energy is used up in polarising the dielectric (i.e. in 
bringing about a relative displacement of the positive and negative charges 
from their mean positions in the presence of an electric field). 


Example 26: In Fig 12.35 the capacitors Ci, C3, Cy and Cs have a capaci- 
tance of 4 uF each and the capacitor C; hasa capacitance of 10 pF. Find 
the effective capacitance between the points A and B. 


C, 
A E 8 
Ci C 2 C 3 
Cs 
Fig. 12.35 


Solution: Let and qs be the respective charges on the conden- 
sers when a ponent Gtiferenics V is applied between the points A and B, 
as shown in Fig. 12.35. 


Fig. 12.36 
Applying the principle of conservation of charge to the conductors X arzm-«—- 
Y, we have 
—4«4—4T4970 Cu > 
and —4«4-q«m*4$70 C» 


Since the potential difference V between A and B is the same across am» -s 
path chosen, we have 


4 


E => 
a oo pats. 242 

tatg agir air AE Ca 
OAN A A LF 

ata7" E+E c=>> 


C Cy = Cy = Cy = Cs = C) 


Equations (1) to (5) can be solved to determine the q's in terms of the C— — — 
and V, Because of the charge conservation, the charge on cit) er termi 


A or B should be equal. Hence the a ee C, equals the maa = 
nitude of the charge on either terminal divided by the 


né. Hebe potential differerm —<— 
To determine C,, we proceed as follows 
Substituting for g, and q; from Eqs (1) and (2) in Eq. (4), we get 

ete, 2, 0*6. y 

Cc C; G 

From Eqs (1) and (3) we have 

e + ass = —_ E 
Subtracting Eq. (7) from Eq. (6), we have 


at ye Ca RE 
Cre hee gon 
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From Eqs (2) and (5), we have 


C G (9) 


From Eqs (1) and (3) we have 
DEN 
8 tec (11) 


On adding Eqs (10) and (11) we obtain 
4-0, q-—-CYF 

and hence g; = q; 

Now Eq. (4) gives 
(q--q)- CV 


Therefore 6359 


Thus C, is independent of C;. 


12.5 TRUE-FALSE STATEMENTS WITH REASONS 


We give below some statements. We have to decide whether they are true 
or false, giving in brief the reasons in support of our answers. 
1. Potential difference may be expressed in watts per ampere. 
2. The work needed to move a charge from one point to another depends on the 
path it follows between the two points. 
3. Two identical metallic spheres of exactly equal masses are taken. One of them is 
given a positive charge Q coulombs and the other an equal negative charge. 
Their masses after charging are different. 
4. Two protons A and Bare placed between the two plates of a parallel plate 
capacitor charged to a potential difference V as shown in Fig. 12.37. The forces 
on the two protons are identical. 


++ + ++ + + 
A9 | 


V 
^g | 


Fig. 12.37 


5. Electrons move away froma region of higher potential to a region of lower 


potential. - p 
6. A point in space can havea non-zero potential even when the electric field 


in the space is zero. 
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10. 


The dielectric constant of a conductor is zero. 

When a dielectric is introduced between the plates of a condenser at a constant 
potential difference, the charge on the plates remains unchanged. 

Two adjacent conductors that carry the same positive charge can have a poten- 


tial difference between them. 
It is a normal practice to assume the potential of the earth to be zero. This 


means that the earth has no net charge. 


ANSWERS 


T2 


12.6 


True Because one watt equals one volt ': one ampere. 


. False The work done to move a charge between two points depends on the 


position of the two points only, otherwise the principle of conservation of 
energy would be violated. 

True The process of giving à positive charge involves removal of electrons, 
whereas a negative charge is given by adding electrons. Hence the masses of the 
two spheres will be different depending on the total mass of the electrons lost 
or gained by the respective spheres. 

True The electric field E (= V/d) is constant between the two plates, except 
at the edges. Therefore, the force experienced (e E) by a proton placed any- 
where between the plates will be the same. 


. False Since an electron has a negative charge, it has less potential energy at à 


point where the potential is higher. It has a higher potential energy at a point 
where the potential is lower. Hence, electrons in an electric field will move 
away from a lower potential towards a higher potential region. 


True Electric intensity at a given point is given by E=- PE ff Vals 


constant in space, the potential gradient in any direction is zero, hence the 
intensity is zero. Thus potential can exist where there is no electric field. 

False The dielectric constant of a medium — \E|\E’l, where the electric field 
E is reduced to E" in the presence of the dielectric. lf a conductor is placed in 
the electric field, the intensity inside the conductor is zero. Therefore, the dielec- 
tric constant of the conductor is infinite. 

False The introduction of a dielectric increases the capacity of the condenser. 
Since the plates are maintained at a constant potential difference, the charge on 
the plates increases (Q = C V). Theextra charge flows to the plates from the 
source to which the latter are connected. 

True The potential to which a conductor israised not only depends on the 
amount of charge butalso on the geometry and the size of the conductor. 
Therefore, the two conductors, when given the same charge, may be at different 
potentials if they have different geometry and size. 

False By assuming that the potential of the earth is zero, we only mean that 
the net charge, if any, is negligible in comparison to the capacitance of the 
earth as a conductor (V = Q/C > 0). 


MULTIPLE CHOICE QUESTIONS 


Select the correct answer from the given alternatives. 


i 


A hollow metal sphere of radius 5 cm is charged such that the potential on its 
surface is 10 V. The potential at the centre of the sphere is 

(a) zero 

(b) 10 V 

(c) the same as that at a point 5 cm away from the surface 

(d) the same as that at a point 25 cm away from the surface (IIT 1983) 


N 
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- Two equal negative charges — q are fixed at points (O, a) and (O, — a) on the 


y-axis. A positive charge Q is released from rest at the point (2a, O) on the x- 
axis. The charge Q will 

(a) execute simple harmonic motion about the origin 

(b) move to the origin and remain at rest there 

(c) move to infinity 

(d) execute oscillatory but not simple harmonic motion (LIT 1984) 


. A 4 pF condenser is charged to 400 V and then its plates are joined through 


a resistance. The heat produced in the resistance is 


(a) 0.64 J (b) 0.32 J 
(c) 0.16 J (d) 1.28 J 


. Each of the four capacitors in Fig. 12.38 is rated 50 & F. The DC voltmeter 


reads 100 V. The charge on each plate of each capacitor is 


(a) 2 x 10-8? C (b) 5S x 107°C 
(c) 0.2 C (d) 0.5 C 


Fig. 12.38 


. An air-filled parallel plate capacitor has a capacitance of 1077? F. The separa- 


tion of the plates is doubled and wax is inserted between them, which increases 
the capacitance to 2 x 107'* F, The dielectric constant of wax is 

(a) 2.0 (b) 313 

(c) 4.0 (d) 8.0 


. Three point charges 4q, Q and q are placed ina straight line of length / at 


points distant 0, //2 and /. respectively. The net force on charge q is zero. The 
value of q is 

(a) -—q (b) — 24 

(0 —14 (d) 4q 


- Two positive point charges of 12 and 8 microcoulombs respectively are place J 


10 cm apart in air. The work done to bring them 4cm closer is 


(a) zero (b) 3.8 J 
(c) 4.8 J (d) 5.83 


- The work done in carrying a charge q once round a circle of radius r with a 


charge Q at the centre is 


guit 
(a) (2. aed 
(c) ge (=) (d) zero 
Tin ww 


* When a capacitor is connected to a battery 


(a) no current flows in the circuit at all 
(b) a current flows in the circuit for some time then decreases to zero 
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(c) the current keeps on increasing, reaching a maximum value when the capaci- 
tor is charged to the voltage of the battery 
(d) an alternating current flows in the circuit. 


10. A capacitor of capacitance 2 pF is connected as shown in Fig. 12.39. The inter- 
nal resistance of the cell is 0.5 Q. The amount of charge on the capacitor plates 
is 


(a) zero (b) 2 pC 
(c) 4 pC (d) 6 pC 
2N 
10n 
2-5V 
Fig. 12.39 


12.7 NUMERICAL EXERCISES 


Unless otherwise stated, use the following constants 
Electron mass = 9.1 x 107?! kg, electron charge = 1.6 x 10°" C 
eo = 8.85 x 1072? Fmt 1/(4 m e) =9 x 10'mF-' 


1. Two identically charged spheres are suspended by strings of equal lengths. The 
strings make an angle of 30° with each other. When suspended ina liquid of 
density 800 kg m^, the angle remains the same. What is the dielectric constant 
of the liquid? The density of the material of the spheres is 1600 kg m^ ?. 

(IT 1976) 


2. A charge of + 3 uC is placed at x = 0 and a charge of — 5 «Cat x = 40 cm. 
Where must a third charge q be placed on the x-axis such that it experiences no 
force? 


3. Equal charges of + 4 „C are placed at the three corners of an equilateral 
triangle 2 m on a side. Calculate the magnitude and direction of the force on 
one of charges. 


4. Two plane parallel conducting plates 15 mm apart are held horizontal, one 
above the other, in air. The upper plate is maintained at a positive potential of 
1500 V while the lower plate is earthed. Calculate the number of electrons 
which must be attached to a. small oil drop of mass 4.90 x 107" kg, if it re- 
mains stationary in the air between the plates. (Assume that the density of air 
is negligible in comparison with that of the oil). If the potential of the upper 
plate is suddenly changed to — 1500 V, what is the initial acceleration of the 
charged drop? 


5. Two charged conducting plates in vacuum are 15 cm apart as shown in Fig. 
12.40. The electric field between the plates is uniform and equals 3000 N C-'. 
An electron is released from rest at a point P close to the negative plate. How 
long will it take to reach the other plate? How fast will it be going just before 
it hits the positive plate? 


6. 


Electrostatics 389 


+ = 
+ M 
T. ^ 
+ e. 
—15cm—- 


Fig. 12.40 


A ball with a mass of 1 g and a charge of 1075 C moves from point A whose 
potential is 600 V to a point B whose potential is zero. What was the velocity 
of the ball at point A if at point B it is 20 cm s-"? 


- An electron moves in a plane horizontal capacitor parallel to its plates with a 


velocity of 3.6 x 10’ ms". The intensity of the electric field inside the capa- 
citor is 3700 V m=! and its plates are 20 cm long. Over what distance will the 
electron be displaced in a vertical direction under the action of the electric field 
during its motion in the capacitor? 


. A parallel plate capacitor with air between the plates is charged to a poten- 


tial difference of 500 V, after which both plates are left insulated. A plastic 
plate is inserted, practically filling the gap and causing the potential difference 
across the capacitor to decrease to 75 V. What is the dielectric constant of 


plastic? 


. Two positive charges of 2 x 10-7 C and 3 X 10°? C are separated by a distance 


of 0.1 m. Calculate the resultant electric field and electric potential 

(a) at a midpoint between them 

(b) at a point 0.04 m from the first and on the line joining the charges. 

(c) at a point 0.04 m from the first and on the line joining the charges, but out- 
side them 

(d) at a point 0.1 m from each charge. 

(e) Calculate the work required to move a charge of 4 x 1077 C from the point 
in (c) to the point in (d). À 

A small sphere of mass 2 x 107* kg hangs by a thread between two vertical 

plates 5 cm apart. The charge on the sphere is 6 x 107? C. What is the poten- 

tial difference between the plates if the thread assumes an angle of 10* with the 


vertical? 


- A capacitor is made of 25 thin metal sheets, cach having an area of 6 x 107° m° 


and separated from each other by paraffin paper 6 x 10* m thick (K'= 2:6). 
Find the capacitance of the system. 


- A parallel plate capacitor with air as dielectric has plates of area 4 x 107° m* 


which are 2 mm apart. It ischarged by connecting it to a 100 V battery. It is 
then disconnected from the battery and connected in parallel with a similar un- 
charged capacitor with plates of half the area which are twice the distance apart 


as compared to the first capacitor. Calculate the final charge on each capacitor. 
Permittivity of air = 8.8 x 107? F m^. 


- A planeair capacitor in which the plates 100 cm* in area are 1 mm apart is 


charged to 100 V. The plates are then moved apart to a distance of 25 mm. 
Find the energy of the capacitor before and after the plates are moved apart, if 
the power source before the plates are moved apart is (a) not disconnected and 


(b) disconnected. 
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14. Determine (a) the capacity of the combination of capacitors shown in Fig. 12.41. 
If the voltage applied between A and B is 120 V, find (b) the charge and (c) the 
potential difference on each capacitor. All capacitances are in microfarads. 


p 


Fig. 12.41 


15. Given the capacitor arrangement shown in Fig. 12.42, show that the relation 
between C and Cz must be C2 = 0.618 Ci. in order that the capacitance of the 
system be equal to C2. 


Fig. 12.42 


16. Calculate the magnitude and direction of the electric field at the centre of a 
Square 2 m on each side, if three charges of + 8 C each are placed at three of 
the corners of the square. 

17. A capacitor of capacitance 9 wF is charged froma source of emf 200 V. The 
capacitor is then disconnected from the source and connected in parallel with 
a second capacitor of capacitance 3 HF. The second capacitor is now removed 
and discharged. What charge remains on the 9 pF capacitor? How many times 
would the process have to be performed in order to reduce the charge on the 
9 pF capacitor to below 50% of its initial value? What would be the potential 
difference between its plates now? 

18. A 20 aF capacitor is charged to a potential difference of 1000 V. The terminals 
of the charged capacitor are then connected to those of an uncharged 54 F 
capacitor. Calculate (a) the original charge of the system, (b) the final poten- 
tial difference across each capacitor, (c) the final energy of the system and (d) 
the decredse in energy when the capacitors are connected. 
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ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (b) 2. (d) 3. (b) 4. (b) 5. (c) 
6. (a) 7. (d) 8. (d) 9. (b) 10. (c) 


NUMERICAL EXERCISES 

L K=2 

2. 1.375 m 

3. 0.0624 N, away from triangle perpendicular to Opposite side 

4. 3 electrons, 19.6 m s^? (2 g) 

5. 2.4 x 10755, 1.30 x 10? m st 

6. 0.167 m s^! 

7. over 0.01 m 

8. K = 6.67 

9. (a) 3.6 x 105 N C7! towards 0.2 &C,9 x 10t V 
(b) 3.75 x 105 N C"! towards 0.3 #C,9 x 10t v 
(c) 1.26 « 10° N C1 away from 0.2 aC, 6.43 x 10! V 
(d) 3.92 x 10° N C^! at 6.6° from vertical, 4.5 x 104 V 
(e) — 7.12 % 10-*3 

10. 2880 V 

11, 9.6 x 10-11 F 

12. 14.1 x 10-8 C, 3.5 x 107 C 

13. (a) 4.43 x 10-7 J, 1.78 x 107-8 J 
(b) 4.43 x 107 J, 1.11 x 1075 J 

14. (a) 10 pF 
(b) 12 & F : 480 uC, 18 HF : 720 &C, 4 pF : 320 uC, 5 nF: 400 pC 

80 4C, 2 pF : 160 nC, 3 HF : 240 nC 

(c) 12 &F and 18 wF : 40 V; all others : 80 V 

16. 3.6 x 10*N C™, towards the empty corner 

17. 1.35 x 10-8 C, three times, 84 V 

18. (a) 0.02 C, (b) 800 V, (c)8J (d)2J 
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13.4 REVIEW OF BASIC CONCEPTS 


13.1.1 Electric Current The flow of charge constitutes electric current. In 
metals and vacuum tubes, the carriers of charge are the electrons, which 
have a negative charge, In many high energy nuclear accelerators, the 
current consists of a flow of positive charges (protons). Some types of 
transistors make use of the flow of ‘holes’ that behave like positive charges. 
A positive charge moving in one direction behaves (in nearly all external 
effects) like a negative charge moving in the opposite direction. For consis- 
tency, therefore, the direction of current is taken to be the direction in 
which the positive charges move. The direction of this conventional current 
is opposite to the direction of electron flow. Thus the term current means 
the flow of an equivalent positive charge. 

The flow of current in a conductor is due to free electrons. Under the 
action of an electric field, the free electrons move with a certain average 
drift velocity in the direction of the field. This constitutes an electric curr- 
ent’. If 7 is the electric current flowing through a conductor, then 


dQ 
NEU 13.1) 
dt ( 
where dQ is the net charge transported across the cross-section of the 
coductor in time dt. In SI units, Z is in amperes (A) when Q is measured in 
coulombs and ż in seconds. 


13.1.2 Ohm’s Law The ratio of the potential difference V between any 

two points in a conductor and the current J flowing through it is constant 
and equals the resistance R between the two points. Thus 

V 

aie 2 

Re (13.2) 

Equation (13.2) expresses the well-known Ohm’s law. If V is expressed in 

volts (V) and current J in amperes (A), the unit of resistance R is the ohm, 

denoted by the symbol Q. Ohm's law is valid only for metallic resistors at 

a definite temperature and for steady currents. The law is approximately 

valid for other types of resistors but fails for semiconductors and gases. 

We shall, however, be concerned only with those resistors for which Ohm's 
law holds. The inverse of resistance is called conductance. 


13.1.3 Resistivity For a conductor of length / and uniform cross-sectional 
area A, 


(13.3) 
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where p is a constant for the material of the conductor at the given tem- 
perature and is known as the resistivity of the conductor. It is also called 
the specific resistance of the material. The unit for resistivity is.ohm-metre 
(Q m). 

The resistivity of a conductor depends upon its temperature. For most 
conductors the resistivity increases with the increase in temperature; these 
conductors have a positive temperature coefficient of resistance. But, there 
are a few exceptions for which resistivity decreases with increase in tem- 
perature; these materials are said to have a negative temperature coeffici- 
ent of resistance. Some examples are carbon and semi-conductors. 


For metallic conductors, we have. for small temperature changes, 
p 7 ml xc) (13.4) 


where p is the resistivity at t °C, pọ is the resistivity at 0^ C and « is the 
temperature coefficient of resistance in (^C), based on a reference temper- 
ature of 0 ^C. If ps, p, are the resistivities at temperatures /, and t», then 


pice pi [l + x (6 — t) (13.5) 


For any given conductor, the resistance A is proportional to ts resisti- 
vity p, so Eqs (13.4) and (13.5) are equivalent to 


RIS REO) (13.6) 
and Ric Ry [l + & (t5 — t) (13.7) 


13.1.4 Series and Parallel Resistors 


(a) Series Resistors When resistors are connected in series, as shown in 
Fig. 13.1, the total resistance R is equal to the sum of the individual resis- 
tances, i.e. 


R= Ri + R + R; Fae’ (13.8) 
Ri R R3 
8 WW V0 A 
A B C D 
Fig. 13.1 


i i same i i The total 
In a series arrangement, the current is the same in all resistors. t 
potential difference between A and B is equal to the sum of the potential 
differences across R;, Rz and R3. 


b osistors In Fig. 13.2 three resistors are shown connected in 
Daal Ee cem La points A and B. The effective resistance R of the com- 
bination is given by 


Morc d (13.9) 
R Ri | R2 a R5 
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In a parallel arrangement, the potential difference is the same across 
each resistor and the total current is the sum of the individual currents in 
the resistors. The current in each resistor is inversely proportional to the 
resistance, . 


13.1.5 Electromotive Force There must be a source of energy in a circuit 
in which a continuous current exists. The source may bea battery or an 
electrical generator which provide energy and power. A battery is said to 
be in ‘open circuit’ when practically no current flows from the battery (for 
example, when a high resistance voltmeter is connected across its terminals). 
The electromotive force E of the battery (or the generator) is the potential 
difference across its terminals on an open circuit. 

The terminal voltage of a battery or a generator when it delivers a curr- 
ent J is equal to the total electromotive force E minus the potential drop 
in its internal resistance r. This potential drop cannot be observed using a 
voltmeter (which reads the terminal potential difference), Thus 


Terminal voltage = E — Ir 
where Zr is the voltage drop across internal resistance. 


The terminal potential difference (pd) increases as the external resistance 
R increases (correspondingly the current in the circuit decreases). When R 
has an infinitely large value, the terminal pd becomes equal to the emf £. 

E-—IR-cIr 
Terminal pd V = IR = E — Ir (13.10) 


13.1.6 Cells in Series and Parallel The total emf E when cells are conn- 
ected in series (Fig. 13.3) is given by 


E-—Ey| E» - Ej E+... (13.11) 
EwEo Ear ELTE gd ou i 


Fig. 13.3 


The total internal resistance is equal to the sum of the individual inter- 
nal resistances. 

When identical cells are connected in parallel (Fig. 13.4), the total emf — 
E, the emf of any one of the cells. Here the sum of the reciprocals of the 
individual internal resistances is equal to the reciprocal of the total inter- 
nal resistance. The calculation of the total emf of a parallel combination 
of different cells is more complicated. This problem can be tackled by using 
Kirchhoff’s laws, described later in this chapter. 


Fig. 13.4 


Electromotive force (emf) is measured in joules per coulomb or volts. 
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13.1.7 Energy, Power and Heating Effect When a current / flows for a 
time / from a source of emf E, then the amount of charge that flows in 


time f¢ is 
Qr 
Electrical energy delivered W = QE-—EIt (13.12) 
Electrical power generated P — a = ET (13.13) 


If J is in amperes and E in volts, power P will be in watts. If t is in 
seconds, energy W is in joules. 


The power delivered to the external resistor is called the output power 
and is given by 


Po = PSRs (13.14) 


ET = PRET 
where 7? r is the power consumed by the internal resistance. Thus 
E?R 
peed tlh, 13.15 
(R + rf D 
R is called the load resistor. The power output is maximum when R — r. 


Pour = 


An electrical current flowing through a conductor produces heat in it. 
This is known as the Joule effect. The heat developed in Joules is given by 


A — IRA (13.16) 


To get heat in calories, H is divided by 4.2. J — 4.2 joule per calorie is 
called the mechanical equivalent of heat. 


13.1.8 Combination of Cells To obtain maximum potential difference or 
maximum current in an external circuit, a number of cells can be arranged 
in a suitable combination. Let us consider a number of identical cells 
arranged in n rows, each row consisting of m cells as shown in Fig. 13.5. 


Fig. 13.5 


The maximum current in the circuit is obtained when 


nR=mr 
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where R is the resistance of the external circuit and r is _the internal 
resistance of each cell. If E is the emf of each cell, the maximum current 


is given by 


Cnn E. mE ME 
Iur Romy QR ys Qe dU 


When the current is maximum, the power in the external circuit is also 
maximum. 


13.1.9 Wheatstone's Bridge and its Applicatións The network of resis- 
tances shown in Fig. 13.6 connected through a galvanometer is known as 
the Wheatstone's bridge. 


Fig. 13.6 


The resistances P, Q, R and S can be adjusted to have no current in the 
galvanometer, le. to have no deflection in the galvanometer. The bridge is 
then said to be balanced. For a balanced bridge, we have 


seS (13.18) 


The points B and D are at the same potential when this condition is satis- 
fied. This relation also holds when the positions of the galvanometer and 
battery are interchanged. 


A simple form of Wheatstone’s bridge known as the slide-wire on metre 
bridge is shown in Fig. 13.7. 


B a 


Or 


d UENIT Wu anria 


Fig. 13.7 
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Here resistances R and S are replaced by a uniform wire of length | m 
on which contact can be made by means of a slider, The point of contact 
on the wire corresponds to the point D. Since the wire is uniform, the resi- 
stances of the two segments of the wire are proportional to their lengths. 
Thus, when the bridge is balanced, we have 

Pi ele 


Q. S255 
If one of the resistances P or Q is known, the other can be determined. 


13.1.10  Kirchhofi"s Laws Kirchhoff’s first law is based upon the law of 
conservation _of charge and states that the algebraic sum of the currents 
entering any junction point in a circuit is zero. In a given time, as much 
charge flows into any point as flows away from that point. 

Kirchhoff’s second law (the loop theorem) is based on the law of conser- 
vation of energy. According to this law, the algebraic sum of the changes 
in potential around any closed path is zero. 

Kirchhoff’s laws are useful for the systematic application of Ohm’s law 
to electrical circuits. d 


13.2 SI UNITS 


Table 13.1 
ESUE. gogla uoi SICUT 
Physical Quantity SI Unit Symbol 

Current ampere 

As CHE coulomb C 
Potential difference volt V 
Electromotive force volt V 
Resistance ohm Q 
Resistivity or specific resistance ohm metre Qm 
Temperature coefficient of resistance per kelvin K^ 
Electrica] energy joule J 
Heat energy joule J 
Power joule per second J'sz'or 

or watt Ww 


OT NS mt 


133 FORMULAE 


1l. Ohm's law a [ss 

2. Resistivity p= T R 

3. Temperature coefficient of resistance 
oa 


4. Resistances in series RAR Rat Ry ae 


berg Pes aaa 
eae or able E TAAKAN 


1 
Resistances in parallel p = R; ~ R, 


[27 
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6. Terminal pd V—IR-E-—Ir 
7. Cells in series E-—E -tE--E .. 
8. Electrical energy W= EJ: 

9. Heat produced in a resistor H = P? Rt-—VIt 
0. Power dissipated in a resistor P — PEER 


11. Maximum current in n rows of m cells each 


jue PEE LAU 
EEA OM RNs Dip 
» i P R 
12. Wheatstone's bridge, when balanced: D s 
13. Kirchhoff's law 
(i) For a junction: R+h+n+...=0 
(ii) For a loop: AR, + LR, + BR, +... = sum of potential 


drops. 


13.4 NUMERICAL EXAMPLES 


Example 1: What is the net resistance between points A and in the circuit 
shown in Fig. 13.8(a) ? * 


3U Sn 


(a) 


8 10.0. 21. 


D 

A 70. F 
(b) 
8 1211 D 

A 70. F 
(c? 

A 10 1 7H F 
(d) 


Fig. 13.8 
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Solution: First consider the parallel combination BC. The resistance of 
this combination is given by 


MER ET, 
= = + — 3 


Ro SObn sees 


_ Substitute 10 Q for the combination and redraw the circuit as shown in 
Fig. 13.8 (b). Now the series combination BD can be replaced by a single 
resistor of resistance 


R= 102s 12D 
Now the circuit can be redrawn as in Fig. 13.8 (c). Combination AE in 


the Lagden arrangement can be replaced by a single resistor of resistance 
given by 


or R=102 


BAD rat d 
It 60 iva or R= 10Q 


The circuit can again be redrawn as shown in Fig. 13.8 (d). The resis- 
tance between points A and F is then given by 


R=10+7=17Q9 


Example 2: What are the currénts through the 3 Q, 5 Q and 6 Q resistors 
in the circuit shown in Fig. 13. 9 (a) ? Also find the terminal voltage of 
each battery. 


Solution: To find the total current, the circuit should first be simplified. 
The combination of 3 Q and 6 Q resistors gives 


l 1 I 3 
Tk ied EEO 
6 or 


R 3.1 6 


The original circuit now reduces to that shown in Fig. 13.9 (b). Now the 
entire circuit has a series combination which gives 


R 0454142298 


Since the two batteries would send charges in opposite directions, the 
net emf is (60 — 6) = 54 V. Applying Ohm’s law to the entire circuit, the 
current through each battery and the 5 Q resistor is given by 


P= Son 


Now we shall calculate the currents through the 3 Q and 6 Q resistors. 
In Fig. 13.9(b), the net resistance between 4 and B is 2 Q and a current of 
6 A flows. Hence the pd across each resistor in Fig. 13.9(a) is 


V—-IR-6x2212V 


"he current through each resistor is 


I2.) 
h=G=24 
12 
,=2=4A 
h=aze4 


Since /, and /; add up to 6 A, which is the total current entering through 
point 4 (Kirchhoff’s law). 
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In Fig. 13.9(c), we calculate the (/r) drops through the internal resistances, 
keeping in mind the signs. The terminal voltage of the 60 V battery is 


E-60v 
ESIN 


n 


m 
i 
a 
< 


PS J 


+ 


bese 


(c) 
Fig. 13.9 


found by going from Æ to F through the battery; a drop of 6 V is followed 
by a rise of 60 V, so the net pd is (— 6 + 60) = -+ 54 V, with F positive 
relative to E. Similarly, in going through the other battery from D to C, 
there is a rise of 6 V followed by a rise of 6 V and, thererore, the net pd is 


(+ 6 + 6) = + 12 V, the terminal voltage of the battery with C positive 
relative to D, 1 


Example 3: When a resistor of 20 Q is connected in series with a battery, 
the current is 0.5 A. When a resistor of 10. is connected, the current 
becomes 0.8 A. Calculate the emf and tlie internal resistance of thc battery. 


Solution: Let E be the emf of the battery and r its internal resistance. 

Then E = 0.5 (20 + r) U) 

Also E = 0.8 (10 4- 7) (2) 
0.5 (20 + r) = 0.8 (10 + r) 
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or 10+ 0.5r = 8 +0.87 
or 0.37=2, r— 6.670 
Hence E = 0.5 x 26.67 = 13.34 V 


Example 4: Determine the total resistance in the circuit shown in Fig, 
13.10. Also determine the current in each resistor and the potential drop 
across each resistor. 


Fig. 13.10 


Solution: The total resistance of the parallel combination is given by 


| 
R=20 
Total resistance of the circuit is given by 
=24-3=59 


Current through the 3 Q resistor = 60 A 


Potential difference across the 3 Q resistor = 60 x 3 = 180 V 


The potential difference across the parallel combination will bz the same 
for each resistor and is equal to 60 x 2 = 120 V. Using Ohm’s law, the 
currents in the three resistors are as follows. 


Current in the 12 resistor = * =10A 


Current in the 6 resistor = 20 =20A 


Current in the 4 resistor = ae = 30:A 


Example 5: What is the potential difference between points A and D in the 
circuit shown in Fig. 13.11? Which point is at a higher potential? 


Dp. TV 
0:2A 3f. 


5f ey 
Fig. 13.11 
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Solution: The current flows in a resistor from a point at a higher potential 
to a point at a lower potential. The current is the same in all resistors in a 
series circuit and flows in a direction as driven by the battery of a higher 
emf. Starting from point D in the clockwise direction, the potential changes 
up to A are 


A yx 0-2 E O E — 0.6.— 7 — 1,0=3.4 V. 
Thus the potential at A is higher by 3.4 V than that at D. 


Alternatively, we can start from A in the anti-clockwise direction. Then 
the potential changes from A to D are 


35X02+7+3x02—12=—3.4V 
Thus the potential at D is 3.4 V lower than that at A. 


Example 6: Two resistors of 500 Q and 300 Q are connected in series with 
a battery of emf 20 V and of negligible internal resistance. A voltmeter with 
a resistance of 500 Q is used to measure the potential difference across the 
terminals of the resistors. Find the error in the measurements. 


Solution: Total resistance in series with the battery when the voltmeter is 
not connected is (see Fig. 13.12) 


20V 
at 


500 N 300.0. 


400.1 
Fig. 13.12 


R = 300 + 500 = 800 Q 


zb ADIT 
Current / = 800 ^ 0.025 A 


The same current flows through a series circuit..Hence 


Potential difference across the 500 Q resistor — 500 x 0.025 
= 12,5 V 

Potential difference across the 300 Q resistor — 300 x 0.025 
-75V 


When the voltmeter is connected across the 500 Q resistor, the resistance 
of the combination is given by 
1 1 1 
R T 500 * 500 
or R = 2502 
Total resistance = 250 + 300 = 550 Q 
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Voltmeter reading = 250 x 20= 9.1 V 


550 
Error in the value = 12.5 — 9,1] = 34V 


When the voltmeter is connected across the 300 Q resistor, the combined 
resistance is given by 


or Bi 1500 Q 
8 
Total resistance = 500 + cm = 0 Q 
Eun E S00 EIS X 
Voltmeter reading — "SX 5500 * 20=5.5V 


Error in the value = 7.5 — 5.5 = 2.0 V 


Example 7: What will be the error in the voltmeter readings in Ex. 6 above 
if the voltmeter has a resistance of 1500 V? 


Solution: When the voltmeter is connected across the 500 Q resistor, the 
combined resistance is 


500 x 1500 _ 75,00,00 
500 + 1500 ^ 2000 


Total resistance in the circuit = 375 + 300 = 675 


Voltmeter reading == EE x 20 = 11.1 V 


—-37120 


Error = 12.5 — 11.1 = 1.4 V 


Similarly, when the voltmeter is connected across the 300 Q resistor, the 
combined resistance is 


300 x 1500 
300 + 1500 


Total resistance = 500 + 250 = 750 2 


= 250 2 


250 
ing = = =: 6.7V 
Voltmeter reading 750 X 20 =: 6 
Error = 7.5 — 6.7 = 0.8 V 


Example 8: In a power station, a copper bar designed to carry many 
EA: of cU is 2 m long and 10 cm? in cross-section. Determine the 
resistance of the bar at 0? C. What potential difference is needed to cause 
a current of 5000 A through the bar ? The resistivity of copper at 0 S is 
1.59 x 10-8 Q m. Also compute the resistance of the bar if it is stretched 
to form a long and uniform wire of 1 mm? cross-section. 


Solution: The cross-section of the bar = 10 cm? = 10 x 107* = 10? m? 
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The resistance of the bar is 
RE Re LO XAOS x 20e 
A 10°? 
Using Ohm’s law, the potential difference across its ends is 
Veit Ri 5000 X 3:18 x 10? = 0.159 V. 
Volume of the bar = 2 x 10? m? 
Area of cross-section of the wire = 1 mm? = 105m? 


3.18 X 105 Q 


L3 
Length of the wire] = solum, 2X Tou. 2 x I0 m 


area XALOS 


The wire has the same amount of copper as the bar, but it is 2000 m 
long. The resistance of the wire is 


ps pl 1.59 x 107? x 2000 


A 109 
= 31.80 
Example 9: All resistances in Fig. 13.13 below are in ohms. Find the 
effective resistance between the points 4 and B. (IIT 1979) 
E tos TD 
3n 
3n 
` c 
60 
F 
3n. 
SFL 
s 3n 8 
Fig. 13.13 


Solution: Resistors AF and FE are in series with each other. Therefore, 
network AEF reduces to a parallel combination of two resistors of 6 Q each. 
Thus, the resistance between A and £ is given by 


Ed o R—30 
RASO: 26 AG 4 : 


Similarly, the resistance between A and D is given by 
T HARE 
rot, b: 


Now, resistor AC is in parallel with the series combination of 4D and DC. 
Therefore, the resistance between 4 and C is 


1 
lE] — FO 


d 6 
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AC + CB = 3 + 3 = 6 Q. Since they are in series, the resistance between 
A and B is given by 


EN EI 
R Pea 


Example 10: In Fig. 13.14 below, find the potential difference between the 
points A and B and between the points B and C in the steady state. 


3 uF tuf 


3 pF 


HA 100V 
A In C 


Fig 13.14 


Solution: Figure 13.14 can be redrawn as shown in Fig. 13.15, (a). The 
parallel combination of capacitors results in the effective capacitance 
values shown in Fig. 13.15 (b) which is further simplified to Fig. 13.15 (c) 
by considering the series capacitors. 

eos potential difference between D and E is equal to that between F 
and G. 


V — 100 volts 
Capacitance C = 1.5 uF = 1.5 x 1075 F 
Charge Q — CV — L5 x 1075 x 100=1.5 x 10* C 
The charge on the 6 „F and 2 uF capacitors isthe same; since they are 
connected in series and equals 1.5 X 107* C. 


The potential difference between 4 and B is equal to that between the 
two ends of the 6 F capacitor. 


15:5: NOT 
Va "ET ERE TY 


is the potential difference between 4 and B. The potential difference bet- 
ween B and C is 
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Nu 


2o TH. Ov: 19 
“www 1| 1 
(c) 
Fig. 13.15 


Example 11: In the circuit shown in Fig. 13.16, E, — 3 V, E; — 2 V, 
Ej,—-1VandR—r,—r,—r,—14Q. 
(i) Find the potential difference between the points 4 and B, and the 
current through each branch. 


A E 
a 1 1 R 
I 
A R 12 E; S 
P 8 
I, ^ E3 
x Y 


Fig. 13.16 


Current Electricity 407 


(ii) If r} is short-circuited and the point A is connected to poi 
point B find 
the currents through £j, E», E, and the resistor R. (HT 1981) 


Solution: (i) Let /;, /; and /; be the currents flowing through the resistan- 
ces ri, 7; and r3 respectively as indicated in Fig. 13. P. A E 


E Ei 
ji R A2 E? 8 
4 E3 
Fig. 13.17 


* Using Kirchhoff’s law for the loop PORSP and the loop PORSYXP, we 
ave 


hn thn+h—£=0 

hry+b-&+hrn = 

Ey + ihn = Ey —~ hry = £3 + yrs 
At point P, 7, =L+4h 

Ei-(h+h)n=B+hr3 

3—h-h=1+44 


-24h+h=2 (i) 
Also E,+hn=B+hrs 
2+ĠL=1 +5 
or h—Lhzl (ii) 


From Eqs (i) and (ii) we have 


l -—14A,IL-0and h = 1A. Hence, the potential difference between 
A and B is equal to 2 V. 

(ii) When r, is short-circuited, the potential difference across PS is still 
2 V and the current through R is 2 A. The current through E, is 2 A and 
the currents through £, and £; remain unchanged. 


Example 12: Calculate the steady-state current in the 2 Q resistor shown 
in Fig. 13.18. The internal resistance of the battery is negligible and the 
capacitance of the condenser is 0.2 p F. (LIT 1982) 


2n 


Fig. 13.18 
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Solution: The resistance of the parallel combination of 2 € and 3 Q resis- 
tors is given by 


l 1 
Ro pur 


which gives R = 1.2 Q 


This resistance is in series with 2.8 Q giving a total effective resistance 
= 1.2 + 28 = 40 Q. In the steady state, no current flows through the 
capacitor C and hence no current passes through the 4 Q resistor which is 
in series with the capacitor. Thus the current through the circuit — 6/4 
= 1.5 A. Hence the pd across AB = 1.5 x 1.2 = 1.8 V and the current 


through 2 Q resistor = 13 = 0.9 A. 


Example 13: Two resistors 400 Q and 800 Q are connected in series with a 
6 V battery. It is desired to measure the current in the circuit. An ammeter 
of 10 Q resistance is used for this purpose. What will be the reading of the 
ammeter? Similarly, if a voltmeter of 10,000 Q resistance is used to measure 
the potential difference across the 400 Q resistor, what will be the reading 
of the voltmeter? (IIT 1982) 


Solution: When an ammeter of resistance 10 Q is connected in series, as 
shown in Fig. 13.19, the total resistance in the circuit is 


800 + 400 4- 10 = 1210 Q 


The ammeter will indicate a current of = 


1210 
= 0.00496 A 
= 4.96 m A 
Boon 
AA 
800. A : 
f wan 


Fig. 13.19 Fig. 13.20 


If a voltmeter of resistance 10,000 Q is connected in parallel with the 
400 Q resistor, as shown in Fig. 13.20, the equivalent resistance of the 
combination is given by 


1 I xcd) 


10,000 ^ 400 
which gives A — 384.6 Q 
Total resistance in the circuit = 800 + 384.6 = 1184.6 Q 
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The current in the circuit = Tg = 5.065 x 107 A 
The potential difference indicated by the voltmeter is 
384.6 x 5.065 x 10-3 = 1.95 y 


Example 14: In the series circuit Shown in Fig. 13.21, E, F, G and H are 


cells of emf 2, 1, 3 and 1 V respectively, and their internal resistances are 
2, 1, 3 and 1 Q respectively. Calculate 


(i) the potential difference between B and D and 
(ii) the potential difference across the terminals of each of the cells G 
and H. (IIT 1984) 


2V,2n 


L 


3V,30 
Fig. 13.21 Fig. 13.22 
Solution: Let J; and IL, be the currents flowing along BAD and DCB res- 


pectively, as shown in Fig. 13.22. Let J; be the current flowing through the 
2 Q resistor along DB. 


Applying Kirchhoff’s law at the junction D, we have 
h=h+h 
or i Say RE 
Applying Kirchhoff’s law to the loop BAD, we have 
24 5h 4-2(h —5)22-1-1 
or 5n —25 21 (i) 
For the loop DCB, we have 
3h 4h —2(,-—Byes3- 1932 


or 65 — 21, = 2 ^ 
Multiplying Eq. (i) by 3, we get 
1574, — 65 = 3 re 


Adding Eqs (ii) and (iii) we have 


13,=5 or h= 


aly 
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Using this value of /; in Eq. (ii), we get 


6 
h= i3 A 
: ENS rl 
Therefore 7, /,— h a Pd 13 A 
Thus the current through the 2 Q resistor flows along BD. The potential 
difference across B and D = 2 x 5 = ü V. Therefore, 
Potential difference across the terminals of G = 3 — 5 2609 
18 21 

SeT 

Potential difference across the terminals of H = 1 + 5 = x We 


Example 15: A 12 V car battery hasa capacity of 80 ampere hours, which 
means that it can provide a current of 1 A for 80 hours, or a current of 2 
A for 40 hours and so on. Calculate the energy stored in the battery. If 
the car's lamps require 60 W of power, how long can the battery keep them 
lit when the engine (and hence its generator) is not running? 


Solution: The 80 A hour capacity indicates the amount of charge trans- 
ferred from one terminal of the battery to the other, which is given by the 
product of current (in A) and the time (in Seconds). 


Oi xt = 80) <'60.<.60/— 2.88 x 107C 
The energy provided by the battery is 
E = QV = 2.88 x 105 x 12 = 3.46 x 10°J 


Since power P = E, the time for which the battery will last is 


LE. 346 m « 105 
PUE ——— == $8 x 10°s 
= 16 hours 


Example 16: A galvanometer together with an unknown resistance ip Series 
is connected across two identical batteries each of 1.5 V. When the batteries 
are connected in series, the galvanometer records a current of 1 A, an 

when the batteries are in parallel, the current is 0.6 A. What is the inter- 
nal resistance of the battery? (IIT 1973) 


Solution: Let r be the internal resistance of each battery. If R is the iol 
resistance of the galvanometer and the unknown resistor, then the curren 
I in the circuit is given by 


2E 
LI 
Ld See. sop. vgl apu. $0 (i) 


R + 2r 
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SV 


Fig. 13.23 Fig. 13.24 


When the batteries are connected in parallel, as shown in Fig. 13.24, the 
emf across AB is constant. The effective internal resistance becomes r/2. 
Hence the current is given by 


I M z 0.6 


^ + (3) 
which gives 2R + r = 5.0 (ii) 
Multiplying Eq. (i) by 2, we have 
2R + 4r = 6.0 (iii) 


Equations (ii) and (iii) give 


Example 17: Twelve cells each having the same emf are connected in series 
and are kept in a closed box. Some of the cells are wrongly connected. 
This battery of cells is connected in series with an ammeter and two cells 
identical with the others. The current is 3 A when the cells and the battery 
aid each other and is 2 A when the cells and the battery oppose each other. 
How many cells in the battery are wrongly connected? (IIT 1976) 


Solution: If m cells are connected correctly and 1 cells are connected 
wrongly, we have 


m+n= 12 
If E is the emf of each cell, the total emf of the battery is (m — n) E. 
When the battery and the cells aid each other, the net emf 
=(m — n) E+ 2E 
If R is the total resistance of the circuit, the current is given by 


p= NETES (i) 
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When the battery and the cells oppose each other, the net emf is (m — n) 
E — 2E. Therefore, the current is 


ae —2E =) (ii) 
The division of Eq. (i) by Eq. (ii) gives 

m —n- 10 
But m +n = 12. Hence m = 11 andn = ıı. Thus, one cell is 


wrongly connected. 


Example 18: A battery of .24 cells, each of emf 1.5 V and internal resis- 
tance 2 Q, is to be connected in order to send the maximum current through 
a 12 Q resistor. How are they to be connected? Find the current in each 
cell and the potential difference across the external resistance. 


Solution: Let x be tbe number of cells in each row and let there be y rows 
in parallel. 


Total number of cells — xy — 24 
Resistance of each row — 2x ohms 


Total internal resistance — * ohms 


(because there are y rows in parallel). 


The maximum current passes through the circuit when the internal resis- 
tance of the battery of cells equals the external resistance. 


Thus ad 12 or es6 
A y 

But xy — 24. 

Hence x = 12andy —2 


i.e. there should be two rows of 12 cells in series (see Fig. 13.25). 


12 Cells 


120. 
Fig. 13.25 
The current in the circuit is 
] — ,letalemf 1.5 x 12 
Total resistance — 12 +12 
18 
34 0.75 A 
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Because the two rows have the same resistance, the current in each arm 
must be = 0.375 A 


Therefore, current through each cell = 0.375 A 


The potential difference across the external resistance is 
= 12 X0.75=9V 


Example 19: A galvanometer having a coil resistance of 100 Q gives a 
full scale deflection when a current of 1 mA is passed through it. What is 
the value of the resistance which can convert this galvanometer into a 
meter giving full scale deflection for a current of 10 A? 

A resistance of the required value is available but it will get burnt, ifthe 
energy dissipated in it is greater than 1 W. Can it be used for the above 
described conversion of the galvanometer? When this modified galvano- 
meter is connected across the terminals of a battery, it reads a current of 
4 A. The current drops to 1.0 A when a resistance of 1.5 Q is connected 
in series with the modified galvanometer. Find the emf and the internal 
resistance of the battery. (IT 1972) 


Solution: Out of 10 A, the current passing through the galvanometer coil 
is 1 mA = 0.001 A. The remaining current of (10 — 0.001) = 9.999 A 
must pass through a shunt of suitable resistance, sav, S ohms, as shown in 
Fig. 13.26. 


100. 


© 


Fig. 13.26 


To calculate the value of S, let the currents through the galvanometer 
and the shunt S be /, and /, respectively. Since S is connected in parallel 
with the galvanometer of resistance G, the potential difference across the 
two must be the same. Thus 


LG-ILS 
Here I, = 0.001 A, J, = 9.999 A, G = 1000 
LG. DO0L x ROO n 
iulio aieo e 


1 
Power dissipated in the shunt = /? R = (9.999? x 99.99 
= 0.9999 W 


Since this is less than 1 W, the given resistance can be used as shunt. The 
Shunt resistance is 


s= = 0.01 2 


1 
99.99 
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The combined resistance of the galvanometer and the shunt is given by 


1 l 1 G+S 
X^6*s^ os 
Lo NGS S100 60:0 175 
P A Tee gm s 
E 
A 
100 f. 5 fi 
S z0-010. 
Fig. 13.27 
E H 
Current T= ooe 4 (i) 
When a resistance of 1.5 Q is connected in series, then 
E E 
[soem Terme. pO Qu) 


Eqs (i) and (ii) give 
r — 0.490 and BSN, 


Example 20: A battery of emf 1.4 V and internal resistance 2 Q is connec- 
ted to a 100 Q resistor through an ammeter. The resistance of the ammeter 
is 4/3 Q. A voltmeter is also connected to find the potential difference 
across the resistor. 


(i) Draw the circuit diagram. 
(ii) The ammeter reads 0.02 A. What is the resistance of the voltmeter? 
(iii) The voltmeter reads 1.10 V. What is the error in the reading? 
(IIT 1975) 


Solution: (i) Figure 13.28 shows the circuit diagram. 


E=14V 
n= 20 


Fig. 13.28 
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(ii) Let R be the resistance of the voltmeter. Then the total resistance in 
the circuit is 


(Y*p dap 
where Y is given by 


l jp . .100R 
R jor y ms Fi Pane x R 
4 _ 100 R 10 

Therefore, Y + 3* 2.2: 100 3 R + 3 

_ 310 R + 1000 

~ 3 (100 + R) 
The current / is given by 

_ emf _ 14x 3(100 +R) _ 

i total resistance 310R+ 1000 0.02 A 
Therefore, 

6.2 R + 20 = 4.2 (100 + R) 
which gives 


R = 200 Q 


(iii) The total resistance X of the 100 Q resistor and the voltmeter is 
given by 


X 7 Two + 30 AW 
X= 200 Q 
Potential difference across the voltmeter = nm x 0.02 
Ez: gie 
Voltmeter reading — 1.10 V 
Error = 1.33 — K10 = 0.23 V 


Example 21: If each of the resistances in the network, shown in Fig. 13.29, 
is R, what is the resistance between the terminals A and. B? (IIT 1978) 


Solution: The circuit diagram can be redrawn as shown in Fig. 13.30. 


D> 
[^] 


[t] 
Fig. 13.30 
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i 
This is equivalent to a balanced Wheatstone’s bridge. Since points P andQ , 
are at the same potential, no current flows in the resistance R connecting: 
them. Resistance X between A and B is, therefore, given by 


1 1 l 1 et 
EN ut m XR 


Example 22: A wire of resistance 0.1 Q cm~! is bent to form a square 
ABCD of side 10cm. A similar wire is connected between the corners B 
and D to form the diagonal BD. Find the effective resistance of this combi- 


nation between corners A and C. If a 2 V battery of negligible internal 
resistance is connected across A and C, calc 


ulate the total power dissipat- 
ed. (IIT 1971) 
1 
8 n c 
10. 1n 
—W 
A in D 
Fig. 13.31 


Solution: Resistance of each side of the square = 10 x 0.1 = 1 Q. As 
shown in Fig. 13.31, the square forms a Wheatstone's bridge which satis- 
fies the balancing condition. Thus, no current flows along the diagonal BD. 
The combination, therefore, reduces to the one shown in Fig 13.32. 


In 
c 2n 
in i oe € 
21. 
A 14. 
Fig. 13.32 
Total resistance R is given by 
] I 1 
R E 2 1.0 
which gives R = 1.00 
E 2.0 
C =) m T tk 
urrent I R T 2A 


Power dissipated P = EI —2x 2—4W 
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Example 23: A potentiometer wire of length 100 cm has a resistance of 
10 Q. It is connected in series with a resistance and an accumulator of emf 
2 Vand of negligible internal resistance. A source of emf 10 mV is balanced 
against a length of 40 cm of the potentiometer wire. What is the value of 
the external resistance? (IIT 1976) 


Solution: Let XY be the potentiometer wire and R, the external resistance, 
as shown in Fig. 13.33. 


l0mV 


* 


Fig. 13.33 


Potential drop across the wire XY = current x resistance 
2 E 20 
- (x 2x) SER 
Therefore, the potential drop per cm of the wire is 
S) 20 
^ 100 (R + 10) 
The fall of potential across 40 cm of the wire is 
407€ 20 PEE V 
100 (R +10 R+10 


which must be equal to the emf of the source when the balance is achieved. 
Thus 


V cm"! 


8 ME AE 
pao Oa eT o 
R + 10 = 800 or R= 790 Q 


Example 24: A battery of emf 2 V and internal resistance 0.1 Q is being 
charged with a current of 5 A. In what direction will the current flow in- 
side the battery? What is the potential difference between the two terminals 
of the battery? (IIT 1980) 


Solution: The positive terminal of the battery is connected to the positive 
terminal of the charger in order to charge the battery. Hence, inside the 
battery, the direction of the current is from the positive terminal to the 
negative terminal (see Fig. 13.34). 


Fig. 13.34 
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The emf between the terminals of the battery is (Vp — Vo). 
Now Vp — 2.0 — (0.1 x 5) = Vo 
Vp — Vg —24-0.-—25V 


Example 25: Twelve identical wires, each of resistance R, are joined to 
form a cube. Find (a) the resistance between diagonally opposite corners 
of the cube and (b) the resistance between two corners on the same edge of 
the cube. 


Solution; (a) Let 7 be the current entering at point A and leaving at point 
G, as shown in Fig. 13.35. From Kirchhoff's law and by symmetry, the 
current at A divides into three equal parts along AD, AB and AE. Simi- 
larly, the current at points B, E and D divides again into two equal parts, 
each equal to I/6. Thus the current in all the twelve resistances are known. 
Applying Kirchhoff's second law to any path between the points 4 and G, 
such as path AEFG, we have 


IR IR 
unt qty 


Fig. 13.35 


It is clear from tlie diagram that the same result is obtained for all such 
paths. If the effective resistance of the network between points A and G is 
Re, then 


1 1 TS. 
v= Re =(} J 6 +3) IR 
5 


(b) Let V be the potential difference between the points A and B. Let 
the current 7 enter at A and leave at point B as shown in Fig. 13.36. 

Suppose /, is the current in the resistor AB. The paths to B from A 
through Æ or D are equivalent. Let J, be the current in AE, which is the 
same as in AD. Also J;, the current in DC is the same as in EF. 

From Kirchhoff's first law, the currents in DH and EH are each equal to 
(I5 — I5). Similarly, the current in HG is 2 (I; — h). The currents in resistors 
CB and BF are each equal to 5, because the points 4 and B are symmetri- 
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cally situated, except that current J leaves at B while it enters at A. The 
current in CG is (J; — h) and that in GF is 


(h-h)+2h—-h=h-s 


Fig. 13.36 


The currents in all the twelve resistances are now specified. Applying 
Kirchhoff's second law, we obtain three equations which can be solved for 
the three unknowns 7;, 7; and 7s. 


For the mesh ADCBA, we have 


V— BR + LR + LR = R(2h +5) (i) 
For mesh EFGHE, we have 
Q0—4( —I) R- bR—4 BR — 5ER (ii) 
Also, for resistor AB, we have 
==) [pk (iii) 


From Eq. (ii), 44 — 51, 


Substituting in Eq. (i), we have 
4 . 

PER (21 at $ h) = SDR (iv) 

Substituting for V from Eq. (iii) in Eq. (iv) we have 
14 

Ii = Ea h 

The total current is 
10 12 


I-Lht2h-htih-7h 


If Rg is the equivalent resistance of the whole network between 4 and B, 
we have 
2 
V = IRs = D LR; 


But V= IR 


; 
Rs = z3 R 
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Example 26: A portable generator is delivering 80 A to a string of lamps 
at a carnival (see Fig. 13.37). The terminal voltage of the generator is 100 
V and its internal resistance is 0.05 Q. (a) What is the emf of the generator? 
(b) If the load consists of a number of 50 W lamps connected in parallel, 
how many lamps are used? 


C 
B+ 

+ 
i 100 V 
> E 
€ A 
ò 

n 
Ld 

D 


Fig. 13.37 


Solution: In Fig. 13.37 the generator is represented asa source of emf with 
a series resistor of 0.05 Q. 


(a) The potential drop inside the generator is 
Ir = 80 x 0.05 —4V 
Applying Kirchhoff's second law to the loop ABCDA, we have 
+100—E+4=0 giving E = 104 V 
(b) For each lamp, P = V J; hence the current in each lamp is 


E 50 
quem Y^ i007 0.5A 
Since the total current is 80 A, the number of lamps is 
80 
057 160 
This can be checked as follows 
Resistance of each lamp — x = 2002 
If 160 lamps are in parallel, the total resistance R, is given b 
CRT ORAS _ 160 
R, 200 * 200 ^77 = 200 
which gives R, = 1.25 Q 
V 100 
Total current through the system = ao eR 80A 


Example 27: ABCD is a uniform circular wire of resistance 2 Q. AOC and 
BOD are two wires (each of resistance 1 Q) forming diameters at right an- 
gles to each other. Show that the resistance of the network is 15/14 Q, if 
the battery is placed in AD. 
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Solution: As shown in Fig. 13.38, the uniform wire ABCDA of resistance 
2 Q has been divided into four equal parts and the two wires AOC and 
BOD are of resistance 1 Q each. Therefore, the resistance of each part, viz. 
AB, BC, CD, DA, OA, OB, OC and OD is R = 0.5 Q- 


Fig. 13.38 


Let the clockwise cyclic currents be X, Y, Z, U flowing through the 
various parts AD, AB, BC and CD of the circular wire respectively. Let E 
be the emf of the battery and r its internal resistance. 


Applying Kirchhoff's second law to the loop DEAOD, we have 
(REX RC Y) R(X —U) — E 
or r X + 3RX — RY — RU = E (i) 
For the loop ABOA, we have 
RY + R(Y— Z) - RY- X) - 0 
or 3Y -Z—X=0 (ii) 
For mesh BCOB, we have 
RZ + R(Z—U)+ R(Z — Y) =0 
or 3Z -U-—Y=0 ; (iii) 
For mesh CDOC, we have 
RU R(U — X) c R(U—Z) -0 


or 3U -X¥-Z=0 (iv) 
Substracting Eq. (ii) from Eq. (iv) we get 
Y=U (v) 
Combining this with Eq. (iii) we have 
2 (vi) 


Substituting this value of Z in Eq. (iv) we obtain 


7 (vii) 
X= 5U 
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Using Eqs (v) and (vii) in Eq. (i) we get 


5 Ur + SUR = E 


(vii) 
Let Rg be the resistance of the network, then 
X(r + Re) =E (ix) 


From Egs (viii) and (ix) we get 


qUr + SUR = Xr + X Re 


d ; Ur + ; UR, (using Eq.(vii)) 
I5 
Hence Re = 7 R, but R= 0.5 
15 
Therefore, Rp = m Q 


Example 28: A line having a total resistance of 0.2 Q delivers 10 kW at 
220 V to a small factory. What is the efficiency of transmission? 


Solution: Power loss in the line 


2 
=Pr=(4) R 


2 
i (=°) x 0.2 


= 413 W = 0.413 kW 
power delivered by line 
power supplied to line 


Om Fao RO Lael si os 
= fo+ 0413-996 ^ or 965 


Efficiency — 


Example 29: A copper wire having a cross-sectional area of 0.5 mm? and a 
length of 0.1 m 1s initially at 25 °C, and is thermally insulated from the 
surroundings. If a current of 10 A is set up in this wire, (a) find the time in 
which the wire will start melting. The change of resistance ofthe wire 
with temperature may be neglected. (b) What will this time be, if the 
length of the wire is doubled? Density of copper = 9 x 10? kg m^, speci- 
fic heat of copper = 9 x 10-?cal kg-! (^C)-*, melting point = 1075 

and specific resistance = 1.6 X 1079 Q m. (IIT 1979) 


Solution: 
(a) Mass of copper wire — volume x density 


— 0.5 x 1075 x 0.1 X 9 x 10? = 45 x 1075 kg 
Rise in temperature of the wire = 0 = 1075? — 25° = 1050 °C 
Specific heat S = 0.09 cal kg-! (C)-! 
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Heat required to melt the copper wire is 
PRt 
H = > = mass of wire x@xs 


where 7 is the current in the wire, R its resistance and / the time for which 
the current flows. 


If the resistivity of the wire is p and L its length, we have 
pL 16x 10$ x 0.1 


REDE HE 3 
A WES eae XI 3.2 x 10° 0 
<3 
Thus 10 x 10 x 3.2 x 10° xt _ 45 x 10-5 x 1050 x 0.09 


4.2 


4, 45 X 42 X 105 x 1050 x 0.09 _ 
9r dos 10 x 10 x 32 x 10 TIRAR 


(b) Electric energy = I?Rt 


When the length of the wire is doubled, R is also doubled. However, since 
the mass of the wire is also doubled, His also doubled. Hence the wire 
will start melting in the same time. 


Example 30: The walls of a closed cubical box of edge 50 cm are made of 
a material of thickness 1 mm and thermal conductivity 4 x 1074 cal s^! 
cm! (°C)-!. The interior of the box is maintained at 100 °C above the out- 
side temperature by a heater placed inside the box and connected across a 
400 V DC source. Calculate the resistance ^f the heater. (IIT 1971) 


Solution: The heat transmitted per second through the walls of the closed 
box is given by 


Q _ KA (0, — 6) 
nu d 


where A is the total surface area of the box. 
A -— 6x 50 x 50cm? 
Q 4x10*x 6x 50 x 50 x 100 
D 0.1 
= 6000 cal s~! 
In order to maintain the temperature difference between the inside and 


the outside, the heat lost must be compensated by the production of heat 
through electric current in the coil. The heat produced per second is given 


y 
Anti 
TZR 
V 40x40 cg 
R= i3 6000 ^ 42x6000 — 9^ 


H = = 6000 


13.5 TRUE-FALSE STATEMENTS WITH REASONS 


We give below some statements. We have to decide whether they are true or 
alse giving, in brief, the reason for our answer. 
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. The resistance of a copper wire varies directly as the length and inversely as tl 


diameter. 


- Ina simple battery circuit, the point of the lowest potential is the negative ter 


minal of the battery. 


- The resistance of an incandescent lamp is greater when the lamp is switched off. 


4. In a simple battery circuit, the current decreases steadily as we go around the 
circuit from the positive terminal. 

5. An ordinary 100 W lamp has less resistance than a 60 W lamp. 

6. The kilowatt-hour is a unit of energy. 

7. The heat energy produced in a current carrying wire is proportional to the cur. 
rent. 

8. Ata constant voltage, the heat developed in a uniform wire varies inversely as 
the length of the wire used. 

9. The emf ofa cell is greater than the potential difference between its terminals 
as measured by a voltmeter. 

10. It is not possible to construct two wires of the same length, one of copper and 
the other of iron, such that they have the same resistance at the same tempera- 
ture. 

ANSWERS 

l. False because the resistance varies inversely as the area of cross-section (i.e. 
square of the diameter). 

2. True The current flows towards the point of the lowest potential, as it does in 
such a circuit, from the positive to the negative terminal. 

3. False The resistance is greater when the lamp is on because then the filament is 
at a higher temperature. 

4. False A constant current flows in such a circuit. 

5. True P= VI — IR = V3JR. Therefore, R = V2/P. Thus a lamp with a high- 
er power rating will have a lower resistance. 

6. True Watt is a unit of power (J $71). When multiplied by time, we get the total 
energy consumed. 

7. False Theheat developed in a current carrying wire is proportional to the 
square of the current. 

8. True P = [I° R = V*/R. Since R varies directly as the length of the wire, the 
heat produced varies inversely as the length of the wire. 

9. True When a current J is drawn from a cell, the potential difference across the 
internal resistance is Zr and the emf 

E-—V-Ir 
where V is the voltmeter reading. 

10. False Resistance can te adjusted by using a wire of a suitable thickness to 
match the resistance of the other wire. Fora given length, the resistance of the 
two wires would be the same if 

m A 
Pa A: 
where pand A denote the resistivity and area of cross-section of the wires. 
13.6 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives. 


N 
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The terminal voltage of a battery is 
(a) always equal to its emf 
(b) always less than its emf 
(c) greater or less than its emf depending on the direction of the current through 
the battery 
«) greater or less than its emf depending on the magnitude of its internal resis- 
tance. 


. For accurate measurements, the resistance of a voltmeter should be 


(a) as large as possible 

(b) equal to the resistance across which the potential difference is to be measured 
(c) as small as possible 

(d) infinity. 


. To convert a galvanometer into an ammeter, we should connect 


(a) a low resistance in series with it 
(b) a high resistance in series with it 
(c) a low resistance in parallel with it 
(d) a high resistance in parallel with it. 


. A new flashlight cell with an emf of I.5 V gives a current of 15 A when connec- 


ted directly to an ammeter of resistance 0.04 Q. The internal resistance of the 
cell is 


(a) 0.04 (b) 0.06 
(c) 0.10 (d) 10 
. N identical cells, each of emf E, are connected in parallel. The emf of the combi- 
nation is 
(a) NE (DE 
(c) N*E (d) E/N 


. A big dry cell 4 and a small dry cell B have the same emf. The internal resist- 


ance of A 

(a) is greater than that of B 

(b) is equal to that of B 

(c) is less than that of B 

(d) may have any value independent of its size. 


. A nichrome wire 50 cm long and 1 mm? in cross-section carries a current of 4A 


when connected to a 2V storage battery. The resistivity of nichrome is 


(3)1 x 10° Q m (b) 2 x 107 $m 
(c) 4 x 107 Q m (d)5 x 107 € m 


. The resistance of a straight conductor does not depend on its 


(b) shape of cross-section 


a) temperature 
edie (d) length 


(c) material 


. In Fig. 13.39, galvanometer reads zero. The resistance X is 


(a) 7 


(b) 14 


(c) 21 


(d) 28 


Fig. 13.39 
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10. A DC milliammeter has a resistance of 12 and gives a full scale deflestion for 
a current of 0.01 A. To convert it into a voltmeter giving a full-scale deflection 
for 3V, the resistance required to be put in series with the instrument is 


(a) 102 Q (b) 288 Q 

(c) 300 Q (d) 412 Q 
11. In Fig. 13.40, the ammeter A reads 

(a) 1.6 A (b) 2.4 A 

(c) 3.5 A (d) 4.3 A 


Fig. 13.40 


12. A wire of resistance 4 Q is stretched to twice its original length. What is the 
resistance of the wire now? 
()1Q (b)4Q 
(089 (d) 16 Q 

13. Four resistors each of value 4Q, are connected as shown in Fig. 13.41. The 
equivalent resistance between points A and B is 


(29190 (b)3Q 
()49 (d) 16 Q 
8 
40. 4h : 
A 4f. B AP 
Fig. 13.41 Fig. 13.42 


14. Seven resistors, each of value 5 €, are connected as shown in Fig. 13.42. The 
equivalent resistance between points 4 and B is 


(a)5Q (079 
(c) 14 Q (d)35 Q 
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15. Four resistors of 4 Q each are connected to a2 V battery as shown in Fig. 
13.43. The reading of the ammeter in the circuit is 


(a) 1/8 A (b) 3/8 A 
(c) 1/2 A (24A 


(4) 


Fig. 13.43 


16. The resistance between points A and B in the circuit shown in Fig. 13.44 : 


(a) 10 Q. (b) 20 Q 
(c) 30 Q (d) 40 Q 
100 104. 10.0. 
—^j 
A 
10.0. 10.0. 
10 0. 10.0. TOM B 
Fig. 13.44 


17. The resistance between points A and B in the circuit shown in Fig. 13.45 is 


(a)4Q (b) 6 Q 
(c) 10 Q (d) 8 9. 
A An 
6n 8.0. 


B 8.0. 4 0. 


Fig. 13.45 
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18. The current / in the circuit shown in Fig. 13.46 is 


19. 


21. 


22. 


23. 


(a) 1/45 A 
(b) 1/15 A 2V 
30n. 
(c) 1/10 A 
(d) 1/5 A 300. 
Fig. 13.46 


A celi supplies a current of 0.9 A through a 2 Q resistor and a current of 0.3 A 
through a 7 Q resistor. What is the internal resistance of the cell? 


(a) 0.5 Q (b) 1.0 Q 


(0120 z (d) 2.0 Q 


. Figure 13.47 shows a circuit with two cells in Opposition to each other. One cell 


has an emf of 6 V and internal resistance of 2 Q and the other cell has an emf of 
4 V and internal resistance of 8 Q. The potential difference across the terminals 
X and Y is 


(a) 54 V 6v,24. 
(b) 5.6 V 
(c) 5.8 V X Y 
(d) 6.0 V 
4V, 8 
Fig. 13.47 


A voltmeter having a resistance of 1800 Q is employed to measure the potential 
difference across a 200 Q resistor which is connected to the terminals of a DC 
Power supply having an emf of 50 V and an internal resistance of 20 2. What is 
the percentage decrease in the potential difference across the 200 Q resistor as 
a result of connecting the voltmeter across it? 

(a) 1% (b 5% 

(c) 10% (d) 25% 

The deflection in a moving coil galvanometer falls from 50 to 10 divisions when 
a shunt of 12 Q is connected across it. The resistance of the galvanometer coil is 
(a) 24 Q (b) 36 Q 

(c) 48 Q (d) 60 Q 

A galvanometer of resistance 10 Q gives full-scale deflection when 1 mA current 
passes through it. The resistance required to convert it into a voltmeter reading 
upto 2.5 V is 

(a) 24.9 Q (b) 249 Q 

(c) 2490 Q (d) 24900 Q 
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24. A copper wire (resistivity. = 1.7 x 10-* Q m, density = 8900 kg m^?) and an 
aluminium wire (resistivity = 2.8 x 10-*Qm, density = 2700 kg m™*) have 
the same mass per unit length. The ratio of the resistance per unit length of 
aluminium and copper wire is 


(a) 1:72 (b) 1:2 
(c) 2:3 (d) 2:3 


25. The driver cell of a potentiometer has an emf of 2V and negligible internal 
resistance. The potentiometer wire has a resistance of 5 Q and is 1 m long. The 
resistance which must be connected in series with the wire so as to have a poten- 
tial difference of 5 mV across the whole wire is 
(a) 1985 Q (b) 1990 Q 
(c) 1995 Q (d) 2000 2 


26. Three bulbs of ratings 40 W, 60 W and 100 W are designed to work on 220 V 
mains. Which bulb will burn most brightly if they are connected in series across 
220 V mains? 


(a) 40 W bulb (b) 60 W bulb 
(c) 100 W bulb (d) all will burn equally brightly 


27. An electric kettle has two coils. When one coil is connected to the a.c. mains, 
the water in the kettle boils in 10 minutes. When the other coil is used, the 
same quantity of water takes 45 minutes to boil. How long will it take for the 
same quantity of water to boil if the two coils are connected in parallel? 

(a) 6 min (b) 12 min 
(c) 18 min (d) 24 min 

28. A 12 V, 24 W tungsten filament bulb is supplied with current from n cells conn- 
ected in series. Each cell has an emf of 1.5 V and internal resistance of 0.25 Q. 
What is the value of n in order that the bulb runs at its rated power? 

(a) 6 (b) 8 
(c) 12 (d) 16 


13.7 NUMERICAL EXERCISES 


1. In the circuit shown in Fig. 13.48, a voltmeter reads 30 V when it is connected 
across the 400 Q resistor. Calculate what the same voltmeter will read when it is 
connected across the 300 Q resistor. (IIT 1980) 


NWA 
300 ft 400 fr 


60V 
Fig. 13.48 


2. A piece of nichrome wire is 1 m long and 1 mm in diameter. Its ends are joined 
so as to form a ring. What isthe resistance of the ring between two points dia- 
metrically opposite to each other? What is the resistance of ur ring between two 
points 90° apart? Specific resistance of nichrome = 1 x 10 Q m. 

A coil of wire is immersed in a cup of water and is connected toa source that 
delivers 4A of current. After the water starts to §boil, it is found that 120g of 
water is vaporized in 10 minutes. What is tb €resistance of the coil? 


w 
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4. A bird whose feet are 5 cm apart perches on a power line that carries 866 A 
of current. 1f the resistance of the wire is 12 x 10-5 Q, what is the Potential diffe- 


rence between the bird's feet? 
. A motor connected to 120 V DC mains develops 320 W of useful mechanical 


t^ 


6. Four batteries are connected in series as shown in Fig. 13.49, Compute the ter- 
minal voltage of each battery. 
E=20V E=8V 
Az Az2fL 


7. Figure 13.50 shows a Wheatstone's bridge that is almost balanced, with point 
C grounded. (a) Calculate the potential of point 4. (b) Calculate the potential 
of point B. (c) Ifa galvanometer is connected between A and B, what is the 


5n 
A 
MI 
48V 
Fig. 13.50 


8. (a) What is the current in the 2 Q resistor in Fig. 13.51? 
(b)-What is the terminal voltage of each battery? 


E=10V 
4-23 


Fig. 13.51 


10. 


1i. 


12. 


T3: 


14. 


15; 


16. 
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Three equal resistors connected in series across a source of emf together dissi- 
pate 10 W of power. What would be the power dissipated if the same resistors 
were connected in parallel across the same source of emf? (IIT 1972) 


An electric tea kettle has two heating coils. When one of the coils in switched 
on, the tea in the kettle begins to boilin six minutes. When the other coil is 
switched on, the boiling begins in eight minutes. In what time will the boiling 
begin, if both coils are switched on simultaneously when they are (i) in series 
and (ii) in parallel? (IIT 1975) 
A battery of emf 1.4 V and internal resistance 22 is connected to à resistor of 
100 Q resistance through an ammeter. The resistance of the ammeter is 4/3Q. 
A voltmeter has also been connected to measure the potential difference across 
the resistor. 

(a) Draw the circuit diagram. 

(b) The ammeter reads 0.02 A. What is the resistance of the voltmeter? 

(c) The voltmeter reads 1.10 V. What is the error in the reading? (IIT 1975) 


A resistor is made by joining two wires of the same material. The radii of the 
two wires are 1 mm and 3 mm respectively while their lengths are 3 cm and 
5 cm respectively. A battery of emf 16 V and negligible resistance is connected 
across the resistor. What is the potential drop across the shorter wire? (IIT 1970) 
Three electric lamps designed for a voltage of 110 V are rated at 40, 40 and 80W 
respectively. How should the three lamps be connected to produce a normal 
glow with a voltage of 220 V in they mains? Find the current flowing through 
the lamps with a normal glow. Draw the necessary circuit diagram. 

In the circuit shown in Fig. 13.52, the batteries E: and Ei have the same emf 
equal to 2V and internal resistances rı = 19 and rs = 1.5 Q respectively. Find 
the current through each battery and in the resistance R. 


l {E 
I? E? 
r RIAN 


Fig. 13.52 


A cell of negligible internal resistanc® is connected to a resistor of 1000 € and 
a voltmeter in series. The voltmeter reads 30V. When another resistor of 10002 
is added in series, the voltmeter reads 20V. Calculate the emf of the cell and the 


resistance of the voltmeter. 
(a) Calculate the total resistance in the circuit shown in Fi 


(b) Find the current through each resistor. 
(c) Also determine the potential difference acros 


120. 


ig. 13.53. 


s each resistor. 


200 50 


MAAMAYM 
Fig. 13.53 


QA 
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17. (a) Determine the total resistance of the circuit shown in Fig. 13.54. 
(b) What is the current through each resistor. 
(c) Find the potential difference across each resistor. 


10.41 

20A 10.0. 
Fig. 13.54 
18. Calculate the resistance between points 4 and B in the circuit shown in Fig. 
13,55; 
y 
DY "o 
e 
^ B 
Fig. 13.55 
19. (a) Find the total resistance between points 4 and B in the circuit shown in Fig. 
13.56. 


(b) Calculate the potential difference between points 4 and C ifthe current in 
the 8 Q resistor is 0.5 A. 


Bn 


160 20.0. 


A 


4 c 


Fig. 13.56 
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20. Calculate the resistance between A and B in the circuit shown in Fig. 13.57. 


A 
10 
9n 
20.0. 
B 
Fig. 13.57 


2|. The long resistor between A and B in Fig. 13.58 has a resistance of 300 Q and 
is tapped at the one-third points. (a) Find the equivalent resistance between P 
and Q.(b) Find the potential difference between B and C when the potential 
difference between P and Q is 320 V. 


P 


Fig. 13.58 


22. Caleulate the ammeter and voltmeter readings in the circuit shown in Fig. 
13.59. 


10v 50. 


15.0. 


(A) 
9 


Fig. 13.59 
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23. Each of the three resistors in Fig. 13.60 hasa resistance of 2 Q and can dissi- 
pate a maximum of 18 W without becoming excessively hot. What is the maxi- 
mum power the circuit can dissipated? 


Fig. 13.60 


24. The potential difference across the terminals of a battery is 8.5 V when there is 
a current of 3 A in the battery from the negative to the positive terminal. When 


the current is 2A in the opposite direction, the potential difference becomes 
Ir. 


(a) What is the internal resistance of the battery? 
(b) What is its emf? 


25. Calculate the ammeter and voltmeter readings in the circuit shown in Fig. 


13.61. 


22.5 V 51 


Fig. 13.61 


26. Find the current in each resistor in the circuit shown in Fig. 13.62. 


15V 
In 
TOv 25V 
3.0. 40. 
9.0. 


Fig. 13.62 
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27. Determine the charge on the plates of the capacitor in the circuit shown in Fig. 
13.63. ' 


40 3 


Fig. 13.63 


28. Determine the current in each conductor in the circuit shown in Fig. 13.64. 


4 ft 5V 


Fig. 13.64 


29. [n the circuit shown in Fig. 13.65, the potential drop across the resistor Ri is 
40 V. Rs = 20 Q and Rs = 25 Q. The ammeter shows a current of 2A. Find 
the resistance Re, assuming that the resistance of the battery and of the amme- 
ter is negligible. 


Fig. 13.65 
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30. In the circuit shown in Fig. 13.66, the resistors R1, Ro and Rs have a resistance 
of 200 Q each. The voltmeter reads 100 V and its resistance is 1000 Q.. Find the 
emf of the battery assuming that its internal resistance is negligible, 


Fig. 13.66 


31. Determine the potential difference between points 4 and B in the circuit shown 
in Fig. 13.67. If A and B are connected, calculate the current in the 12 V cell. 


12V, In 
2n in 
10V,16. 
A $1 3n 
2n. 2.n. 
8V, IN 
Fig. 13.67 


12. Find the readings of the ammeter and the voltmeter in the circuit shown in 
Fig. 13.68. The resistance of the voltmeter is 1000 Q. Disregard the resistance of 
the battery and the ammeter, 


400.0. 


Fig. 13.68 
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33. In the circuit shown in Fig. 13.69, (a) find the i i 
2 : - 13.09, potential difference between A 
and B when switch s is open. (b) What is the current through the switch when 
it is closed? (c) In Fig. 13.70, what is the potential difference when switch S is 
oped Ka hi is the jm through the switch when itis closed? What is 
equivalent resistance of the circuit in Fig. 13.70? (e) Wh i i 
and (f) when it'is closed? EUM 


V=36V $ V=36V 
En 3n 
A B 
3n En 
Fig. 13.69 Fig. 13.70 


34. An ammeter with resistance 0.18 Q produces full-scale deflection when 10 A 
current passes through it. What resistance will be required so that the ammeter 
may be used to measure currents upto 100 A? How should it be connected? 


36. A voltmeter gives full scale deflection for a potential difference of 30 V. The 
resistance of the voltmeter is 2000 2. What resistance should be used to mea- 
sure potential differences upto 75 V with the help of this voltmeter? How should 


the resistance be connected? 


ANSWERS 
MULTIPLE CHOICE QUESTIONS 
1. (b) 2. (a) 3. (c) 4. (b) 
5. (b) 6. (c) 7. (a) 8. (b) 
9. (d) 10. (b) 11. © 12. (d) 
13. (b) 14. (b) 15. (b) 16. (c) 
17. (c) 18. (c) 19. (a) 20. (b) 
21. (a) 22. (c) 23. (c) 24. (b) 
25, (c) 26. (a) 27. (d) 28. (c) 


NUMERICAL EXERCISES 
1. 22,5 V 
2. 0.318 Q, 0.228 Q 
3. 28.2 Q 
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4. 520 nV 

5. (a) 360 W, (b) 89%, (c) 22 

6. (a) 16 V, (b) 0, (c) 6 V, (d) 10 V 

7. (a) + 33 V, (b) + 32 V, (c) A to B, (d) 22 Q 

8. (a) 3.5 A, (D) 7 V 

9. 90 W 

10. (a) 14 min., (b) 3.43 min. 

11. 200 Q, 0.23 V 

12. 13.5 V 

13. h = I: = 0.365 A, Is = 0.73 A 

14.1, — 0.64, 1 = 044,1 — 1A 

15. 60 V, 1000 Q 

16. (a) 9 Q, (b) 5 Q; 60 A, 20 Q; 12 A, 3 Q; 48 A, 12 Q; 8A, 6 Q; 16 A, 4 Q; 24 A, 
(c) 5 Q; 300 V, 20 Q; 240 V, 3 Q; 144 V, 12 Q; 96 V, 6 Q; 96 V, 4 Q; 96 V 


17. (a) 10 Q, (b) 10 A in all resistors except the centre one, in which the current is 
zero, (c) 100 V, zero 


18. 12Q 

19. (a) 8 Q, (b) 12 V. 

20. 62 

21. (a) 32 Q, (b) 20 V 

22. 0.5 A, 7.5 V 

23. 27W 

24. (a) 0.5 Q, (b) 10 V 

25. 0.25 A, 7.5 V 

26. 22,3A;92,2A;4Q,5A 

27. 4 Q; 1.137 A, 1/2 Q; 0.58 A,3 Q; 0.558 A, 2 Q; 0.308 A, 1 Q; 0.887 A, 6 Q; 
0.251 A 

28. 4 Q, 10/38 A; 12 Q, 35/38 A; 10 Q, 45/38 A; 6 Q, 45/38 A 

29. R: = 60Q 

30. E — 170 V 

31. 0.22 V, 13/28 A 

32. 0.142 A, 53.2 V 

33. (a) —12 V, (b) co, (c) —12 V, (d) 12/7 A, (6) 4.5 Q, (f£) 4.2 Q 

34. 0.02 Q in parallel with the ammeter. 

35. 3000 Q in series with the voltmeter. 


14 


Magnetic Effects 
of Current 


14.1 REVIEW OF BASIC CONCEPTS 


14.1.1 Ampere's Law Magnetic induction (or flux density) dB due toa 


oe 
current element of length d/ (in the direction of the current) at a point near 
it is expressed by Ampere’s law, sometimes also called Laplace’s law (see 
Fig. 14.1). According to this law 
> > 
dixr 
Eis e 


dl sin 8 
2 


=> 
| dB |= ki 
E 


— 
dB = ki (14.1) 


ei 
where i is the current and r the position vector of the point P from the ele- 
> 


> 
ment, and @ is the angle between d/ and r. The proportionality constant k 
depends on the units used. In the SI units, k is assigned a value of 10-7 
weber per ampere metre in free space. For convenience, constant k is re- 
placed by 9/47, where jo is called the permeability of free space. This sub- 
stitution removes the factor 47 from many expressions in which it would, 
otherwise, appear. Thus 

i di sin 0 (14.2) 


Fig. 14.1 


The direction of dB is always perpendicular to the plane determined by 
the line tangential to the current element dl and the line joining d! to P 


B 
and is given by the righthand rule. In general, B due to a current can be 
calculated by Anding the vector sum of the contributions of all the elements 


that make up the current. 
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14.1.2 Biot—Savart Law The magnetic induction due to an infinitely long 
straight wire, carrying a current, at any point inside it, distant r from the 
wire is given by 

Bi (#0) 2i 

|B| = (£) T (14.3) 


The direction of the field is perpendicular to the plane determined by the 
point and the line of the conductor (see Fig. 14.2). 


T 


Fig. 14.2 


The lines of induction are circles with their centres at the conductor. Re- 
lation (14.3) was originally developed from experimental observations by J 
Biot and F Savart. It is easily derived from Ampere's law. 


14.1.3 Magnetic Induction at the Centre of a Circular Current The mag- 
netic induction at the centre of a circular current i is given by 


BZ (#2) 2v ni (14.4) 
4T r 
where n is the number of turns in the circular coil and r is its mean radius. 


The direction of B is along the axis outwards from the face of the coil in 
which the flow of current is in the anti-clockwise direction. 


14.1.4 Magnetic Induction on the Axis of a Circular Coil Magnetic in- 
duction B at a point distant x on the axis of a circular coil of radius r 


carrying a current i is given by 


u 2m nir? 
B= (2) aimn (14.5) 


14.1.5 Magnetic Intensity H Magnetic intensity H at a pointin a mag- 
netic field is defined as 


> 


Rees (14.6) 
Ho 


n 
where B is the magnetic induction at that point. 


14.1.6 Units of Band H The SI unit of magnetic induction is called 
tesla (T) or weber per square metre (Wb m^). In CGS units, magnetic in- 
duction is expressed in gauss (G). 


1 gauss = 10~ tesla 
One gauss is numerically equal to one oersted. 
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The unit of magnetic intensity is ampere per metre (A m") in the SI 
system. The electromagnetic unit ot current can be defined from Eq. (14.4), 
in which 9/47 = 1 in the CGS system. Thus | emu current is defined as 
the current flowing through a circular coil of radius | cm and of | turn, 
which produces at its centre a magnetic field intensity equal to 27 oersted. 


1 A = 0.1 emu current 


14.1.7 Force on a Moving Charge in a Magnetic Field The force on a 
charge q moving with a velocity v in a magnetic field of magnetic induction 
Bis given by (see Fig 14.3) 


F-— q (v X B) (14.7) 

> 
F 

Rd 

(qvB sing) 8 

—r) 

rq eS 
Fig. 14.3 


me . IU 
The force F is directed along a line perpendicular to the plane containing 
v and B. To determine its direction along the line, imagine rotating v into 


B, as shown in Fig. 14.3. The direction of F is the direction of the advance 
of a right hand screw rotated in this direction. 


14.1.8 Lorentz Force When a charged particle moves through space 
where both electric and magnetic fields are present, both fields exert forces 
on the particle and the total force is the vector sum ofthe forces due to 
electric and magnetic fields, i.e. 

Fc (Entum (14.8) 
This force is called Lorentz force. 


14.1.9 Magnetic Force on a Straight Current When a straight linear con- 
ductor beo a current ; is placed in a uniform magnetic field, it ex 


Periences a magnetic force given by 
F = i(I x B) ipai 
Where / is the length of the conductor in the direction of the current in it. 


14.1.10 Circular Motion of a Charged Particle When a charged particle 


: > d ts ia) : 
ina magnetic field of induction B is given a velocity v in a direction at 
Tight angles to the field, it experiences a force given by 


|Fl=qvBsin? =qvB 
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* 
The force has a constant magnitude and is always perpendicular to v. The 
resulting motion is a uniform circular motion. The magnetic force on the 
moving charge provides the centripetal force for the uniform circular mo- 
tion. If m is the mass of the particle, 


F=qvB= (14.10) 


r=" (14.11) 
q 
Angular speed = w = = ag (14.12) 
r n 
E foni Bree LB 
Frequency of revolution n = Bine (14.13) 


This is known as the cyclotron frequency of the moving charge in a uni- 
form magnetic field. This frequency is independent of the linear speed of 
the particle or the radius of the circular orbit, but depends on the charge 
to mass ratio (g/m) of the particle and the magnitude of the field B. 


14.1.11 Force between Two Parallel Straight Currents When the currents 
in two neighbouring straight conductors flow in the same direction. there is 
a force of attraction between them. If the currents are in opposite direc- 
tions, there is a repulsive force between them. The force per unit length on 
either conductor is given by 
Fm (fe 2h ks (14.14) 
4m r 
where r isthe distance between the two parallel conductors. This relation is 
used to define an ampere in terms of the force between conductors. When 


à -—i-lA andr =1 m, then F = ze: Thus 1 ampere current is that 


current, which flowing through each of the parallel infinitely long straight 
wires of negligible area of cross-section separated by a distance of | min 
free space, produced a force between them of 2x 107 N m^! per unit length 
of either wire. 


14.1.12 Magnetic Moment of a Current Loop A current loop orients 
itself in a magnetic field like a small magnet (magnetic dipole). The torque 
acting on a current loop in a magnetic field of induction B is given by 


+ = (Ni A) B sin 0 (14.15) 


where i is the current flowing in N turns of the loop with face arca 4 and 
making an angle 0 with the field. Comparing it with the electric dipoi 
(N i A) can be regarded as the magnetic dipole moment M. The magnetic 
dipole moment (M) of the loop lies along the axis of the loop: its direcuon 
being given by the right-hand rule. Let the fingers of the right hand cur 
around the loop in the direction of the current, the extended right thum 


P 
will then point in the direction of M. 
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A magnetic dipole (a short magnet) experiences a torque when placed in 
a uniform magnetic field, given by 


T= MX B (14,16) 
where M is the magnetic moment of dipole. 

14.1.13 Magnetic Flux The magnetic flux through a coil of area A ina 
uniform magnetic field of flux density B (induction) is defined as 


$ ==aBe A = BA cos 0 (14.17) 
where 8 is the angle between the normal to the area 4 of the coil and the 


direction of B as shown in Fig. 14.4 


A 


oi 


Fig. 14.4 


_A change in the field strength or a change in area (brought about by tur- 
ning the coil to change 0) causes the flux through the coil to change. If the 
coil has V turns, the total flux linked with the coil is 


p = N A B cos 8 (14.18) 


The SI unit of magnetic flux is called weber (Wb). The unit of B, the 
flux density or flux per unit area is, therefore, weber per square metre (Wb 
m™) which is called tesla (T). 


14.1.14 Faraday's Law — Faraday's experiments showed that the change of 
magnetic flux in a circuit gives rise to an emf in the circuit, known as the 
induced emf. Faraday's law states that the magnitude of this induced emf 
e is proportional to the rate of change of magnetic flux linked with the 
circuit. The change in flux can arise due to the relative motion between the 
coil and the field. 


14.1.15  Lenz's Law According to this law, the direction of the induced 
Current (caused by induced emf) is always such as to oppose the change 
causing it. Hence 


Where k is a positive constant. The negative sign expresses Lenz's law. H 
means that the induced emf is such that, if the circuit is closed. the induced 
current opposes the change in flux. If the flux linkage 4 is expressed in 
Webers, ¢ in seconds and e in volts, then k = 1. Hence, in the SI system 


d$ 
dt 
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14.1.16 Fleming’s Right Hand Rule This simple rule gives the direction 
of the induced emf (and hence of the induced current) when a straight con- 
ductor moves at right angles to an external magnetic field. Let the thumb 
and the first two fingers of the right hand be stretched so that they are at 
right angles to one another. If the first finger points in the direction of the 
magnetic field and the thumb indicates the direction of the motion of the 
conductor, then the middle finger gives the direction of the induced emf 
(see Fig. 14.5). 


zs 
B 
Forefinger 


Middle 
finger 


Thumb 
Induced motion 
emf 
Fig. 14.5 


14.1.17. Induced EMF in a Rod The emf induced between the ends of a 
straight conductor moving across a uniform magnetic field is given by (see 
Fig. 14.6) 


2d = 4.1 
qo Ble (14.19) 


where 7 is the length of the conductor and v its velocity. 


| 


CL 


1 ————- v 
B normal to 
this plane 

Fig. 14.6 


14.1.18 Induced EMF in a Rotating Coil Ifa coil has an arca A and its 


normal makes an angle @ with the uniform magnetic field B, then the flux 
through the coil is 


$ = NA Bcos 0 


where N is thc number of turns in the coil. If the coil is rotated with a ual 
form angular velocity w rad s^! about an axis in the plane of the coil an 
at tight angles to the field, the induced emf is given by 


mauu di NAT Be are 
e= — Ji 7 TaN 4B coos ol) (ut) 
e = NAB w sin wt = e sin wt (14.20) 


where e = N A B w sin wt is the maximum induced emf. Equation (14.20) 
shows that the induced emf varies sinusoidally with time. 
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14.1.19 Self Induction Whenever a current flows in a circuit, a magnetic 
field is set up (around the circuit) that links with that circuit and varies as 
the current varies. Hence, any circuit in which there is a varying current, 
has an induced emf in it due to the variation of its own magnetic field. 
This phenomenon is called self induction and the emf thus induced is called 
self induced emf. 


If à is the magnetic flux linked with the circuit due to a current i, then 
gai 
or p= Li (14.21) 


where L is called the coefficient of self induction for that circuit and is de- 
fined as the magnetic flux linked with the circuit when a unit current flows 
in it. Quantity L is also known as the self inductance of the circuit. If ¢ 
and i change with time, the self induced emf in the circuit is given by 


ec 1 eee (14.22) 


The self inductance of a circuit is, therefore, also equal to the self induc- 
ed emf per unit rate of change of current. If i is in ampere and fin 
seconds, then Z is expressed in a unit called henry (H). 


14.1.20 Mutual Induction Whenever a variation of current in one cir- 
cuit produces a change in the magnetic flux ina neighbouring circuit, it 
produces an induced emf in the latter. This phenomenon is called mutual 
induction. The circuit in which the current is varied, is called the primary 
and the other circuit, in which the emf is induced, is called the secon- 
dary. 

The coefficient of mutual induction (M) or simply, the mutual inductance 
between two such coupled circuits is the magnetic fiux linked with one cir- 
cuit when a unit current flows in the other. [- 

Magnetic flux ¢, linked with the secondary coil due to a current i, in the 
primary coil is given by 


h = Mi, (14.23) 


and the induced emf in the secondary coil is given by 


d), | yin (14.24) 
Cae CY Mi 


The SI unit of mutual inductance M is henry (H) which equals weber 
per ampere. Thus 


IH—IWbA- 21VsA" 
14.1.21 L and M for a Solenoid A solenoid is a long wire wound closely 


indt i i i duced along the 
over a cylindrical core. A uniform magnetic field is pro Mong. 
axis Who a current flows in it, The self inductance of such a coil is given 


by 
N^ A (14.25) 
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where / is the length over which the coil is wound and 4 its area of cross- 
section. Here L is in henry, A in m^ and / in m. If the wire is wound over 
a circular core of mean radius r, then 


N 
Hetty Due x (14.26) 


Such a coil is known as a toroidal solenoid. 

If a coil of N» turns surrounds a long solenoid of length / and cross- 
sectional area A wound with N; turns of wire! the mutual inductance bet- 
ween the two coils is given by 


Misi) eA ya (14.27) 


14.1.22 Transformers When a secondary coil and a primary coil are wound 
on the same core, the system is known as a transformer. In an ideal trans- 
former, the entire magnetic flux is linked between the primary and the 
secondary, without any leakage of the magnetic lines of induction. An al- 
ternating emf applied to the primary, causes an induced emf in the second- 
ary without any change in the frequency. It can be proved that, at any 
instant of time, the ratio of the number of turns in the two coils is equal 
to the ratio of the emfs across them. i.e. 


N, e, 
Vues. eo .28 
N, » (14.28) 
N, 
or Coe, (y ) 
p 


Thus, there is an increase in the voltage in the secondary if N, > Nj. 
This is known as a step-up transformer. For N, <: N,, e, << e, and we call 
this a step-down transformer. The increase in voltage results in a smaller 
current and vice versa, thus satisfying the energy conservation. 

In an ideal transformer, the entire power is transferred from the primary 
to the secondary. Hence, for an ideal transformer, we have 


GSP M a Th 


e. Ej N 
z = — 4.29 
8 T Ny M 


14.1.23 Earth's Magnetic Field A freely suspended magnetic needle at any 
point on earth assumes a definite direction. Except near the poles, the 
magnetic lines of earth's field lie in a roughly north-south direction, with 
some tilting away from the horizontal. The angle between the direction of 
à compass needle and the true north-south line is known as the angle of 
declination à. as shown in Fig. 14.7. 

The ordinary compass tells the direction of the horizontal component. of 
the earth's field. There is also a vertical component, for the real direction 


of the field is everywhere inclined. If B is the total magnetic field at a point, 
the horizontal and vertical components are given bv (see Fig. 14.7) 


By, = Beos 


and B, = B sin? 
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so that tan 0 = By 
H 


Angle 6 is called the magnetic dip at that point. 


SM Magnetic N 


Fig. 14.7 
141 SI UNITS 
Table 14.1 
Physical Quantity SI Unit Symbo: 

Magnetic flux weber Wb 
Magnetic induction tesla or weber per T or Wb m7? 
(or flux density) square metre 
Magnetic field intensity ampere per metre A m^! 
Magnetic moment of ampere square metre Am? 
current carrying circuit” 
Inductance henry H’ 
Magnetic permeability henry per metre Hm™ 


14.3 FORMULAE 
l. Magnetic induction due to a long straight wire at a point outside. 
ji» (18) 2 ze (2) 
1317 (72) 7-7 10 r 


2. Magnetic induction on the axis of a circular coil 


pa ( He 2-nir? 
^ Mm) GP + Dy? 
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10. 
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. Magnetic induction at the centre of a circular coil 


4m r 
Magnetic field intensity 
> 
rey 
Ho 
. Force on a charge moving in a magnetic field. 
F= qv B sin 6 
. Force on a charge moving through space when both E aud B are 
present 


> 


EE UE sx B 


. Magnetic force on a straight conductor. 


F — il Bsin 8 


- Circular motion of a charged particle in a magnetic field 


Radius r = at 
lus r =. (Bg) 


Angular speed w = 2g 


Bq 


Frequency n = (2m) 


Force between two straight parallel wires 
ATL Ko he. ii iz 
Bie (i T ) r 

Torque acting on a current loop 
T= NiA Bsin 0 = M B sin 0 

where M = N i A is the magnetic moment of the current loop. 


. Magnetic flux 


$ =N B A cos 0 


. Induced emf 


SURE: 9727 Paus a ff 
e = — déjdt = (3) 


. Induced emf in a rod moving in a magnetic field 


e=- Bl» 


Self inductance of a solenoid 


L= i, N12. 
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5. Mutual inductance of a solenoid. 


M =m AN, H 


6. Voltage in the secondary of a transformer. 


_ (NA E 
"T (i) = (res 


17. Angle of dip 
By 
0 = tan“! (7) 
By 


14.4 NUMERICAL EXAMPLES 


Example 1: Three long, straight and parallel wires, carrying currents, are 
arranged as shown in Fig. 14.8. Find the force experienced by a 25 cm 
length of wire C. 


3cm 10cm 


30A 10A 20A 
Fig. 14.8 


Solution: The magnetic field due to wire D at wire C is 


fig, \ S 0 div TQ TUR 
Bom (&)Z -OTLÓÓXRABO-2x10T 


Which is directed into the page. 
Similarly, the field due to wire G at C is 


1077 2: 5:020 08 2 
B= EM = 04 x 107 T 


which is directed out of the page. : 
Therefore, the field at the position of the wire C is 
B = By — Bg = 2 x 107* — 04 x 104 = 1.6 x 107 
and is directed into the page. 
The force on 25 cm of wire C is 
F-Bilsin90* = 1.6 x 10* x 10 x 0.25 = 4 x 10-*N 


Using the right-hand rule, we find that the force on wire C is towards 
the right, 


Example 2: An electronis accelerated by a potentialldifference of 12000 V. 
It then enters a uniform magnetic field of 107? T applied perpendicular to 
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its path. Find the radius of the path. Mass of an electron, m, — 9 x 1073 
kg and charge of an electron, e = 1.6 x 107! C. 

Solution: Force acting on the electron — Bev 


where v is the velocity of the electron. If ris the radius of its path, we 
have 


mv 
— = Bev 
m 


mv, 
Be 
The velocity v is given by 


or T 


Pmü-ey 


Hence 


I ume, 2 I2 V. p 
BeN m B? e 


_ (2 x 12000 x 9 x EU 
7 10-6 5c 1/6556 10519 


= 0.367 m = 36.7 cm 


Example 3: The wire shown in Fig. 14.9 carries a current of 60 A. Find 
the magnetic field B at P 


Fig. 14.9 


Solution: The field at P arises from 3/4th of the circular loop only because 
P lies on the straight wires themselves. Thus 


m Mo \ 277 

a=; (£) SR 

—3X 107 x 27 x 60 
4 x 0.02 

Se 107 T 


which is directed out of the page. 


Example 4: _A proton (charge g = 1.6 x 107? C, massm = 1.67 x 1077 
kg) is shot with a speed 8 x 10 m s~! at an angle of 30° with the x-axis. 
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A uniform magnetic field B = 0.30 T exists along the x-axis. Show that 
path of the proton is a helix. Find the radius and the pitch of the helix. 


mg The x and y components of the velocity of the proton are (see 
Fig. 14.10) 


v, = v cos 30° = 8 x 108 x (1.866 = 6.93 x 105 m s^' 
v, = v sin 30° = 8 x 105 x 0.5 = 4.0 x 105 m s^! 
The magnetic force due to vy is zero (F = q v B sin 0° = 0) since B and 
v, are along the same direction. The particle moves in a helical path, as 
shown in Fig. 14.10 due to the combined action of vx, v, and the magnetic 


field B. The magnetic force due to v, has no x-component. Therefore, the 
motion along the x-axis is uniform, at speed vx. 


Helical path 
6 04 
y 
- 
—B 
Yy 
A 
+q Vx x 
Fig. 14.10 


The radius of the circular transverse motion IS 


may, 1.61% 107 x 4X 10° _ 9.139 m 

r= "3B o RO OE 
The proton will spiral along the x-axis; the radius of the spiral (or helix) 
will be 13.9 cm. f 3 
To find the pitch of the helix (the x-distance travelled during one revolu- 


tion), the time taken to complete one circle is 


|2mr _ 2m X0.09 _ 419 x 107s 
T= RUE 


During this time, the proton will travel an x-distance (pitch) given by 


Pitch =u AIT 
= 6.93 X 10% X-2.19 x 10-7 


1.515 m 
: in Fi zarri urrent of 2 A 
. Exa 5: 5 'n coil shown in Fig. 14.11 carries a © i 
in NEM feld B to 0.25 Wb m>. Find the torque acting on the coil. 
In what direction will it rotate? 
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Solution: The sides AB and DC are along the field lines; hence the force 
on each side is zero. The force on each vertical wire is 


f=ilB=2 x 0.12 x 0.25 = 0.060 N 


Ky 
—á( o B 
A 8 
H bal a 
D C 
10cm 
Fig. 14.11 


n 


The force facts on AB ina direction out of the page and on BC into the 
page, thus forming a couple. The total force is 


F = 50 x 0.06 = 3 N 


Torque = F x separation = 3 x 0.10 = 0.3 N m and tends to rotate 
the side AD out of the page. 


Example 6: A potential difference of 600V is applied across the plates of 
a parallel plate condenser. The separation between the plates is 3 mm. An 
electron projected vertically, parallel to the plates, with 

a velocity of 2 X 105 m s~! moves undeflected between 

600 V the plates. Find the magnitude and direction of the 
magnetic field in the region between the condenser 

plates (neglect the edge effects) (IIT 1981) 


Solution: Electric intensity E = 4 


where V is the potential difference between the plates 
and d, the separation between them. 
= d=3mm=3 x 10° m 
Fig. 14.12 HT Ser ODD. o ac pOS TEN 


"d 7 3x3 
Since the electron moves undeflected between the 


plates, the force due to magnetic field must balance 
the force due to electric field. Thus 


, Bev-ecE 
—— " 2 
or patas coim 
v 2x 105 


The magnetic field is perpendicular to the plane of 
the paper directed inwards. 


Example 7: A coil of 50 turns and 10 cm diameter 
= ismade out of a wire of resistivity 2 x 1075 Q em. 
The coil is connected to a source of emf 10 V and 0 
Fig. 14.13 negligible internal resistance. 
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ia) Find the current through the coil. 

(b) What must be the potential difference across the coil so as to nullify 
the earth’s magnetic field, H = 0.314 G at the centre of the coil. 
How should the coil be placed to achieve this result? (HT 1964) 


Solution: 
(a) Radius of the coil, r — 10/2 — 5 cm 
Length of the wire, /=(27r) x 50 
=2a7 x 5x 50cm 
Radius of the wire = 0.1 mm = 0.01 cm 
Area of cross-section of the wire = m x (0.01)? 
=a X 10cm? 


i ; l 
Resistance of the wire R = e 


2020 00-9: 5079 ar:/56 OU OO 


Therefore, R= ot 


= 10Q 
Current in the wire i= EjR = 10/10 = 1.0 A 


(b) Magnetic induction B at the centre of a circular coil of radius r 
having n turns and carrying a current of i = 1 A is given by 


4T r 
Here ne = 107 Wbm-! At,  r-5cm— 5 x 107? m 
mT 
7. ee 
a Te pes 
The magnetic induction due to the earth’s magnetic field 
= '0.314 x 1029) 
107 x 27 x 50 Xi Y 
Ther i = 0.314 X 10 
herefore, 5x 103 


; 0.314: 10:5 059:5/00005: 
am 25 x S0 x 107 


Hane SC OSEAN 


The potential difference across the coil 


I 


iR 
=5x I0? x10 
05V 

The plane of the coil should be normal to the magnetic meridian. 


Note: B for earth's magnetic field is not obtained by equating it to ji H, 


because H is in CGS units (namely, gauss) and not in ampere per metre. 
Here, in CGS units, B and H are identical and B = 2 m n ifr G if i is in 
emu and r in cm. 


1 
a 
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Example 8: Two coils each of 100 turns are held such that one lies in the | 
vertical plane and the other in the horizontal plane with their centres coin- - 
ciding. The radius of the vertical coil is 0.20 m and that of the horizontal 
coil is 0.30 m. How would you neutralize the magnetic field of the earth at 
their common centre? What is the current to be passed through each coil) _ 
Horizontal component of earth's magnetic field = 0.35 x 10°4 tesla and 
angle of dip = 30°. (HT 1968) 


Solution: Angle of dip 0 = tan~! (z ) where By and B; are the vertical 
and horizontal components of earth’s field respectively. 
Since By =0.35 X 107^ T, we have 
By = By tan 30° 
0:35/5011072:75€10/577 
= 0.202 x 10-4 T 


The direction of the magnetic field will be perpendicular to the plane of 
either coil. If the plane of the vertical coil is perpendicular to the magnetic 
meridian, the field prodüced by it can neutralize the horizontal component 
of earth's field if 


AIRE 
By = (4s ) LL = 0.35 x 1074 


4a r 


atl ny 
i Fea (^T) 
27n 
_ 0.35 X 10-4 x 0.20 x 107 


Qa x O0 = 0.111 A 


Similarly, the magnetic field produced by the horizontal coil will be 
vertical and will neutralize the vertical component By of the earth's field, if 


dr IN 
"ES (&) — = 0.202 x 10-4 


4T 
A j =. 0-202 x 107* x 10? x 0.30 
237 x 100 
0.0964 A 
Example 9: A particle of mass 1 x 2075 kg and charge -}- 1.6 x 1079€ 


travelling with a velocity 1.28 x 106m s^! in the positive x-direction 
enters a region in which a uniform electric field E and a uniform magnetic 
fiéld of induction B are present such that £, = Bis 0, E= — 102.4 kV 
ml and B, = B. = 0, B, — 8 x 10 T. The particle enters this region 
at time ¢ == 0. Determine the location (x, y and z co-ordinates) of the 


tant (with the magnetic field still present), what will be the position of the 
particle at ¢ «7.45 x 10-6 s? (LIT 1982) 


Solution: 1t is clear from Fig. 14.14 that the force on the particle due tO 
the electric field E is 


F.zqE-1.6 X 10-9 x 102.4 x 103 
= 163.8 x 10-'6N 
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in the negative z-direction. Similarly, the force d i 
B. is given Dy y ue to the magnetic field 


Fy, = qv By = 1.6 X 10-9 x 1.28 x 106 x 8 x 107? 
163.8 x 10-6 N 
y 


Ey=0 


-2 2 
By=8x10 Wbm 


W= 1:28 x105ms' 
x 


Fig. 14.14 


in the positive z-direction. These two forces are equal and opposite and 
are collinear. Hence, the net force on the particle is zero and it, therefore, 
continues to travel along the x-axis. The distance travelled by it in 5 x 


1075 s is equal to 
5x 10-5 x 1.28 x 10° = 6.4m 
Hence, the co-ordinates of the particle are (6.4 m, 0, 0). 


When the electric field is switched off, the particle moves in a circular 
path under the magnetic field B, in the x-z plane in an anticlockwise direc- 
tion as seen along the + y-axis. 

2 
Wee 
y —Bqv or r= Bq 


1 x 10726 x 1.28 x 195 


C7 glo ae CHE 
z1.0m 


The time period of revolution of the particle is 
conta am PC HARE 
Dy VOIR Bq 
MINE. 2 uitio 
= 3 x 107 x 1.6 x 10-” 
4.9 x 10°°s 


The time for which the magnetic field acts is equal to 
7.45 x 1079 -. 5.0 x 10-5 = 2.45 x 1075s 
ed bythe particle during this 


tl 


Hedce, the number of revolutions complet 
time is 


rd) Qu j revolution. 
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Therefore, the displacement of the particle along the z-direction is equal to” 
2m. Hence, its co-ordinates will be (6.4 m, 0, 2 m). A 


Example 10: A circular coil of wire 0.05 m in radius, having 40 turns lies 
in a horizontal plane as shown in Fig. 14.15. It Carries a current of 5 A, 
in anti-clockwise direction as seen from above, 
- The coil is in a magnetic field of 1.2 T directed to 
u the right. Calculate the magnetic moment and 

torque on the coil. 


ROIN 8 Solution: Area of the coil = m r? 
C is ; = m X (0.05)? = 7,85 x 10-3 gi 


SEND The magnetic moment of each turn of the coil is 
Fig. 14.15 given by 
Mi rar I es 5e 7.95 s (YAS 3.93 x 10° A m? 
Thé total magnetic moment of the coil of 50 turns is 
30 x 3.93 x 10 = 1.96 A m? 
The torque on the coil is Biven by 
7 — M Bsin x 


Since the angle x between the direction of Band the normal to the plane 
of the coil is 90 , we have 


Freee B= 9196 liSei ap OT 2.36 Nm 
Alternatively, 
7= (BA sin x) 4 50 
= 9/8 2807.85. 103 x 1056/30 
= 2.36 Nm 
Example 11; A 50 cm long bar 4 B is moved 
with a speed of 4 ms' in a magnetic field 
B= 0.01 Wbm? as shown in Fig. 14.16. 


Find the emf generated and the power expend- 
ed if the resistance of the circuit is 0.1 Q. 


Solution: Induced emfe = Bly 
= 0.01% 0.5x4 = 0.02 V 


VW i2 Fiy 2 
Power dissipated P — v Eee 0.03 


= 0.004 W Fig. 14.16 


Example 12; A square loop of wire of side 5 cm is lying on a horizontal 
table. An electromagnet above and to one side of the loop is turned on, 
= causing a uniform magnetic ficld that si down- 

B wards at an angle of 30° to the vertical, as shown 
in Fig. 14.17. The magnetic induction is 0.50 T. 
Calculate the average induced emf in the loop, if 
the field increases from zero to its final value in 
0.2 s. 


Solution: Arca of the loop, A = (5 x 107)? mi 


= 2.5 x 1073 m? 
Fig. 14.17 Magnetic flux, 4 — A B cos 0 


8 
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where B cos 6 is the component of magnetic induction perpendicular to the 
plane of the loop. Therefore, 


$ = 2.5 x 10? x 0.50 x cos 30 
= 1.0825 x 10-3 Wb 
Average induced emf is 


— 44 . L0825 x 10? 
4t 0.2 


-—:54x102Yy 


The induced emf is in an anticlockwise direction around the loop during 
the time when the downward magnetic flux is increasing. 


e 


Example 13: In an AC generator, the number of turns in the coil is 2000 
and the area of the coil is 0.15 m?. The coil is rotated at a rate of 60 
cycles per second ina field of 0.1 T. Find the peak value of the emf in- 
duced. 


Solution: ^ Actual emf induced = n A Bw sino t 
Here o — 2m x 60 rad s! 


The peak value ey of the emf is obtained whenever w ¢ is an integral 
multiple of 7/2 and hence equals 


Co = n AB o 
2000 x 0.15 x 0.1 x 27 x 60 
= 1131x105 V 


Example 14: A square metal wire loop of side 10 cm and resistance 10 
is moved with a constant velocity z in a uniform magnetic field of induc- 
tion B = 2 Wb m~, as shown in Fig. 14.18. The magnetic field lines are 
perpendicular to the plane of the loop (directed into the paper). The oop 
is connected to network of resistors each of value 3 Q. The resistances 2 

the lead wires OS and PQ are negligible. What should be the speed E the 
loop so as to have a steady current of 1 mA in the loop? Give ns 1983) 
tion of the current in the loop. ar 


Fig. 14:19 


Solution: From the symmetry of the network AQCS, itis clear that the 
points 4 and C are at the same potential and hence no current flows bet- 
ween A and C through the 3 Q resistance. The resistance R of the network 


: 1 1 AN 
is, therefore, given by x - e Ap 7 or R=32 
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Resistance of the loop -- 1 Q 
Total resistance =3+1=4Q; 


The emf induced by a wire of length 1 moving in a uniform magnetic 
field B with a constant velocity v is given by 


e= Blu =2 x 0.1% = 0.2 vo 


f RE Ee OB Toa 0.2 vo 
Current in the circuit, į = "dem ier 


But; = | mA = | x 10-3 A. Hence 
dg = —2——— —2 x 107? m s! 


The direction of the induced current in the loop is from O and P (i.e. 
clockwise). 


Example 15: A particle of mass m = 1.6 x 10-7 kg and charge q = 
1.6 x 10-!9 C enters a region of uniform magnetic field of strength 1 T 
along the direction shown in Fig. 14.19. The speed of the particle is 107 
m s^, 

(i) The magnetic field is directed along the inward normal to the plane 
of the paper. The: particle leaves the region of the field at the point F. 


x 
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Fig. 14.19 Fig. 14.20 


Solution: If the magnetic field is directed along the inward normal to the 
plane of the Paper, the path of the particle will be an are FCE of a circle 
of radius R, as shown in Fig. 14.20. 
Since PE is tangential to the arc and ZOEP is 90°, therefore, /COE = 
45°. Similarly, ZQFD = 45°, because OF is a tangent to the arc CF at F. 
The angle between the lines DF and FQ is equal to the angle between 
their perpendiculars. Hence ZFOC = 45°. Also 


o 1 ^ 
EF —2Rcos45 = 2R x ——^A2R 
v2 v 
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The radius of the circular path is given by 


Bq 
Here m = 1.6 x 1077 kg, v = 10 ms"', B= 1 Tand q = 1.6 x 10-” 
C. Substituting these values, we get 
R=0.1m 
Hence EF = V/2R=0.1 x V2 = 0.1414 m 


(ii) When the magnetic field is directed along the outward normal to the 
plane of the paper, the circular path EPQ of the particle will be clockwise, 
as shown in Fig. 14.21. 


Since the radii P' E and P’ Q are perpendicular to their respective tang- 
ents drawn at points E and Q, we have 


37 R 
Length of arc EPQ = 27 R — zi 3 


where R is the radius of the arc. (7 R/2, length of the arc in the previous 
case (i)). 


The time spent by the particle along the arc EPQ is given by 


.. distance covered _ 37 R 


speed TDs 
where R = 0.1 m and v = 107 m s-'. Putting these values, we get 
Sm sd ba ae 
t = rx 10" SANOS 


RegionI , Region II 


[5] Ax Xxx 
AUCUNE 
X dX XX 
c XO X XX 
X XX X 
Ex xxi X 
Fig. 14.21 Fig. 14.22 


is divi i i ions. Region I 
Example 16: Space is divided by the line AD into two regions. Kk 
is field free and pd II has a CE ho Capes te Hed mie Mog 
plane of the paper as shown in Fig. 14.22. 7h dal aa e qup V 
ing loop of radius r with centre at O, the plane of the ‘oop g e 
plane ot die pet The loop is now made to rotate with a ponen ango 
lar velocity œ about an axis passing through O and d icu > 
plane of the paper. The effective resistance of the loop is R. 


(i) Obtain an expression for the magnitude of the induced current in the 


loop. 1 Bh 
(ii) Show the direction of the current when the loop is entering into the 
region II. 
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(iii) Plot a graph between the induced emf and the time of rotation for 
two periods of rotation. (LIT 1985) 


Solution: (i) Induced emf e = — ae = — B dA 
t dt 


where A is the area of loop, $ = B A because the normal to the loop and 
field B are along the same line. 


8 
When a loop of radius r rotates with an angular velocity w = a the 
rate of change of area is given by 
dA dif A us ) 
— = —[zr0 
dt dt G x 


where 4? = area swept out by the loop when it rotates through an 
angle 0. Therefore, wc have 


HANE uu BO" LM 
quo Qu dq 2 
e= —}Br w 


- Since R is the effective resistance of the loop, the magnitude of the in- 
duced current is 


(ii) The direction of the current is anti-clockwise. i.e. opposite to the 
direction of rotation of the loop and is shown in Fig. 14.23. 


AN 
(A 
s A TE 
o» X X X X X ae i A 
Peni” PIG Time of 
C x Xx Xx t ' rotation 
0 x x x indeed ? am 
x X emf | 60 
X XK xX Xx 
2 
pX**xx -Bro 
2 
Fig. 14.23 Fig 14.24 


(iii) The time period of rotation is equal to 2 m/w, The graph between 
the induced emf and the time of rotation is shown in Fig. 14.24. 


Example 17: A beam of protons with a velocity 4 x 105 m s-' enters a 
uniform magnetic field of 0.3 tesla at an angle of 60° to the magnetic field. 
Find the radius of the helical path taken by the proton beam. Also find 
the pitch of the helix (which is the distance travelled by a proton during 
one period of rotation). (IIT 1986) 


Solution: Refer to Fig. 14.10 of Ex. 4. This problem is exactly similar ex- 
cept that here the angle is 60°. Following the procedure of Ex. 4, we have 
vy = v cos 60° = 2 x 105 m s~! 
D, = v sin 60° = 3.464 x 105 m s! 
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Radius of helical path r = ne 
= 1.67 x 1077 x 3.464 x 10* 
Tr 1.6 x 10-9 x 0.3 


= 1.205 x 107 m = 1.2 cm 


This is the radius of the circular path which spirals along the x-axis. The 
pitch of the helix is found by computing the distance covered along the x- 
axis during the time taken to complete one circle. which is equal to 


27r | 27 X 1205 x 107 


Uc 34é4 X IU — 219x10"s 


Pith = v, X T—2 x 10° x 2.19 x 107 = 4.37 x 10 m 
= 4.4 cm 


Example 18: A circular coil of 1000 turns of wire has an enclosed area of 
0.05 m?, It is kept perpendicular to a magnetic field of induction 0.2 T 
and rotated by 180° about a diameter perpendicular to the field in 0.05 s. 
Calculate the emf induced, How much charge will pass when the coil is 
connected to a galvanometer with a combined resistance of 50 Q? 


hange in flux — 44 
Solution: Induced emf e — DET at 
44 — nA B (cos 8, — cos 65) 
=n A B (cos 0° — cos 180) = 2n A B 


now n = 1000, A = 0.05 m°, B = 02 T, 41 = 0.05 s 
2 x 1000 x 0.05 x 02 _ 0 V S 
xe coco are an 
d? edt 400x005 _ 
Chargé que FUR cU cepe UC 


E : iron core is inserted into a solenoid 0.5 m long with 400 
pueros ub idu The area of cross-section of the solenoid is 0.01 m?. 
(a) Find the permeability of the core when a current of 5 A flows through 
the solenoid winding. Under these conditions, the magnetic flux through 
the cross-section of the solenoid is 1.6 x 107? Wb. (b) Find the inductance 


of the solenoid under these conditions. 
The magnetic induction on the axis of the solenoid is given by 


B-—g (&)4**: 


where p is the permeability of the medium, 
length and / is the current. 

(a) Magnetic flux ¢ = B A, since the norm 
direction of the field. 


Given ¢ = 1.6 X 10-3 Wb, A = 0.001 = 102 m? 


Solution: 


n the number of turns per unit 


al to the area is along the 


Therefore, B = $/A = — io 
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Since n = 400, i — 5 A and tpa — 1077 H m-!, we have 
1.6 =p x 107x 4r x 400 x 5 
which gives 


LN Clo KO 
t= 4-7x5x 400 


(b) Total number of turns in the solenoid is given by 


= 636.7 = 637 


N=nx i= 400 x 0.5 = 200 
Total flux through the solenoid is 


N $ = 200 x 1.6 x 10-3 = 0.32 Wb 


Self inductance L = NT "E mee = 0.064 H = 64mH 
Alternatively, 
L-EA A ng lA 


= 637 x (47 x 10-7) x 400 x 400 x 0.5 x TO= 
= 64 x 10? H = 64 mH 


Example 20: A power transformer is used to step up an alternating emf of 
220 V-to 4.4 kV to transmit 6.6 kW of power. If the primary coil has 1000 
turns, find (a) the number of turns in the secondary and (b) the current 


rating of the secondary. Assume a 100% efficiency for the transformer. 


Solution: (a) Using Eq. (14.29), the number of turns in the secondary is 
given by 
es 
v, = (2) m, 
_ 4.4 x 1000 x 1000 ule 
= eT T R = 20,000 


(b) Current in the primary is given by 
ip ep = 6.6 x 103 W 
or NGO EO 


But i. Np _ 1000 


Thus the current rating of the secondary is 1.5 A 


Example 21: A 5 Q coil of 100 turns and diameter 5 cm, is placed between 
the poles of a magnet so that the flux is maximum through its area. When 
the coil is suddenly removed from the field of the magnet, a charge of 107* 
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C flows through a 495 Q galvanometer connected to the coil. Compute the 
magnetic induction B between the poles of the magnet. 


Solution: As the coil is removed, the change in flux is given by 


44 —BA 
where A is the area of the coil. Therefore, 
sy ASUNT 
lel = DRE 


But from Ohm's law 


lel. aig 
R At 
V 
or le ee Rs 
Aq NBA 
R O, 
_RAg 
= B NE 
Here R = 495 45 = 500 Q, A = mr? — «(2.5 x 102? 
500 x 10-4 03s T 


^ 100 x 7 x 624 x 10-4 


Example 22: The two rails of a railway track, insulated from each other, 
and the ground, are connected to a millivoltmeter. What is the reading of 
the voltmeter when a train travels at a speed of 180 km h^ along the track? 
Given vertical component of earth's magnetic field = 0.2 x 107^ T and 


the separation between the rails = | m. 


Solution: The induced emf generated is given by 


dọ _ d A dA 
miden Ps a CO ea) i 


where 4 is the area and B, the magnetic field. If 7 is the distance between 

the rails and v, the speed of the train, then 
dA 
dt 
e=—Blv 

Here / — 1 m. and B= 0.2% 107* T. Thus we have 


za 


180 x 1000 L 59m si 
3600 


Hi 


tel e oi2 On eines SO TS TD IO Ves DR Y 


Hence, the millivoltmeter will read ] mV. i 
2 tential difference o 

E le23i A beam of electrons accelerated by a potentia of 
300 V. is irecte into a uniform magnetic field of flux density naba 
Wb m-2, which is perpendicular to the plane of the paper, an 
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as shown in Fig. 14.25. The field acts over a width / = 2.5 em. In the 
absence of the magnetic field, the electron beam produces à spot at point 
F on à fluorescent screen 4A at a distance of /, — 5 cm from the edge of 
the poles of the magnet. When the magnetic field is Switched on, the spot 
moves to a point B. Find the displacement x = F B of the electron beam. 
Electron charge— — 1.6 x 107? C and electron mass (m)=9.1 x 10-3! kg. 


Fig. 14.25 Fig. 14.26 


Solution: The total displacement of the electron beam is 
Xxx cx 
where x, is the displacement of the electron in the magnetic field, as shown 
in Fig. 14.26. The electron moves alonga circular path whose radius of. 
curvature is 
uour 
eB 
The displacement x, can be found from the relation 
xı = DC = 0C — OD 
But OC=R and OD = (OMY — (DM) = VR- T 


Thus x= R— VR? -P 


The displacement x2 can be found from the proportionality 


x _ DM Js. ONL 
l OD iy VR- EP 
Hence x= R= YRR JE 


Velocity » of the electron is given by 
eV -—imi 


where V is the applied potential difference. Therefore. 


1 [2Vm 
ray [^I 
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Now = 300 volts and B= 1.46 x 10-3 tesla 
Re l (2.x 300 x 9.1 x 10172 
1.46 x 103 1.6 x 107 ) 
= 40 x 107% m = 4.0 cm 
Now l= 2.5em and /, = 5cm. Thus 
x-40— V16—6284 —.X25 
V 16 — 6.25 


= 4.0 — 3.12 + 4.00 
= 4.88 cm 


14.5 TRUE-FALSE STATEMENTS WITH REASONS 


We give below some statements. We have to decide whether they are true 
or false giving, in brief, reasons for our answers. 


l. In Fig. 14.27 the current increases in magnitude from A to B. The direction of 
the induced current in the loop is clockwise. 


Q 


A 


B 
Fig. 14.27 


t2 


An emf can be induced between the ends of a straight metal wire by moving it 

through a uniform magnetic field. 

3. No net force acts on a rectangular coil carrying a steady current when suspend- 
ed freely in a uniform magnetic field. 

4. The self induced emf produced by a changing current in a coil always tends to 
decrease the current. 

5. The presence of a large magnetic flux through a coil maintains a current in the 
coil if the circuit is continuous. 4 

6. Inserting an iron core in a coil increases its coefficient of self induction., 

7. There is no change in the energy of a charged particle moving in a magnetic field, 
although a magnetic force is acting on it. 

8. A charged particle enters a region of uniform magnetic field at an. angle of 85" 
to the magnetic lines of force. The path of the particle is a circle. 

9. A coil of metal wire is kept stationary in a non-uniform magnetic field. An emf 


is induced in the coil. 


ANSWERS 


1. True According to Lenz's law, the induced cur 
so as to oppose the change which is causing it. 

2. True An electron moving across a magnetic field experiences an induced emf. 
As the wire moves across the magnetic field, an emf is generated. The magnet ic 
force comes into play which drives the electrons along the wire. If the wire is 
not connected to a closed circuit, the electrons will continue to collect at one 
end of the wire and thus the other end will be at a higher potential. 


rent always acts in a direction 
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3. True The forces on the opposite sides of the coil are equal and opposite. 


4. 


14.6 


Select 
ie 


N 


False 1f the change in current is positive (increase), the self induced emf will 
tend to decrease the current. If the current is decreasing (negative change in 
current), the self induced emf will tend to increase the current, in accordance 


with Lenz’s law. 


- False Only a change in magnetic flux (by the motion of the lines of induction 


or the motion of the coil) will maintain an induced current in the coil. If the 
magnetic flux through the coil is not changing with time, there is no induced 
emf. 


. True The magnetic permeability of iron is greater than that of free space. 


Therefore, the magnetic field and hence the magnetic flux increases u times, 
where p is the permeability of iron. Consequently, the coefficient of self induc- 
tion (L = flux/current; increases. 


- True A charged particle moves in a magnetic field when the magnetic force is 


perpendicular to the path of the charged particle. Thus, there is no change in 
the velocity or energy of the charged particle moving in a magnetic field, 
although a magnetic force is acting on it. 


- False The velocity of the charged particle, due to the application of a uniform 


magnetic field at an angle of 85^ to the field lines, can be resolved into two com- 
ponents which are unequal in magnitude and are parallel and perpendicular to 
the lines of force. The resultant path of the particle is, therefore, not a circle. 


- False An emf cannot be induced simply by the presence of a non-uniform 


magnetic field. There must bea variation in the magnetic field with time so 
that there is a change in the magnetic flux with time which is responsible for 
the induced emf. 


MULTIPLE CHOICE QUESTIONS 


the correct answer from the given alternatives. 

A magnetic needle is kept in a non-uniform magnetic field. It experiences 
(a) a force as well as a torque (b) a force but no torque 

(c) a torque but no force (d) neither a force nor a torque 


A conducting circular loop of radius r carries a constant i. It is placed in a uni- 
form magnetic field B such that B is perpendicular to'the plane of the loop. The 
magnetic force acting on the loop is given by 

(a)ir B (b) 27 ir B 

(c) zero (d) 7irB 


- A proton moving with a constant velocity passes through a region of space 


without any change in its velocity. If £ and B represent the electric and magne- 
tic fields respectively, this region of Space may have 

(a) E-—0,B-—0 (b)E-0,B #0 

()E #0, B-=0 (d EAF0OB#0 


- A rectangular loop carrying a current / is situated near a 


long straight wire such that the wire is parallel to one of i 
the sides of the loop. If a steady current I is established 

in the wire, as shown in Fig. 14.28, the loop will 

(a) rotate about an axis parallel to the wire 

(b) move away from the wire 

(c) move towards the wire 

(d) remain stationary, 


Fig. 14.28 
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5. When there is a current in the coils shown in Fig. 14.29 
The electrons must be flowing in the same direction in ens NEM oti 


(a) 4 and B (b) 4 and C (c) C and D (d) 4 and D 
A 8 C D 
Fig. 14.29 


6. At magnetic poles of the earth, the total magnetic field intensity is 
(a) greater than the vertical component 
(b) equal to the vertical component 
(c) less than the vertical component 
(d) independent of the vertical component. 
7. As one journeys along the magnetic equator, the angle of dip will 
(a) increase 
(b) decrease 
(c) remain unchanged 
(d) in .rease or decrease depending on the direction of the journey 
8. A magnetic field 
(a) always exerts a ^orce on a charged particle 
(b) never exerts a force on a charged particle 
(c) exerts a force if the charged particle is moving across the magnetic field lines 
(d) exerts a force if the charged particle is moving along the magnetic field lines. 
9. A ship with a vertical steel mast navigates the Indian Ocean in the latitude of the 
magnetic equator. To induce the greatest emf in the mast, the ship should proceed 
(a) northward (b) southward (c) eastward (d) westward 
10. An electrostatic field E and a magnetic field B act over the same region. An elec- 
tron enters the region (see Fig. 14.30). Which one of the combination shown in 
the figure can cause the electrons to pass undeflected? 


i 


(b) 


into th 
E B D. B (into the 


paper) 
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NUMERICAL EXERCISES 


- Two long parallel wires carry currents of 12 A and 8 A in the same direction. If 


the wires are 10 cm apart in air, find where a third parallel wire, also carrying a 
current, must be placed so that it experiences no net force. 

A copper wire has 1.0 x 10?? free electrons per cubic metre, a cross-sectional 
area of 6.0 mm* and carries a current of 5.0 A. Calculate the force acting on 
each electron, if the wire is now placed in a magnetic field of flux density 0.15 
Wb m~ which is perpendicular to the wire. 


- A beam of protons is accelerated from rest by a potential difference of 2000 V 


10. 


1M. 


and then enters a uniform magnetic field which is perpendicular to the direction 
of the proton beam, If the magnetic flux density is 0.2 Wb m-?, calculate the 
radius of the path which the beam describes. Mass of a proton = 1.7 x 10-2 
kg, electron charge = 1.6 x 10-1 C, 


- A charge q enters a region where a uniform electric field E = 10° V m~t is 


directed downwards. A magnetic field of flux density 0.4 T and perpendicular 
to E is directed into the page. What should be the speed of the particie so that 
it remains undeflected by these crossed electric and magnetic fields? 


- A charge of 1.6 x 1071 C is moving at 1 km s-! through a magnetic field in such 


a direction that the magnetic force on itis maximum. What is the magnetic 
induction, if the maximum force on the charge is 8 x 1075 N? 


- During a space walk, two astronauts are separated by a connecting wire 10m 


long that is moving horizontally, broadside to its length, at an orbital speed of 
8.0 km s=! over the north magnetic pole of the earth. The earth's magnetic field 
at this point is 6 x 107* T. Calculate the induced emf, which is also the poten- 
tial difference between the two astronauts, 


- A flat circular wire loop of radius 5 cm and resistance 4 Q is in a region of 


Space where the magnetic field strength is 0.05 T, perpendicular to the plane of 
the loop. Calculate the current in the loop, if the field decreases at a steady rate, 
becoming zero after 200 ps. 


- A straight conductor of length 20 cm and mass 2 g kept horizontal and a uni- 


form magnetic induction of 10-2 T is applied in a horizontal direction and 
Perpendicular to its length. Find the current to be passed through it so that its 
weight can be balanced by the field. 


- A rectangular coil having 1000 turns, each turn enclosing an area of 3 x 107* 


m carries a current of 200 mA. It is placed such that its plane is inclined at 60° 
to a magnetic field of flux density 107? T. Calculate 


(a) the torque acting on the coil and 
(b) the magnetic flux through the coil 


A circular metal disc of area 3.0 = 1072 m* is rotated at 50 revolutions per 
Second about an axle through its centre* perpendicular to its plane. The disc is 
in a uniform magnetic field of induction 5.0 x 107? Wb m=? in the direction of 
the axle. What is the emf induced between the centre and the rim of the disc? 


A flat coil having 50 turns each of area 2 X 107! m* is connected toʻa galvano- 
meter; the total resistance of the circuit is 100 Q. The coil is placed so that 
its plane is normal to a magnetic field of induction 0.25 Wb m", 


(a) Find the change in the magnetic flux linking the circuit when the coil is 
moved to a region of negligible field. 
(b) What charge passes through the galvanometer? 
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12. A long solenoid of cross-sectional area 8 x 107* m* and length 0.5 m, has 2000 


. An electron at point P in Fig: 14.32 has a speed of » = 


turns wound uniformly on a hollow wooden cylinder. Closely wound over the 

middle region of this solenoid isa short secondary coil of 600 turns. Calculate 

(a) the flux density within the solenoid when a steady current of 5A flows in it 

(b) the flux linked with the solenoid when it carries a steady current of 5A 

(c) the self inductance of the solenoid 

(d) the mutual inductance between the solenoid and the secondary coil 

(c) the magnitude of the emf induced inthe secondary coil at the instant when 
the primary current is increasing at a rate of 12 amperes per second. 


. Considering the magnetic field along the axis of a circular loop of radius r, at 


what distance from the centre of the loop isthe field 1/10 of its value at the 
centre? 


. A rectangular loop is pivoted about the y-axis and carries a current JOA in the 


direction shown in Fig. 14.31. 


Fig. 14.31 


(a) if the loop is in a uniform magnetic field of 0.2 T, parallel to the x-axis, find 
the force on each side of the loop and the torque required to hold the loop in 
the position shown. 

(b) determine the force and the torque, as in case (a), 
to the z-axis. 

(c) find the torque required if the loo; 
centre, parallel to the y-axis. 


when the field is parallel 


p were pivoted about an axis through its 


105 ms. 
i i 1 
(a) find the magnitude and direction of the magnetic field that will cause the 
electron to follow the semi-circular path from P to P 38 
(b) find the time required for the electron to move from F 


v 


p 10cm —— 3 


Fig. 14.32 
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16. An aircraft with a wing span of 40 m flies with a ground speed of 1000 km h=! 
in the eastward direction at a constant altitude in a region of the northern hemi- 
sphere where the horizontal component of the earth's magnetic field is 1.6 » 
10-* T and the angie of dip is 71.6". Find the potential difference that exists 
between the tips of the wings of the aircraft. 

17. A 0.50 m long metal rod PQ completes the circuit shown in Fig. 14.33. The 
area of the circuit is perpendicular to a magnetic field of flux density 0.15 T; If 
the resistance of the total circuit is 32, calculate the force needed to move the 
rod as indicated with a constant speed of 2 m s^ 


(XX X X X Xg8 x x xgiinto 


XXX X x X PX x x 
Fig. 12.33 


18. An electron flies into a plane horizontal capacitor parallel to its plates with a 
velocity of 10? m s-!, The length ofthe capacitor is 5 cm and the intensity of 
its electric field is 100 V cm-!. When the electron leaves the capacitor, it enters 
a magnetic field which is in a direction perpendicular to the electric field. The 
flux density of the magnetic field is 10-2 T. Find 


(a) the radius of the helical trajectory of the electron in the magnetic field. 
(b) the pitch of the helical trajectory of the electron. 
Electron charge = 1.6 x 10-1 C and electron mass = 9.1 x 10?! kg. 


19. Two coils have mutual inductance of 5 x 107? H. The current in one coil 
changes according to the relation / = To sin wt, where J» = 10 A, w = 2n/T and 
T — 0.02 s. Find 
(a) the time dependence of the induced emf in the other coil 
(b) the maximum value of the induced emf. 


20. A square frame made of. Copper wire with a cross-section of 1 mm? is placed in 
a magnetic field whose induction changes according to the relation B = Bo 
sin wf where By = 0.01 T, w = 2 7/Tand T = 0.02s. The area of the frame is 
25 cm*, The plane of the frame is perpendicular to the direction of the magne- 
tic field. The resistivity of copper is 1.7 x 107* Q m. Find the dependence on 
time and the maximum value of 
(a) the magnetic flux piercing the frame, 

(b) the emf induced in the frame, 
(c) the current flowing in the frame if the total length of the copper wire is 200 
m. 


ANSWERS 
MULTIPLE CHOICE QUESTIONS 
1. (a) and (b) 2. (c) 3. (a), (b) and (d) 4. (c) 
5. (b) 6. (b) 7. (c) 8. (© 


9. (c) and (d) 10. (c) 
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NUMERICAL EXERCISES 


N 


wn 


. 6cm from the 12 A wire 

. 3.75 x 107 * N 

. 3.26 cm 

. 2x 10 mise 

025 T1 

. 48V 

. 0.491 A 

.9.8A 

. 3 x 107? N m, 0.026 Wb 

. 7.5, Xa Ora 

- (3) 2.5 x 107? Wb (b) 2.5 x 10^ C 
- (a) 0.025 T (b) 4.02 x 107* Wb 


(c) 8.04 mH (d) 2.41 mH, 
(e) 28.9 mV 


od SUT 
- (a) 0.16 N, 0.06 N, 8.3 x 10-* Nm (b) 0.16 N, 0.104 N, 4.8 x 10^ Nm 


(c) same torque 


. (a) 1.14 x 107? T, into the page (b) 1.57 x 1075s 
. 0.53 V 


. 3.75 x 107? N 
. (a) r = 5mm, (b) 3.6 cm 
. (ale = —Mdlldt = — M w cos wt = — 45.7 cos 100 vt volt 


(b) emax E 15.7 V 


. (a)  — Bo A sin ot = 2,5 X 1075 sin 100 mt Wb, émax = 2.5 x 10-* Wb 


(b) e = — 7.85 x 107? cos 100 7t V, emax = 7.85 x 107? V 
(c) i = — 2.3 cos 100 vt A, imax = 2.3 A 


15 


Reflection of Light 


15.1 REVIEW OF BASIC CONCEPTS 


15.1.2 Laws of Reflection When a ray of light strikes a surface, plane or 
curved, it is reflected obeying the following two laws. 


(i) The angle of incidence and the angle of reflection, at the point of 
incidence are always equal. 

(ii) The incident ray, the reflected ray and the normal to the surface at 
the point of incidence, lie in one and the same plane. This is called 
the plane of incidence which coincides with the plane of reflection. 


15.1.3 Regular and Irregular (or Diffused) Reflection If the reflecting sur- 
face is plane, the normals at different points on the surface are parallel to 
each other. Thus, a parallel beam of light is reflected from a plane surface 
as a parallel beam. Such surfaces show regular reflection. If the reflecting 
surface has irregularities, a parallel beam will be reflected in various differ- 
ent directions. These surfaces give irregular or diffused reflection. 


15.1.4 Real and Virtual Objects The object for a mirror can be real i 
virtual (see Fig. 15.1). If the „Tays from a point on an object actually 


the rays incident on the mirror appear to converge to a point 
point is the virtual point object for the mirror. 


E -9 ee S Ve 
^^ Virtual ^ virtual -7 Virtual 
object object 


object 
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15.1.5 Real and Virtual Images If the ray 


after reflection (or refraction) actually meet at or appear to diverge from a 
point 7, then / is said to be the image of O. Images can be real or. virtual. 
If the reflected or refracted rays actually meet at the point /, then / is the 
real image of O. But, if the reflected or refracted rays do not actually meet 


but only appear to diverge from the point 7, then / is said to be the virtual 
image of O. 


s from a point Oon an object, 


15.1.6 Characteristics of Reflection from Plane Mirrors 


(1) The image of a real object is always virtual, erect and laterally inver- 
ted with respect to the object. 

(2) The image is as far behind the mirror as the object is in front of it. 

(3) The size of the image is equal to the size of the Object, irrespective of 
the distance of the object from the mirror. 

(4) For a given incident ray, if the mirror is rotated through a certain 
angle, the reflected ray rotates through twice that angle. 

(5) If two mirrors are inclined to each other at an angle ô and an object 
is placed between them, we get many images due to multiple reflec- 
tions. The image formed by one mirror acts as a virtual Object for 
the second and so on. The number n of the images seen is given by 


n — the least value of the integer which satisfies the condition 
(n + 1) 6 2 360° 
15.1.7 Spherical Mirrors A spherical mirror is a part of a hollow sphere 


or a spherical surface. Spherical mirrors can be concave or convex. Some 
terms used in relation to spherical mirrors are defined as follows. 


(1) Pole or Vertex The centre of the spherical surface of the mirror is 
called the pole or vertex of the mirror. In Fig. 15.2 the point O is the pole. 


Principal 


Principal 
axis 


axis 


M' M 
Concave mirror Convex mirror 
Fig. 15.2 


(2) Centre Of Curvature The centre C of the sphere of which the mirror is 
a part is the centre of curvature of the mirror. 


; i i the 
(3) Radius of Curvature The radius of curvature R is the radius of 
Sphere of wich the mirror is a part. The distance of any point on the sur- 
face of the mirror from the centre of curvature equals R. 


; MET. le 
(4) Principal Axis The line OC (produced on both sides) joining the po 
and the ana of corvanies of the mirror is called the principal axis of the 
mirror, 


474 A Course in Physics 


(5) Linear Aperture The distauce MM’ between the points of extremities 
of the mirror is called its linear aperture. 


(6) Angular Aperture The angle MCM' subtended by the periphery of the 
mirror at the centre of curvature is called its angular aperture. 


(7) Focus and Focal Length If a parallel beam of rays, parallel and close 
to the principal axis, is incident ona spherical mirror, the reflected rays 
converge to a point F (in the case of concave mirror) or appear to diverge 
from a point F (in the case of a convex mirror).' This point F is called the 
principal focus or simply focus of the mirror (see Fig. 15.3). The distance 
between the pole and the focus of a spherical mirror is called its focal 
length and is usually denoted by the letter f. 


(8) Focal Plane The plane passing through the focus and perpendicular 
to the principal axis is called the focal: plane. 


Concave mirror Convex, mirror 


EM. 


15.1.8 Characteristics of Reflection from Spherical Mirrors 


(1) A ray, passing through the centre of curvature falls normally on the 
mirror and is, therefore, reflected back along the same path. 

(2) A ray, parallel to the principal axis will, after reflection, pass through 
the focus (in the case of a concave mirror) or appears to come from 
the focus (in the case of a convex mirror). 

(3) Conversely, a ray passing through the focus (in the case of a concave 
mirror) or appearing to pass through the focus (in the case of a con- 
vex mirror) is reflected parallel to the principal axis. 


15.1.9 Location, Size and Nature of the Image Formed by a Spherical 
Mirror for Various Positions of the Object 


(1) Concave Mirror 


PEIN E Table 15.1 ILIUM 
Position of X Position of asm of the Nature of the 
the object the image image image 

Between O and / Behind the mirror Magnified Virtual, erect 

AUF AL infinity Highly magnified Virtual, erect 

Between F and C Beyond C Magnified Real, inverted 

At C ALC Same size Real, inverted 

Beyond C Between F and C Diminished Real, inverted 


At infinity AUF Highly diminished Real, inverted 
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(2) Convex Mirror A convex mirror forms only virtual images for all 
positions of the object. The image is always virtual, erect, smaller than the 
object and is located between the pole and the focus. The image becomes 


smaller and moves closer to the focus as the object is moved away from 
the mirror. 


15.2 SIGN CONVENTIONS 


(1) Distances of the object and the image are measured from the pole of 
the mirror, 


(2) Distances measured in the direction of the incident rays are positive, 
while those measured in a direction opposite to the incident rays arc 
negative. ; 

(3) Heights measured upwards and perpendicular to the principal axis 
are positive, while those measured downwards are negative. 


15.3 FORMULAE 
1. The spherical mirror formula is 
l 1 I 


P ae 


where u = object distance and v = image distance, both measured 
from the pole. 


2 f= r 


.. height or size of the image 
~~ height or size of the object 


I v f-—v f 


or m= pS SSS = 


O DATEI finu 


Linear magnification m is positive for an erect image and negative for 
àn inverted image. 


3. Linear magnification 


2 
; i \ u 
4. Superficial or area magnification = qi 


5. Newton's Formula The positions of an object and its real image are 
interchangeable. They are called conjugate positions. Newton's formula 
for a pair of real object and real image positions is 


xy- 
Where x = distance, along the principal axis, of the real object from the 
focus of the concave mirror 


' == distance, along the principal axis, of the real image from the 
Y focus. 


This formula is applicable only to concave mirrors because convex mir- 
rors do not form real images. 


An Important Note Students often experience difficulties in the use a Pn 
Sign convention while solving numerica] problems. To solve any problem, 
Temember the following procedure. 
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1. Use the mirror formulae ! + 5 = 3 and m = — ? for convex as 
f D petes yf u 


well as concave mirrors. 

2. Substitute the numerical values of the given quantities with the 
proper positive or negative sign. 

3. Do not give any sign to the quantity to be determined. The unknown 
quantity will be obtained with its proper sign. 


15.4 NUMERICAL EXAMPLES 


Example 1: Figure 15.4 (a) shows an arrow placed in front of a plane 
mirror. Draw the rays to locate the position of an observer's eye so that 
he can see the image of the arrow in the mirror. 


9 


y dia > C 


D 
Mirror 
LM y - N 
et pe 
a fae 
(a) T. JU db) 
OMA g^ 
A « ^ 
N 2M 
\ zr 
hj pe 
nee 
Fig. 15.4 


Solution: Figure 15.4(b) shows the ray diagram to locate the image 4'B' 
of the arrow AB as seen in the mirror MN by reflection. The eye must be 
placed at the indicated position so that the extreme reflected rays MC and 
ND reach the eye to enable the observer to see the entire image. 


Example 2: Two plane mirrors are placed at right angles to each other. A 
ray strikes one mirror at an angle of incidence ? such that it is also reflec- 
ted from the second mirror. Show that, for any value of 6, the ray reflected 
from the second mirror is parallel to that incident on the first mirror, but 
its direction is reversed. 


Solution: The incident ray 4B strikes the first mirror M, at an angle 0 and 
is reflected along BC, as shown in Fig. 15.5 (a). The ray BC is incident on 
mirror M; at an angle « = 90° — 6 and is reflected along CD making an 
angle « = 90° — @ with the mirror M». It is clear from Fig. 15.5 (b) that 
the ray CD is parallel to the ray AB but its direction is reversed. 


Note Two reflecting surfaces are / often combined in optical devices to 
alter the path of the incident beam. 
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Fig. 15.5 


Example 3: Two plane mirrors are inclined to each other at an angle of 
70°. A ray is incident on one mirror at an angle 0. The ray reflected from 
this mirror falls on the second mirror from where it is reflected parallel to 
the first mirror. Determine value of 6. 


Solution: A ray AB is incident at an angle ô on mirror M, and is reflected 
along BC as shown in Fig. 15.6. The ray makes an angle y with the normal 
CN, and is reflected along CD making an equal angle y with the normal. 
Since CD is parallel to mirror OM;. 


Z M3CD = Z.M30M, = 70* 


Fig. 15.6 


It is clear from the diagram that 
90 — 8 and B —20'-- 6 


vA — 


Now ZN: CO = y + B = 90°. Hence y = 70° — 0. But 


ZM3CN; = 90° giving y = 20°. Thus 


Ch eatoOn 

Jane mirror 2.5 cm in length, is fixed. 
all vertical rod. A beam of light is 
on a screen 3 m away from the 
wards 0.1 mm, what will be the 


Example 4:. One end of a strip of a p 
The other end rests on the top of a sm 
reflected from the mirror and forms a spot 
mirror. If the top of the rod is moved up 


movement of the spot? 


478 A Course in Physics 


Solution: Referring to Fig. 15.7, the angle 9 through which the mirror is 
titled due to a small movement d = 0.1 mm = 0,01 cm of the rod is given 
by (since d is very small, i.e. 0 is very small) 


0.01 cm 0.01 


tan 0 = 0 = — == =— radian 


2.5 cm 2.5 


Screen 


—o—. 


3m=300cm 
Fig. 15.7 


Now, if the mirror rotates through an angle 0, the reflected ray rotates 
through 2 0. It is clear from the diagram that 
D 


S20 
tan20 c2 300 


where D =: movement of the spot in cm. Thus 
D = 6008 — 600 x 901. 54 


Example 5: Two plane mirrors are inclined to each other such that a ray 
of light incident on the first mirror and parallel to the second is reflected 
from the second mirror. Determine the angle between the two mirrors. Also 


determine the total deviation produced in the incident ray due to the two 
reflections. 


Solution: Let 0 be the angle between the two mirrors OM,and OM), The 
incident ray AB is parallel to mirror OM» and strikes the mirror OM, at an 
angle of incidence equal to z. It is reflected along BC; the angle of reflection 
being x. From Fig. 15.8 we have 


ZM,BA = ZOBC = ZM,OM), = 0 
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Similarly for reflection at mirror OM}, we have 
Z MiCD = £BCO = £M,0M, = 8 
Now in triangle OBC; 3 0 — 180°. Therefore 
0 — 60 
The total deviation is given by 
è = 180° + ZAED 
= 180° .- 0 == 180° 4+ 60° = 240° 


Example 6: Two plane mirrors are inclined to each other at an angle 8. 
A ray of light is reflected first at one mirror and then at the other. Find 
the total deviation of the ray and show that it is independent of the angle 
of incidence at the first mirror. 


Solution: A ray AB is incident on mirror OM, at an angle « and is reflec- 
ted along BC suffering a deviation 


ô, = ZFBC 


Fig. 15.9 


The ray BC falls on mirror OM; at an angle of incidence P and is reflected 
along CD suffering another deviation 


8, = ZGCD 
The total deviation is 8 = 5; + 82 (see Fig. 15.9). 
It is clear from the diagram that 
8, = 180° — 2% and ô, = 180 — 2 B 
8 = 5, + 8, = 360° — 2 (x + P) 
Now. in triangle OBC, Z OBC + Z BCO + ZBOC = 180° 
or (90° — x) + (90° — B) + @ = 180° 
or « 4: B — 60 
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Hence o 360) ig 
which is independent of the angle of incidence « at the first mirror. 
Alternative Method To find the total deviation 9, we rotate the incident 


ray AB in the counter clockwise sense until it coincides with the final refl- 
ected ray CD. It is obvious from Fig. 15.9 that 


8 = ZBEC + ZCEA + LAED 


Now ZBEC = ZAED = 180° — 2 (x + B) = 180° — 20 
; [:-6—2(«-B) — 
And ZCEA —2a.-28-—2(x4- B) 20 
Hence 8 = (180° — 2 0) + 26 + (180* — 2 6) 
= 360° —28 


Note If the angle 0 between the two mirrors is 90° (as in Ex. 2) the total 
deviation ô = 360° — 2 x 90° = 180°; i.e. the final reflected ray is paral- 
lel to the first incident ray but its direction is reversed. If the two mirrors 
are parallel to each other, then 6 = 0° giving è = 360°. Thus, in this case, 
the final reflected ray travels in the same direction as the first incident ray; 
but it is displaced from it. Such a combination of mirrors is used in a peri- 
scope. 


Example 7: A man 1.8 m tall wishes to see his full length image in a plane 
mirror hanging vertically on a wall. Find the length of the shortest mirror 
in which he can see his entire image. If his eyes are 1.7 m above the ground, 
find the position of the mirror. 


Solution: Consider a man AB 1.8 m tall standing in front of a plane mirror 
hanging on a wall and let E be the position of his eyes (see Fig. 15.10). He 
can see his full length image in the mirror if the rays which start from A 
and B reach his eyes after reflection from the mirror. Let P and Q be the 
midpoints of AE and EB respectively. From P and Q draw perpendiculars 
PM and QN on the mirror. The rays AM and BN will be reflected along 
ME and NE. respectively. These rays enter the observer's eyes, thus enabl- 
ing him to see his full image A'B’, Thus MN is the shortest length of the 
mirror. Now 


MN 


ll 


PO = PE + EQ 
} AE + 4 EB = (AE + EB = 4 AB 


B Ground B’ 
Fig. 15.10 
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Hence the shortest length of the mirror — half the height of the 
observer = } x 1.8 = 0.9 m 


This mirror must be placed with its lower edge at a height h above the 
ground where 


h = QB = EB — EQ 
= EB — 4} EB = 3 EB = 4 x 1.7 = 0.85 m 
Example 8: Find the smallest size of a looking glass a person with a face 


24 cm by 16 cm should purchase which will enable him to see his whole face 
at a time. The distance between his eyes is 8 cm. 


Solution: As in Example 7, the smallest length of the mirror 
= half the length of the face 
= $ X 24 = 12cm 


To find the smallest breadth of the mirror, refer to Fig. 15.11 where PO 
is the breadth of the face and E, and E; are the two eyes. 


Fig. 15.11 


A ray PC, after reflection, will travel along CE; and will appear to e 
from P’. Similarly, a ray QD, after reflection, will travel along DE, a 
will appear to come from Q'. Thus P'Q' is the image of PQ and CD is the 
smallest breadth of the looking glass the person requires to see the entire 
breadth of his face in the mirror. 


In triangle PP’ E>, A and C are the midpoints of sides PP’ and P’E2 res- 
pectively. Hence 


AC = } (PE) = 4 (PE, + ELE) 
Similarly, in triangle QQ'E,, we have 
BD = 3(QE\) = 3 (QE; + EE) 


AC + BD = } (PE, + QE) + EE: 
— PE + EE, (PE, = QE) 
= PE, 
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Now CD = AB — (AC + BD) = PO — PE, = QE, 
=$ PQ — } ££, 
= } (breadth of face — distance between the eyes) 
= }(16 — 8) = 4 cm 
Hence the shortest size of the mirror is 12 cm by 4 cm. 


Example 9: A 2.0 cm tall object is placed 15 cm froma concave mirror 
of focal length 10 cm. Find the position, size and nature of the image. 


Solution: u = — 15cm 
f= — 10cm (concave mirror) 
= + 2.0 cm 


Using : zb : = ; and substituting for u and f we get 


l l 


l 
-= od. 


DA EIS aula iO 
or v= — 30cm 


The negative sign indicates that the image is on the same side of the 
mirror as the object. 


i i NTI eee dU a 2 
Magnification m = ipii ae fqn 2 
or 1—-—2x0-— 2 x 2= — 4cm 


The negative sign shows that the image is inverted. Remember, the real 
image is formed on the same side of the concave mirror as the object, and 
the virtual image is formed behind the mirror. Thus, the image is real, 
inverted, 4 cm tall and is formed at a distance of 30 cm from the mirror. 


Example 10: An object 1.0 cm tall is placed 8 cm in front of a concave 
mirror of radius of curvature 24 cm. Find the position, size and nature of 
the image. 


Solution: u == — 8 cm, R = — 24cm, f = A = — 12 cm and 
O = -- 1.0 cm 
i ] 2v 1 
Using z | p - 7 
wehave 1 a Ma cce Eb vw + 24 cm 
AN REET} ORCS DENT ioe Em 
The positive sign shows that the image is virtual. 
N a TM 
Ee Ot at T. r RR 
or f=4+3xX0=43x 1.0 = + 30cm 


The positive sign shows that the image is erect. Thus the image is errect 
virtual, 3.0 cm tall and is formed 24 cm behind the miror. 
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Example 11: A concave mirror forms a real image four time the size of 
“the object at a distance of 10 cm from the mirror. Find the radius of cur- 
vature of the mirror. 


Solution: Since the image is erect, the magnification is negative. Hence 


m=-—-4 
Also u = — 10cm 
Now m= —Lorc4c-— or v= — 40cm 
u 55,40 


Substituting for u and v in the formula : +4 I = 1 we have 


f 
f — 8cm. Hence R = 2f = — l6cm 
The negative sign is expected since the mirror is concave. 


Example 12: An object 5 cm tall is placed 10 cm from a convex mirror of 
focal length 15 cm. Find the position, size and nature of the image. 


Solution: u = 10 cm 
f —'4- 15 em (convex mirror) 


O E 
senting fence S ne E 
Substituting for u and fin j E pay gives v | 6cm. 
I v 651 ligu 3. 
Now Lee av We E US 
3 
or Iu 2 = + 3cm 


The image is erect, virtual, 3 cm tall and is formed 6 cm behind the 
mirror. 


Example 13: A convex mirror of radius of curvature 20 cm forms an image 
which is half the size of the object. Locate the position of the object. 


Solution: Since a convex mirror can form only virtual image, its magnifi- 


cation will be positive. Thus , 
m= F$ 
d u 
But Ule oy or o 515. 


1 ja ay 
Using this value of vin+ +t E we have (f = +10 cm) 


or u =: — 10 cm 
Thus the object is placed at a distance of 10 cm from the mirror. 


m a concave mirror of 


: ject be held fro 
Example 14: How far should an object be he he zc of the bio? 


focal length 40 cm so as to obtain an image twice t 


Solution: f= -40 cm 
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There are two possibilities : (a) the image is real and (b) the image js 
virtual. 
(a) If the image is real then 


m=—2=_92 or v=+2u 
u 
Putting v = 2 u in the mirror formula gives u = — 60 cm 


(b) If the image is virtual, then 


v. 
2 = 2.2 
7 +2 or 5 u 

Putting v = — 2 u in the mirror formula gives u = — 20 cm. 

Hence the possible object distance is 20 cm or 60 cm depending on whe- 
ther the image is virtual or real. 


m--— 


Example 15: A concave mirror produces a real image twice the size of the 
object when placed at a distance of 22.5 cm from it. Where Should the 
object be placed so that the size of the image becomes three times that of 


the object? 


Solution: When u, = — 22.5 cm, m, = — 2 (real image). Now 
Je 
mi = 
: f—u 
Sd JA AN as lil 
or 2= FEC 25) which gives f= — 15cm. 
The negative sign is expected since the mirror is concave. 
The obtain a magnification of m, = — 3, the object distance u is given 
by 
AVDA A 
jc cpm 
— 15 
or —3 = eT i 
which gives u; = — 20 cm. 


Example 16: Two objects A and B when placed in turn in front of a con- 
cave mirror of focal length 7.5 cm, give images of equal size. If A is three 
times the size of B and is placed 30 cm from the mirror, find the distance 


of B from the mirror. 
S H = 5> FIF R 
olution ma Ou’ mm Os 


where I, = O, and O, = 30, 


Pa uda Op de, Op. 1 
Wie OAL vay zo eis ain 


But m, = riz and ng p 
Ma _ f — ús 
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It is given that f = — 7.5 cm and u, = — 30 cm. Thus 
| cT 
3 — 7.5 — (—30) 
which gives u4 = — 15 cm 


Example 17: The sun’s disc subtends an angle of 4° at the earth. What 
must be the radius of curvature of the mirror which will produce on a 
screen an image of the sun 2 cm in diameter? 


Solution: Since the image is formed on a screen, it must be real. Hence 
the mirror used is concave. Since the distance of the sun is very large 
(effectively infinite), the image of the sun is formed at the focal plane of 
the mirror, i.e. the image is at a distance equal to the focal length ( f) from 
the mirror (see Fig. 15.12). 


AB — diameter of the disc of the sun 
A'B' — diameter of the image — 2 cm 


Fig. 15.12 


Angle subtended by the disc of the sun = 0 = 3° 


1 
a x 780 rad 
1 3.142 
= 3 x 7180 rad 
In triangle APO we have 
tah oe 
"2 P 


9178 5 
Since OP > AP, angle 0 is verey small. Hence tan, = > where Gis 
*Xpressed in radians. Thus 


6 AP ABD 


2 OP DP 
ok AB _ 
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Now triangles APO and A'P'O are similar. Therefore, 


AP _ OP 
ASPET COP’ 
MATT LRA 
AB op 
(itio itn HI 
or OP' — A'B X 1B 
usen -2em x 180x2 
or fies epe 73442 = 229 cm 
Hence R=2f=2 xX 229 = 458 cm = 4,58 m 


Example 18: A circular convex mirror of diameter 6 cm and focal length 
30 cm is fixed with its principal axis horizontal. An observer is sitting with 
his eyes on the axis of the mirror and 20 cm away from it. Calculate the 
arene field of view in the horizontal plane seen in the mirror by the 
observer. 


Solution: Referring to Fig. 15.13, the angle 0 is the angular field of view in 
the horizontal plane seen in the mirror by the observer with his eyes at 
position E 20 cm from the mirror. The diameter of the mirror is AB and 
its radius r = AP = 3 cm. E' is the image of E. To locate E', substitute 


u = OE = — 20 cmand f = OF = + 30cm in the mirror formula 
1 l 1 
TIS 

which gives v = OE' = 12 cm. 


Horizontal 


Fig. 15.13 


Let OP = x. In triangle APC 
(AC)? = (PC)? + (AP)? 
or R= (R= x)? + 7? 
or R— x = (R ya 


Putting R = 60 cm and r = 3 cm we have x = 0.075 cm 
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Now in triangle APE’, we have 

AP AP 3 
6 = ————— l M 

tan” = PE’ COE = OP. 12 — 0015 

or 0 =a 


Example 19. A small strip of plane mirror A is set with its plane normal 
to the principal axis of a convex mirror B and placed 15 cm in front of B 
which it partly covers. An object is placed 30 cm from 4 and the two vir- 
tual images formed by reflection in A and B coincide without parallax. 
Find the radius of curvature of B. 


Solution: P'Q' and P'Q' are virtual images of object PQ due to reflections 
in A and B respectively. Since the image P'Q' of object PQ due to reflec- 
tion from plane mirror 4 is as far behind the mirror as the object is in 
front of it, the image distance for the convex mirror B is (see Fig. 15.14). 


v = + 0Q' = + 15cm 


m—— 30cm —— 15cm 


Fig. 15.14 
Object distance u = — OQ = — 45 cm 
1 | ee 1 
as) Fea eet 


which gives f = 22.5 cm 


Hence R=2f = 45 cm 
h 15 cm) and a convex mirror 
-axially 70 cm apart facing each other. 


mirror. 


Solution: The concave mirror for 
The image 4’B’ acts as a virtual o 
final image at 4" B" (see Fig. 15.15). 


ms a real image A'B' of the object AB. 
bject for the convex mirror forming the 


For reflection at concave mirror 


fi — 15cm, u = — 20cm 
| CICLOS EUM 
nh ee M 


or vı = — 60cm 
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For reflection at convex mirror 
u = — 10cm, f; = + 10cm 
s 1 1 1 1 


or v = + 5cm 


Convex mirror Concave mirror 
Common axis 


Fig. 15.15 


The positive sign indicates that the image is formed behind the convex 
mirror and is virtual. 


Magnification If m, and my are the magnifications produced by concave 
and convex mirrors respectively, the final magnification is given by 


m = |m x m] 


Be hy sare R AN 3 
Fa eae eS 


Size of the image =; X size of the object 


3 
9 X2 —3cm 


Example 21: A motor car is fitted with a convex driving mirror of focal 
length 20 cm. A second motor car 2 m broad and 1.6 m high is 6 m away 


Solution: a) = + 20cm, u=- 600 cm | 
f 1 1 1 
Using aces, =F we getv = + 19.4 cm 
M vy yal 19.4 
Also tat ang a 
; A $ 19.4 , , 
i.e. Size ofimage = 609 X (size of object) 


Reflection of Light 489 


19.4 
Breadth = == 
rea 200 x 600 ^ 6.4 cm 
: 19.4 
d Height — = = 
an eig 160 x 600 5.2 cm 
(b) We know that 
l ji 
o Kruh IS: 
Ditferentiating with respect to time f we have 
Eu 
v^; dtu EE 
dv v du 
as di ^a di 


Speed of image — E. X (speed of object) 


(oa | 
Ti (so ) x 15 = 0.016 ms^! towards the mirror 


15.5 TRUE-FALSE STATEMENTS WITH REASONS 


Are the following statements true or false? Give reasons for your answers 
in each case. 


(1) The laws of reflection of light hold only for plane surfaces. 

(2) The size of a virtual image can be measured by receiving it on a screen. 

(3) A plane mirror lying on the ground is not visible from all directions but a piece 
of paper can be seen from any direction. 

(4) A dentist uses a convex mirror to examine a small cavity. 

(5) The focal length of a spherical mirror is half the radius of curvature for all rays. 


ANSWERS 


(1) False The laws of reflection are also applicable in the case of a spherical mir- 
ror. The reason is that.a spherical mirror can be regarded as an arrangement of 
a large number of tiny plane mirrors, all equally inclined to each other so as to 
form a spherical mirror. Thus, when a ray of light falls on any point, it is reflec- 
ted from a small plane mirror at that point, in accordance with the usual laws 
reflection. 

(2) False The reflected rays do not actually meet at any point, but only appear to 
diverge from a point where the virtual image is seen. Hence a virtual image can 
not be received on a screen. 

(3) True When a parallel beam of sunlight falls on a plane mirror, it is reflected 
in one direction. Therefore, the surface of the mirror is seen only if we are look- 
ing in that direction. But a piece of paper, due to its surface irregularities, shows 
diffused reflection. Thus, when a parallel beam of light falls on it, the angle of 
incidence is different for different rays and, therefore, they are reflected in vari- 
ous different directions, enabling us to see the paper from every direction. 

(4) False A convex mirror forms only diminished virtual images. A dentist uses a 
concave mirror which can form a magnified virtual image of an object. 


490 A Course in Physics 


(5) False The relation f — R/2 does not hold for all rays; it holds oniy for para- 
xial rays, i.e. those rays which are close to the principal axis of the mirror and | 
subtend extremely small angle with the axis. 


15.6 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given choices. 4 
1. An observer moves towards a stationary plane mirror at a speed of 4 m s-!, With 
what speed will his image move towards him? 
(a) 2 m s-1 (b) 4m s^ 
(c) 8 m s-: (d) the image will stay at rest 


2. A plane mirror is moved towards a stationary observer with a speed of 4 m s-i. 
The speed with which his image will move towards him will be 


(a) 2m si (b) 4 m s-! 
(c) 8 m s! (d) zero 
3. Which mirror should be used to obtain a parallel beam of light from a small 
lamp? 
(a) Plane mirror (b) Convex mirror 
(c) Concave mirror (d) Any one of the above 


4. Choose the only wrong statement from the following. 


(a) A convex mirror forms virtual images for all positions of the object. 

(b) A concave mirror forms real images for all positions of the object. 

(c) A concave mirror, if suitably placed in front of an object, can form a virtual 
magnified image. 

(d) The magnification produced by a convex mirror is always less than unity. 


Questions 5 to 10 are based on the following passage. 

“An object is placed at a distance of x cm from a concave mirror and its real 
image is received on a Screen placed at a distance of y cm from the mirror. The 
focal length of the mirror is z cm.’ 


5. What is the relation between x, y and z? 


FAN SE dS Pe AX 
S rs (rm 
(c) xyz = 1 (d) ide y = 2 
6. The values of x are Changed and the corresponding values of v are measured. 
Which one of the graphs shown in Fig. 15.16 represents the variation of y with 
x? 
y y y y 
———— 
o x Oo x [*] x O0 
(a) (b) (c) (d) 


Fig. 15.16. 
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7. Which of the following graphs approximately represents the variation of 1/y 
against L/x? 


l 1 1 1 
^y ^ | ^ y ^ 

o o 0 
"x L^ v $ 


(a) ib) tc) (d) 
Fig. 15.17 


x 


8. What is the slope of the correct graph in Fig. 15.17? 


(a) +1 (b) zero 
(e) (d) - 2 

9. What is the value of 1/y when 1/x is zero? 
(a) z (b) Vz 
(c) z? (d) Iz 

10. The magnification nt is given by 
(m (b) m = = 

ES Tz 
m= (d) m = LL 
es z 


15.7 NUMERICAL EXERCISES 


1. Two plane mirrors are inclined to each other at an angle 0. A ray incident. on 
one mirror at 50° after reflection from it falls on the second mirror where it is 


reflected parallel to the first mirror. Determine the value of 0. Í 
Two plane mirrors are placed parallel to cach other 20 cm apart. A luminous 
point object is placed between them 5 cm from one mirror. Determine the dis- 
tance from each mirror of the three nearest images in each mirror. ; 

3. Two plane mirrors are inclined to each other at 45°. A ray of light is reflected 


he other. Find the total deviation of the ray. 


first at one mirror and then at t r Sales M 
4. A man is running away from a plane mirror at a speed of 5 ms ith wha 


speed is he receding from his own image? 3 : ; 
how that a person with two eyes requires a mirror 


5. By drawing ray diagrams, S f 
less broad than that required by à one-eyed person to see his whole face ata 


time; but the length of the mirror remains the same. — Fein 
6. A narrow beam of light after reflection from a plane mirror falls on a scale 3 
cm from the mirror. When the mirror is rotated a little, the spot moves throug! 


20 cm. Determine the angle through which the mirror is rotated. TAN 
7. A lamp is 4 m from a wall. Find the focal length of a concave mirror whic! T 
form a five times magnified image of the lamp on the wall. How far from the 


wall must the mirror be placed? ; 
8. A dentist’s concave mirror has a radius of curvature of 30 cm. How far must i 
be placed from a small cavity in order to give a virtual image magnified 5 times? 
9. When an object is moved 12 cm towards a concave mirror, the real image moves 


out from 25 cm to 75 cm. Find the radius of curvature of the mirror. 


N 
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- The diameter of the curved surface of a convex mirror is 6 cm. A parallel 
beam of light falls on it and the reflected beam outlines a patch 50 cm in diame- 


mirrors coincide without parallax. Determine the focal length of the convex 
mirror. 

- When an object is kept at a distance of 30 cm from a convex mirror, the image 
js formed at a distance of 10 cm from the mirror. If the object. is moved with a 
speed of 9 m s~’, find the speed of the image. 


+ À coin 2.54 cm in diameter held 254 cm from the eye just covers the full disc of 


the moon. What is the angular diameter of the image of the moon formed by a 
concave mirror of radius of curvature 1.27 m? 


- A spherical mirror forms images of the same size when an object is placed ata 


distance of 8 cm or 16 cm from the mirror. Determine the radius of curvature of 
the mirror. Is it concave or convex? 


+ A convex mirror produces a magnification of 1/2 when the object is at a position 


A and a magnification of 1/3 when the object is at a position B. If positions A 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (c) 2. (b) 3. (c) 4. (b) 5. (a) 
6. (b) 7. (c) 8. (c) 9. (d) 10. (a) 


NUMERICAL EXERCISES 


$2 X-00 Soest Ey cs 


11. 


270° 
» 5, 35, 45; 15, 25, 55 cm 


270° 


. 10 m s~ 


5.7° 


+ 82.3 cm, 5m 
- 1.2 cm 

- 26.4 cm 

. 27.25 cm 


37.5 cm 


» I ms-t 

» 14* 

- 24 em, concave 
- 60 cm 

- 4x cm, 2nx em 
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Refraction of Light 


16.1 REVIEW OF BASIC CONCEPTS 


16.1.1 Refraction of Light When a ray of light travels from one medium 
into another, the speed of light undergoes a change. This phenomenon is 
known as refraction. Refraction is accompanied by a change in the direction 
of light, except in the case of normal incidence. 


16.1.2 Laws of Refraction and Refractive Index When a ray of light suffers 
refraction at any surface (plane or curved) between two media, it obeys the 
following two laws of refraction. 

(i) The incident ray, the normal to the surface at the point of incidence, 
and the refracted ray, all lie in the same plane. This common plane is 
called the plane of incidence. 

(2) The ratio of the sine of the angle of incidence (in the first medium) to 
the sine of the angle of refraction (in the second medium) is a constant for 
all angles of incidence. This constant ratio is denoted by '2 and is called 
the refractive index of the second medium with respect to the first. Thus 


If the first medium is air (or vacuum), the refractive index is simply repre- 
sented by the symbol p, and is called the refractive index of the medium. 


16.1.3 Refraction and Speed of Light The phenomenon of refraction occurs 
because the speed of light is different in different media. When light passes 
from one medium into another, the amount of refraction. or bending (for a 
given angle of incidence) depends upon the speed of light in each medium. 

The refractive index 'u, of medium 2 with respect to medium | is also 
defined as 


. speed of light in medium | — e 


1 eta ee T 
#2 speed of light in medium 2? c» 


The refractive index u of a medium is defined as 
speed of light in air (or vacuum) __ 


[4 
ni = speed of light in the medium ae 


n If a ray of light travelling from a denser 
is incident at an angle greater than the criti- 
tally reflected back into the same 
he critical angle is the angle of 
h the angle of refraction is 90 . 


16.1.4 Total Internal Reflectio 
medium into a rarer medium, d 
cal angle for the two media, the ray is to 
medium, obeying the laws of reflection. T 
incidence (in the denser medium) for whic 
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16.1.5 Dispersion of Light Refraction of light occurs because the velocity. 
of light changes as it travels from one medium into another. The velocity 
of light in a given medium depends upon its wavelength (or frequency), 
Light of a single wavelength or frequency is called monochromatic. White 
light (sunlight) is not monochromatic; it consists of many wavelengths ran- 
ging from violet (~ 4500 A) to red (~ 7800 A). 

When white light (or any composite light) enters a refracting medium, 
the different constituent colours are refracted unequally. The red is refrac- 
ted the most and the violet the least. From Snell’s law 


sin j 
sin r 


it follows that the refractive index for red is less than for violet, i.e. the 
speed of red light is greater than that of violet light. Thus, a medium does 
not have one definite refractive index; it has a range of refractive indices 
corresponding to the range of colours or wavelengths of the composite 
light. Since each colour has its own characteristic wavelength (or frequen- 
cy), the refractive index of a medium will be different for different wave- 


quency is referred to as dispersion. The prism disperses the colours of white 
light and produces its spectrum. 


16.2 FORMULAE 


1, Refractive index !u; of a medium 2 with respect to medium 1 is given 
by 


Peete ey me SIn 
A QC RTE 


where c, — velocity of light in medium 1 
€; = velocity of light in niedium 2 


I 


angle of incidence in medium 1 


r = angle of refraction in medium 2 


I 
2: lu? = 
in 7 


1 
: H3 
£ 2a, = D 

H3 ms 


4. Refraction Through a Slab with Parallel Sides Whena ray of light 
AB falls obliquely at an angle i on a parallel-sided slab of a refracting 
material, such as glass, having a thickness z and refractive index Hy Y 
suffers refractions at B and C and the emergent ray CD is parallel to ihe 
incident ray AB but shifted due to refraction (see Fig. 16.1). 


The lateral shift (x) is given by 


t ^ 5 : ` 
x = —— sin (i —r) —( sin (i — 
rrr ( ) sec r sin ( r) 


Refraction of Light 495 


where the angle of refraction (r) is given by 


sin i 
sinr 


Fig. 16.1 


Apparent Depth and Apparent Shift 


(a) Object in the Denser Medium and Observer in the Rarer Medium When 
an object O in the denser medium of thickness t and refractive index x is 
viewed from the rarer medium (air), the image is seen at 7, as shown in 
Fig. 16.2. The real depth of the object is 4O and the apparent depth is AZ: 


the apparent shift being OT. 


Now 


; | 
Apparent shift (01) = 04 — AI = (1 ^ 2) 
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If the image is seen after successive refractions through a number of 
slabs of thicknesses 7,, 1, t3. . and refractive indices My Bay L3, . . ., then 
(see Fig. 16.3) 


Apparent depth (A7) a SES RU NT 


Fig. 16.3 


Fig. 16.4 


(b) Object and Observe; both in the Rarer Medium The above relations hoig 
even when the object is in the rarer medium and is seen through a parallel- 
sided slab by an observer in the rarer medium. 

Figure 16.4 shows an object O in air being viewed through a slab of 


thickness t and refractive index # by an observer in air. The image is seen 
at O. 


Apparent shift (O/) = , ( i i) 


(c) Object in the Rarer Medium and the Observer in the Denser ie 
When the object O is in the rarer medium (airi the image / as seen by : 
Observer in the denser medium (water), appears to be raised up as show 
in Fig. 16.5. 

The real and apparent depths are now related as 


An Ta 
Al la m 
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where p is the refractive index of water. 
Apparent shift (JO) = AI — AO = (u — 1) AO 
where AO is the distance of the object from the surface of water. 


Fig. 16.5 


16.1.5 Critical Angle for Total Internal Reflection When a ray of light tra- 
vels from a denser to a rarer medium (p, > pj), the critical angle i, for 
total internal reflection is given by 


pl E it» m 
The critical angle j, is the value of angle of incidence i when the corres- 
ponding value of the angle of refraction r = 90° (see Fig. 16.6). 
If the rarer medium is air, p, = 1, then 


- NR i 
sini, = = 1 o 
Hu ! 5290 uy 
where p is the refractive index of the denser 
medium. P fe u 
Total internal reflection will occur if tci 
1 


(a) the ray travels from a denser to a 
rarer medium and 
(b) the angle of incidence in the denser t 
medium is greater than the critical Fig. 16.6 
angle for the two media. he icutan e coy. of 
; i en 
16.1.6 Refraction through a Prism Referring to Fig. 16.7. W 
monochromatic light is refracted by a prism, the deviation è pedir) 
the prism is given by 
6=i+e-A 


Fig. 16.7 
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where A is the refracting angle of the prism. 
A 7 Fe 
For minimum deviation 8,, we have 
sin $ (4 + ôn) 
p = MEME Om) 


sin 1 A 
If angles i and A are small, 
8—(&—1)4 


16.1.7 Refraction at Spherical Surfaces For refraction at spherical surfaces 
we will use the following sign conventions. 


(1) All distances are measured from the pole of the refracting surface, 
(2) Distances measured in the direction of the incident rays are positive 
and those measured in a direction opposite to the direction of the 


(3) Heights measured upwards and perpendicular to the principal axis 
are positive and those measured downwards are negative. 


(a) Refraction at a Single Spherical Surface A single refracting surface 
(convex or concave) forms images of objects by virtue of refraction. If the 
tays from an object travelling in medium 1 are refracted at the surface of 
medium 2 (see Fig. 16.8), the object and image distances are related by the 
formula (valid only for paraxial rays and for both convex and concave 
surfaces) 

cu UL AE 

v u 


R 
where y, refractive index of medium 1 
#2 = refractive index of medium 2 
R = radius of curvature of the surface 


l 


Convex surface Concave surface 
Fig. 16.8 


Linear magnification of the image is given by 
J 


m= =- = 


oO 


HE 

u ou 

If the first medium is air, p; = 1 and H2 — p, the formula becomes 
H 


vU u R 


(b) Refraction at a Lens Lenses (convex and concave) also form images of 
objects. The formulae given below hold fot thin lenses and for paraxia 
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rays. A lens is said to be thin if its thickness is negligi 
distances of the object or its image. POP erp 


(i) The relation between the object distance v, the image distance » and 
the focal length f of a lens (convex or concave) is 


The linear magnification of the image is given by 
NEA ee 
Ou f ftu 
(ii) The focal length f of a lens of refractive index #2 surrounded by a 
medium of refractive index p, is given by 


ra 


where R, = radius of curvature of the surface of the lens on which the 
rays are incident 


R> = radius of curvature of the surface of the lens from which the 
rays emerge after refraction through the lens. 


If the lens is surrounded by air, pı = 1 and m =. p, then 


1 I 
poe D(R -x) 
This is known as the ‘lens maker’s formula’. 


(iii) Power of lens The reciprocal of the focal length (expressed in metres) 
is known as the power of a lens. 


Power p = 7 where f is expressed in metres 


(iv) Displacement method For a convex lens, the minimum distance bet- 


ween the object and its real image is 4 f. If a convex lens is placed between 


an object O and a screen S such that the distance OS > 4 f, there are two 
positions L, and L, of the lens which give a sharp image on the screen (see 
Fig. 16.9). 


The focal length of the lens is given by 
D — Ë 
durum 
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where D = distance between the screen and the object 
d = distance between the two positions of the lens. 


(v) Co-axial Combination of Lenses When a number of thin lenses of 
focal lengths f, fi... . etc. are placed in contact coaxially (i.e. with their 
principa] axes coinciding), the equivalent focal length F of the combina. 
tion is given by 


(vi) Chromatic Aberration and Achromatism The focal length of a lens 
depends on the refractive index of its material. But the refractive index of 
a lens is different for different colours of light. Hence the focal length ofa 
lens is different for different colours. The focal length of the lens for red 
light (7,) is greater than that for violet light (fJ. 

Axial chromatic aberration = f. — I, = of 


My — 


where w = 4 
he] 


B= ds + uy) and f= 3 (f; + f) 


Chromatic aberration is eliminated if two lenses (one concave and the 
Other Convex) of different materials are placed in contact and satisfy the 
following condition of achromatism. 

f m 
h w2 


16.1.8 Effect of Silvering one of the Refracting Surfaces sf a Lens If one 
of the surfaces of a lens is silvered, as shown in Fig. 16.10, the rays are 
refracted at surface 1, reflected at surface 2 and again refracted at surface 
1. The focal length F of the effective lens is given by 


l 1 
TUS cn Ja 


where f, = focal length of the lens or mirror repeated as many times as 
there are refractions and reflections, 


Silvered 


Fig. 16.10 


_ In the case shown in the figure, there are two refractions and one reilec- 
tion. Hence 


e y 1 72 l 
EU eet A 
where f, = focal length of the lens 


+m = focal length of the spherical mirror of radius of curvature Rz. 
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If the second surface is plane, as shown in Fig. 16.i , 
pari . 16.11 (a = 
therefore & il (8), Ja = ©, 


where E = (n — 1) 1 


If the convex surface of a plano-convex lens is 


silvered, as shown in Fig. 16.11 (b), we have (a) (b) 
1 2 I l 2 2 i 
l2 E dM ME TEE 2 Fig. 16.11 (a) and (b) 
FFT es 
(^ R Ti 2) 3] 


16.1.9 Microscope In its simplest form, a compound microscope consists 
of two convergent lenses, one of very short focal length called the objective 
and the other of a longer focal length called the eye-piece. The lenses are 
mounted coaxially and the separation between them can be varied. The 
object AB (to be examined) is placed just outside the focus F of the objec- 
tive which forms its real image at A' B' which serves as the object for the 
eyepiece. Image A’B’ lies within the focus F, of the eyepiece which forms 
the final magnified virtual image at A” B", as shown in Fig. 16.12. 


Eye piece 


Objective 


Magnifying power of a compound microscope 
- magnification by the objective x magnifying power of the 


eyepiece 


1 
where w, = distance of the object from the objective 
distance (from the objective) of the image formed 
objective 
f. = focal length of the eyepiece 
distance of the final image from the eyepiece 


16.1.10 Telescope A telescope consists of two convergent lenses called the 
Objective and the eyepiece. The objective has a much longer focal length 


by the 


vu = 
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than the eyepiece. The objective forms an image A'B' of a distant object 
AB. The image A'B' serves as the object for the eyepiece which forms the 
final magnified image A" B" (sec Fig. 16.13). 


Eye piece 
Objective 
-—— M4. v vi U5 


wm aw Solow 


If u is large and the eye is held close to the eyepiece, the magnifying 
power of a telescope is given by 


Elna angle subtended by the image at the eye 
P angle subtended by the object at the eye 


A'B' 
An on s MAT Chet) 
a A'B' uz (uy + fo) tafe 


vi 


where u, = distance of the object from the objective 


ll 


vz = distance of the final image from the eyepiece 
fo = focal length of the objective 


Je = focal length of the eyepiece 


Special Cases (1) If the final image is formed at the least distance of dis- 
tinct vision, v2 = D, then 


Lee fi (Dc f) 
(u + fo) Dm 


(2) If the final image is formed at infinity, v; — æ, then 


te 
|y. : 
rd du NE 
(^ £o) 


(3) If the object is at infinity (u, > æ) and the image is at the distance 
of distinct vision (v; = D), we have 


—fo(D t f) 
te 


mp D 
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(4) When both the object and the image are at infinity (u, — ©, v; — œ) 
the telescope is said to be in normal adjustment. In this case, 


16.3 NUMERICAL EXAMPLES 


Example 1: A ray of light is incident at an angle i on a parallel-sided 
plate of thickness ¢ and refractive index u. Show that the lateral displace- 
ment of the emergent ray is given by 


Ex cos i ) 
Yo) S (p? — sin? ij 
Can the displacement exceed the thickness of the plate? 


Solution: In triangle BCD (see Fig. 16.14) 


Se cod 
gc ^ Sa) 


x — BCsin (i — r) 


Incident ray 


Emergent ray 


Fig. 16.14 


In triangle BCE, we have 


EN. 
Hence x = — sin (i — r) 
cos r 
Or x = — (sin i cos r — cos i sin r) 
cosr 


in i ses isin) © 
=t| sini — cos F 
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N esini; or sinr = tiny ii 

ew PT sin r m (i) 
S sin? 7\? 

and cos r = (1 — sin? rà = (i M ) (iii) 


Using Eqs (ii) and (iii) in Eq. (i) we get 


Br cos i sin i 
tjsn; — ————-7 — 
sin? M 

Bud s. 


p? 


li 


x 


or X 


li 


pedo ud odi 
(u? — sin? ii 


It is clear that the displacement x tends to a maximum value equal to! 
if i — 90° so that sini > 1 and cos i — 0. Hence x cannot exceed . 


Example 2: A vessel 20 cm deep is half-filled with oil of refractive index 
1.37 and the other half is filled with water of refractive index 1.33. Find 
the apparent depth of the vessel when viewed from above. 


Solution: Referring to Fig. 16.15, the apparent depth of the vessel is 


t £5 t 1 Tua t - H2 
aE e) E a 
My H2 £O u2 2 p p 
where f= 20cm, wy = 1.37 and py = 1.33 


Substituting for t, pı and u, we get 
AI — 15.37 cm 


Fig. 16.15 


Example 3: A ray of light, travelling in a medium of refractive index p, is 
incident at an angle ; on a composite transparent plate consisting of three 
plates of refractive indices i, 2 and #3. The ray emerges from the compo- 
site plate into a medium of refractive index p’ at an angle x, Show that 
angle x is independent of Hi, #2 and p3. Also show that x = j ifu =p. 


ES From Snell's law, we have for successive refractions (see Fig: 


sin i 
ed 
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Sin r5 Fi 
sin rp pty 
sinrs m 
sinr, TIm 


Multiplying these equations we get 


D 


sini pg 
sinx ye 

or sin x = ua) sin i 
H 


This shows that angle x at which the ray leaves the composite plate de- 
pends only on the angle of incidence on the plate and the refractive 
indices of the media on both sides of the plate and is independent of x, 
p2 and us. If w — py’, 


sin x'— sm 0b = 


Example 4: A cubical vessel with opaque walls, is so placed that the eye 
of an observer cannot see its bottom but can see the entire wall CD (see 
Fig. 16.17 a). A small object is placed at O at a distance b — 10 cm from 
corner D. What minimum depth of water (i = 4/3) should be poured into 
the vessel which will enable the observer to see the object? 


Solution: Let the minimum depth of water be x [see Fig. 16.17 (b)]. Since 
the vessel is cubical (AB = AD), it is clear that angle i = 45°. From Snell's 
law, the angle of refraction is given by 


A r = 32.03 
Since Z QPD = 45°, PO (= x) = QD. Hence QO = x — b 


Fig. 16.17 
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Now in triangle PQO, 


QO = xtanr 
or x—b=xtanr 
or De b 

~ I-tanr 


Substituting for b and r we get 
X = 26.7 cm 


Example 5: A tank contains à slab of glass 8 cm thick and of refractive 
index 1.6. Above this is a depth of 4.5 cm of an oil and upon this floatsa 
layer of water 6 cm thick and of refractive index 4/3. To an observer look- 
ing. down from above, a mark at the bottom of the glass slab appears to 
be raised up to a position 6 cm from the bottom of the slab. Calculate the 
refractive index of oil. 


Solution: O is the mark at the bottom of the glass slab (Fig. 16.18). Since 
the boundaries of the media are parallel, the total shift of the mark 0 is 
equal to the shifts due to each of the three media. Let Ho be the refractive 
index of the oi]. 


Fig. 16.18 


Total apparent shift (OI) = shift due to glass -|- shift due to oil 
+ shift due to water 


R l SP - 4n) 
(1 — us) es - D)es(i p 
=3+4+45 4541, 

Ho 
9349 
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But OJ = 6 cm (given). Hence 


ues 
Ho 


or Mo = 1.5 


Example 6: An object is placed 21 cm in front of a concave mirror of 
radius of curvature 20 cm. A glass slab of thickness 3 cm and refractive 
index 1.5 is placed close to the mirror in the space between the object and 
the mirror. Find the position of the final image formed. The distance of 
the nearer surface of the slab from the mirror is 1.0 cm. (IIT 1980) 


Solution: The rays starting from the object O will first be refracted by the 
glass slab and appear to come from point O' [Fig. 16.19 (a)]. 


The apparent shift (QO") — (i — 5) =3 (1 — is) = 1,0 cm 


Therefore O'P = 21 — 1 = 20 cm 


*3cm-» 


Fig. 16.19 (a), (b) and (c) 


j f i ject for the concave mir- 
The apparent object O' serves as the virtual object 
ror which forms its image at J [Fig. 16.19 (b)]. Now 


u = —- 20cm 
f= f = — 10cm 
From the mirror formula we have 
1. r UREE 
o r AUN 20 20 
or v = -- 6.67 cm 
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The reflected rays will again pass through the slab, suffering a further 
shift of 1 cm, producing the final Image at J’ [Fig. 16.19 (c)]. Thus the 
final image J’ will be at a distance of PJ’ = 6.67 + | = 7.67 cm from the 
mirror. 


Example 7: What must be the minimum value of the refractive index of 
an isosceles prism ABC (with AB = BC) so that a ray falling normally on 
face AC can travel as shown in Fig. 16.20 (a)? 


A A 


(a) (b) 


Fig. 16.20 (a) and (b) 


Solution: The angle of incidence on face AB and BC is 45°. This must at 
least be equal to the critical angle i, for total internal reflection which 
must occur for the ray to travel the indicated path. Thus [see Fig. 16.20 (b)] 


i, = 45° 


The minimum value of the refractive index is 
l l - 
Lnin = = = sin 45°" V/2 = 1.41 


Example 8: A point source of light S is placed at the bottom of a vessel 
containing a liquid of refractive index 5/3. A person is viewing the source 
from above the surface. There is an opaque disc of radius 1 cm floating 
on the surface. The centre of the disc is vertically above the source S. The 
liquid in the vessel is gradually drained out through a tap. What is the 
maximum height of the liquid for which the source cannot be seen at all 
from above? (LIT 1970) 


Solution: Referring to Fig. 16.21, the source S cannot be seen at all fom 
above when the water level attains a critical maximum height x so tha 


B ZZOZ 
LYSIS LE 


S 
Fig. 16.21 
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rays such as SA and SB suffer internal reflection. The critical angle i, is 
given by 


. pile o 
sin i, = » NAA 0.6 
or ie =: 36,877 
In triangle OAS, we have 


r n 
m = tan ie 

ih VENAT l 

~ tani, tan 36.87 
Example9: The principal section of a glass prism is an isosceles triangle 
ABC with AB — AC. The face AC is silvered. A ray is incident normally 


on face AB and after two reflections, it emerges from the base BC, per- 
pendicular to it. Find the Z BAC of the prism. 


or = 1.33 cm 


Solution: The path of the ray is shown in Fig. 16.22. It is clear that 


a + 28 = 180° 
and B= 2a 
Hence CAL uie 


Fig. 16.22 Fig.16.23 


Example 10: A ray of light incident on the face of a prism is refracted 
and escapes through an adjacent face. Find the maximum permissible 
refracting angle of the prism if it is made of glass of refractive index 1.5. 


^ ism i i ig. 16.23. 
Solution: The path of the ray through the prism Is shown in Fig. l 

The ray is incideng on face PQ and emerges out of the face PR if ond 
refracted ray BC does not suffer total internal reflection at face PR. The 


necessary condition is that 
AE AE to WEA o 
E B<} or [Bmx sin (5) = 41.8 


It is clear from the diagram that 
B =A-—r 
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where 4 is the refracting angle of the prism. Hence the Sreater the value 
of r, the higher is the Permissible value of 4. Angle r will be maximum jf 
i = 90°, i.e. 


Sin... = “ r5 = 0.6667 


or Fmi = 41.8° 


The maximum value of 4 is 
Amas = By + Imax = 418° “= 418° =''936° 
Example 11: Show that, when a ray passes symmetrically through a prism, 
the refractive index of the prism is given by 
sin 3 (A + 8,,) 
D eund, 


Where 4 — refracting angle of the prism and 9, = angle of minimum 
deviation. 


Solution: Refer to Fig. 16.7. When the Tay passes symmetrically through 
a prism, i.e. when ; = e, then the deviation 3 is minimum equal to DM 


Bcc TAE PO. Mes ca 


or i= A + 6,) 
Also Heer aa therefore A = 2r or rn = A/2. 
M SUM A 
Helen Sin? sin] (4 n [59] 
sin rj sın 4 A 


Example 12: A prism is found to give a minimum deviation of 51°. The 
Same prism gives a deviation of 62° 49’ for two values of the angles of inci- 
dence, namely, 40° 6’ and 82^ 42’. Determine the refracting a.gle of the 
prism and the refractive index of its material. 


Solution: The incident ray is deviated through “ê = 60° 48’ when 
angle i = 40°6’. From the Principle of reversibility of light, it is clear from 
Fig: 16.24 that the emergent ray (for which angle e = 82° 42’) is also dē- 
Viated through the same angle 6. Now 


8 m (i-e) -. 4 


or A =(i +e) -- § 
= 40° 6' 4. 82° 49’ — 62° 48’ 
or A = 60° 


which is the refracting angle of the prism, 


Fig. 16.24 
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For minimum deviation, i = e. Hence 
Sin = 2i—- A 
i i (Smin + A) 
= 3(51° + 60°) = 55° 30’ 

which is the angle of incidence at minimum deviation. The refractive index 
of the material of the prism is given by 

cm sin i (min + A) 

p sin } A 

. sin 3 (SI* + 60°) 

~ sin (60^) 

= 1.648 
Example 13: A ray of light PQ is incident at an angle; on face ML of a 
prism and is refracted along OR (Fig. 16.25). This ray, after refraction at 


face MN, travels along RN at grazing emergence. If » is the refractive 
index and A refracting angle of the prism, show that 


xe sini + cos A dr 
lia {1 +( sin A ) 


y 


or 1 


Fig. 16.25 


Solution: Referring to Fig. 16.25 we have, for refraction at face ML 


sini 
4 sin ri 
Also n+nmn=A or n=A-h 


sin r, = sin (A — rj) 


‘he Si o Ens sin i 3 (i) 
k = Sin (A -— rj) (sin A cos r; — cos A sin r2) 


For refraction at face MN, we have 
sine  sin90 _ 1 
sin r2 sinr;  SIn/ 


or sin rj = S (ii) 
H 
(iii) 


cos rz =: (u — n? 
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Using Eqs. (ii) and (iii) in Eq. (i) we get on simplification 
sin i + cos AV) 1/2 
PE fı m ( sin A ) } 


Example 14: A prism of refracting angle 57° is made of glass of refr a 
index 1.5. Find the angle of incidence on the fi 
goes total internal reflection at the second face 


Solution: The path of the ray is shown in Fig. 16.25 in Example 13 a boy 
From Eq. (i) we have (see Example 13) T 


sin i = p (sin A cos T; — COS A sin r;) 
Using Eqs (ii) and (iii) we get [see Ex. 13] 
sin i = (u? — 1)? sin 4 — cos 4 


Putting 4 = 57° and H^ = 1.5 in the above equation we have 


sim i=! (10:5)2:52]31 in 57° — cos 57? 
— 0.3931 
dy e 23.]5 


Example 15: Figure 16.2 
€qui-angular prism POR. It is incident on face 


Solution: We have 


sin i, = = 
B=a4— le 
; R and Sin « 
o ! sin B 
1 Now sin f = sin (4 — i.) 
Fig. 16.26 = sin A cosi, — cos 4 Sin i, 
; 1 , 1 2 1/2 
But sin i, = ar therefore cos i, = " (u? — 1) 
Hence sin « = n sin 8 = # (sin A cos i, — cos A sin i.) 


= s [sim 42 o — Du - " cos 4| 
which, on simplification gives 
jt -{ 1 «(s EOM fid 
Putting * — 40° and A = 60° we get 
e = 1.66 
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Example 16: A mark is made on the surface of a glass sphere. It is viewed 
through the glass from a portion directly opposite. If the diameter of the 
nte is 10 cm and the refractive index of glass is 1.5, find the position of 
the image. 


Solution: Let P bethe position of the mark. Q is the position of its 
image. Since the incident ray PA lies ina medium of refractive index po, 


and is refracted into a medium of refractive index - x; (see Fig. 16.27), our 
formula becomes 


where u = — 2R = - 10cm, R = — 5 cm, po = 1.5 and pi = 1 


Fig. 16.27 


Putting these values in the above formula, we have 
1 1:5) PONES 
v — TOTAS 

or v = — 20cm 


i.e. the image is formed at a distance of 10 cm from point P. 


Example 17: An object is placed 50 cm from the surface of a glass sphere 
of radius 12 cm along a diameter. Where „will the final image be formed 
by refraction at both surfaces? Refractive index of glass = 1.6. 

Solution: Let v’ be the distance of the image from the first surface, due to 
refraction at this surface (see Fig. 16.28). Then 


pa CRI OKA Saa 


v u R 
where p, cl, go c 1.6, u = OO om ando iR Eri 12 cm. 
lues in the above formula we get 


Substituting these numercial va 


v = I$ em 
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This image serves as the virtual object for the second surface 
(v' — 2R) is the object distance for this surface. Since the incident | 
travel from glass into air, our formula for this refraction becomes 3 


D 


FTU oe 1 a 7H 


m u R 


Second face 


First face 
M? 
Fig. 16.28 
where dus pisa S160 — 24 — + 3 em and R = — 12 em; 


ing the distance of the final image from the second surface. Thus we haw 


1 1.6 bakó 


or v= + 9.5 cm 
Example 18: Two concave glass refracting surfaces, each with radius 
re placed facing e 


curvature R = 35 cm and refractive index » = 1.5, a 
O is placed at a 


other in air as shown in Fig. 16.29. A point object t 
tance of R/2 from one of the surfaces as shown. Find the separatio xa 
ween the images of O formed by each refracting surface. 


First surface Second surface 


Fig. 16.29 


Solution: For refraction at the first surface, we have 


R = — 35 cm 
The distance v, of the image 7, from 4 is given by the relation 


TE ELE Ma t 
U u R 
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3 15 TE d 
Ui —]1052 . —35 
or » = — 45cm or Al, = 45cm. 


Since the radius of curvature is 35 cm, this image is 10 cm to the right of 
P, i.e. Ph = 10 em; 


For refraction at the second surface we have 


Th? distance v; of the image J, from the second surface is given by 


pa Bia os is yee 
v2 u R 


which gives v = — 21 cm or BJ, = 21cm. Thus the image is 14 cm 
to the right of P i.e. Ph = 14 cm. Hence the separation between the two 
images (AÉ) = 14 — 10 = 4cm 


Example 19: A convex lens of focal length 20 cm and made of glass of re- 
fractive index 1.5 is immersed in water. Find the change in the focal length 
of the lens. Refractive index of water is 1.33. 
Solution: For the lens in air 
Ten d A x) 
pnm a ANO 
where f,— + 20cmandp = 1.5. Thus we have 
1 Lehn) x) 
5o he »(z. ra 
1 1 l 
A (x - x)- 10 
For the lens in water 
Ay (& 5 e) (2 jo x) 
T Uf Hw R, R2 
1.5 BIN 2 
yc ( 1.33 ) * 10 


or fy = 78.2 cm 

Change in focal length = f, — f, = 78.2 — 20 = 58.2 cm 

Note that the focal length of a lens increases when it is immersed in water. 
= f 

Example 20: A convex lens of crown glass (ug = 1.5)hasa focal length o 

15 cm. The lens is placed in (a) water (pw = 1.33) and (b) carbon bisul- 


phide (u, = 1.65). Determine in each case, whether the lens behaves as 4 
converging or diverging lens and determine its focal length. 
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Solution: For lens in air 


For lens in water 


& 7 (R Ne- x) 7 (EY - 5) 


For lens in carbon bisulphide 


£7 Cs - x) = (5:9) - x) 


Dividing (i; by (ii) we get 
Sw = + 58.7 cm 
The positive sign indicates that the lens is converging. 
Dividing (i) by (iii) we get 
Je = — 82.5 cm 


(i) 


(ii) 


(iii) 


The negative sign indicates that the lens behaves as a diverging lens when 


it is immersed in carbon bisulphide. 


Example 21: A luminous object and a screen are mounted on an optical 
bench and a converging lens is placed between them so that a sharp image 
is received on the screen; the linear magnification of the image is found to 
be 2.5. The lens is now moved 30 cm nearer the screen and a sharp image 


is again formed. Find the focal length of the lens. 


Solution: If O and 7 are the object and the screen respectively and L; and 


L, are the two conjugate positions of the lens (Fig. 16.30), then 
OL, — IL, 


—— 


0 I 


m X — — 30cm —r x Ed 
Fig. 16.30 


For lens at L, we have u= -x and v= 304x 


Linear magnification m= + : =— 2.5 
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Thus + Meee ae 
— A 
or x = 20cm 
Hence = — 20cm and v = 30 + 20 = 50 cm. 
NENNT l 
Substituting in T 7 we have 
RE msn 
50 —20 f 


which gives f = 14.3 cm 


Example 22: A lamp and a screen are set up 100 cm apart and a convex 
lens is placed between them. The two positions of the lens forming real 
images on the screen are 40 cm apart. Find the focal length of the lens and 
linear magnifications in the two positions. 


Solution: Refer again to Fig. 16.30 where now 
LL, = 40 cm and OJ = 100 cm 
Therefore x + 40 + x = 100 or x = 30cm 


For lens at Lı, we have 


u = -- 30cm and v = + 70 cm. Thus 
l iN 
v Uu ER 
or 15 d EE 
f og ES 
or f= T2rcem 
Linear magnification at this position of lens is 
BR Cupio conos 
MU | 
For lens at L, we have u = — 70 cm and v = + 30 cm. Linear magni- 
fication at this position of the lens is 
EREMO vs 
diee 


The negative sign indicates that the image is inverted. 


Example 23: A convex lens forms a real image of an object on a screen; 
the magnification of the image being 3/2. The object and the: paced e 
kept fixed and the lens is moved through a distance of 16 cm w ms 5h 
image is again formed on the screen; the magnification now being 2/5. 


Find the focal length of the lens. 


Solution: Refer again to Fig. 16.30. The separation L; Lz now is 16 cm. 
For lens at L;, we have 


3 
=16+x and m —-—5 


u= — x, 
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Now m = 


or 


or x = 32 cm 
Therefore u = — 32cm and v = + 48 cm. Substituting these values in 
the lens formula we get 
f= 19.2 cm 
Example 24: An object and its real image are located at distances 25 cm 


and 40 cm respectively from the two principal foci of a lens. Find its focal 
length and the linear magnification of the image. 


Solution: In Fig. 16.31 the two principal foci are F and F’. Let f be the | 
focal length of the lens. Then | 


=) (F 25) cm 
vu = + (f+ 40) cm 


Substituting in the lens formula 7 = — i we have 
UP HC TR 
LP FRAO” f+ 25 
or Cf + 40) (f+ 25) = f(f + 25) +S (f + 40) 
or f= V40 x 25 
= 31.6 cm 


Alternatively, we could use Newton's formula f? = x y where x = 25 
cm and y — 40 cm. 


Linear magnification 
_ (f+ 40) _ _ (31.6 + 40) 
fate 25x SI. 25) 
=— 1,27 


The negative sign shows that the image is inverted, 


u 
m= -= 
u 


Example 25: Show that the least possible distance between an object and its 
real image in a convex lens is 4 f where f is the focal length of the lens. 
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Solution: Suppose J is the real image of an object O (see Fi 
i : . 16.32). Let 

d be the distance between them. If th ih dp 32). Li 

tance will be (d — x). Thus e image distance is x, the object dis- 


u cup and v=+2x 


o I 
FI— (d-x) x —4 


m d 


Fig. 16.32 


Substituting in the lens formula we have 
1 1 


or 


or x? — xd — fd — 0 
For a real image, the value of x must be real, i.e. the roots of the above 
equation must be real. This is possible if 
deAfd 
or d>4f 


Hence 4 f is the minimum distance between the object and its real image 
formed by a convex lens. 

Example 26: An equi-convex lens of refractive index p, = 1.5 and focal 
length 10 cm is placed on the surface of water (m, = 4/3) such that its 
lower surface is immersed in water but its upper surface is in contact with 
air outside. (a) At what distance from the lens will a beam parallel to its 
principal axis come to focus? (b) How is the position of the focus altered 
if the lens is wholly immersed in water? 


Solution: Let the radius of curvature of each face of the lens be x cm. 
Then R; = + x cm and R, = — x cm. Also p, = 1.5 and f = + 10cm. 
Substituting in the formula 


l 1 1 
b= (4 —-U (ge) 
we have 


1 ind 
5-055 D 

Which gives x = 10 cm 

Thus R,—opdOen and R= — 10cm 


(a) Referring to Fig. 16.33, Z is the image of O due to refraction at the 
Upper face. Since the incident ray is in air of refractive index pa and the 
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refracted ray in glass of refractive index p,, we have for refraction at this 
face (whose radius of curvature is R;) 


Eg Ha _ My — Ba 


v u R 1 (i) 
where g= PY 


Bi Mg 1 Boy — By 


Adding (i) and (ii) wé get 


Bem eM rea A flag ta oes Pe cam y 

u u 1 m Rı 
Putting u = — oo; R, = + 10 cm, Re = — 10 cm, p, = 4/3, m= 15 
and u, = 1, we get 


v = 20 cm 


(b) If the lens is wholly immersed in water, the formula is 


Ld (& NT zie LÀ x) 
v u Fw R R 


which (for u = — 00) gives v = 40 cm 


Example 27: An object O is placed 15 cm from a convex lens A of focal 
length 10 cm and its image 7, is formed ona screen on the other side of 
the lens. A concave lens B is now placed midway between A and J, and the 
Screen is moved back 10 cm to receive a clear image /;. Find (a) the focal 
length of lens B and (b) the linear magnification of the final image D. 
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Solution: (a) For lens A, u=PO=—15em f= + 10cm 
and v = PI? (see Fig. 16.34) 


. Fig. 16.34 


The image J; serves as the virtual object for lens B which is placed mid- 
way between P and /,. Thus for lens B, 


u-—Ql-—3(PI)--i5em 
v= Ql; = Qh + Lh = 15 + 10 = 25cm 


The focal length f of lens B is obtained from the formula 


which gives = — 37.5 cm 
The negative sign is expected since lens B is concave. 


_(b) Linear magnification of I, = m4 X nig, where m, 
nifications due to A and B respectively. 


and mg are mag- 


v SOU aku 
For lens A, my = EAT pi 
v 25 5 
For lens B, ms = = 7g = 3 
Total magnification = — 2 X 5/3 = — 10/3 


t the final image is inverted. 


Example 28: An object is placed at a distance of 10 cm from a co-axial 
combination of two lenses A and B. The combination forms a real image 
three times the size of the object. If lens B is concave with a focal lengtb 
of 30 cm, find the nature and focal length of lens A. 


The negative sign here indicates tha 
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Solution: Given m = E =— 3 C." .the image is inverted) 
or v=—34u 
Now . u= — 10 cm, therefore v = + 30 cm. 
If F is the focal length of the combination, we have 

1 1 1 1 l 


or E 2 cm 
Focal length of the Concave lens B — f, = — 30 cm. If fis the focal 
length of lens A, we have 

1 1 1 

A s SF 

1 1 l 2 1 

anie ee Caen See A MS 
d EU Em S36 


which gives f, = 6 cm 


hae to a distance of 25 cm from the lens. Find the refractive index of the 
iquid. 


Solution: In the first case, the image will coincide with the pin if the rays 
from the Pin, after refraction through the lens, fall normally on the mirror 
and retrace their path, as shown in Fig. 16.35(a). This means that the 
focal length of the convex lens is 20 cm. 


f = 20cm 


In the second case, the focal length F of the combination of the convex 
lens and the plano-concave liquid lens is 25 cm (see Fig. 16.35 (b)) i.e. 


F — 25cm 
Pin. Image 
20cm 
z—L iquid 
lens 
(a) (b) 


Fig. 16.35 (a) and (b) 
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Let f; be the focal length of the liquid lens, then 
NENNT v 
h^ EUROS 
or fa = — 100 cm 
For the liquid lens, R; = — 33 cm, the radius of curvature of the com- 
mon surface and R = co. If p is refractive index of the liquid, 
1 


sco) 


EY es 1 1 
& ~ oa = 4 = (95 ti) 
NE 
or u—1 = gg = 0.33 
or ME bs 


Example 30: The convex surface of a thin concavo-convex lens of glass 
of refractive index 1.5. has a radius of curvature 20 cm. The concave sur- 
face has a radius of curvature 60 cm. The convex side is silvered and 
placed on a horizontal surface (see Fig. 16.36). 

(a) Where should a pin be placed on the axis such that its image is for- 
med at the same place? f 

(b) If the concave part is filled with water (p, = 4/3), find the distance 
through which the pin should be moved so that the image of the pin again 
coincides with the pin. (IIT, 1981) 


Fig. 16.36 Fig. 16.37 


: iti i inci OA is re- 
Solution: .(a) Let O be the position of the pin. The incident ray i 
fracted Ese B in the len The image of O will epee pe iced 
ray AB falls normally on the lower (silvered) face oft E «i ds Ld 
16.37) and retraces its path. Let BA, when produced, mee EDO TEN 
This is the centre of curvature of the lower face which s t i: pon ie 
the virtual image due to refraction at the upper face of radiu 

ture R;. Thus 
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The object distance u is Obtained from the formula 


v u R; 

OO at S 1] 
en ROR NEENA 
which gives u = — 15cm 


(b) Let the object distance, in this case, be x’, When water is poured 
Over the concave surface, apparent object distance becomes u, 4’ = ; u', 


Since now the ray enters the lens from water into glass, we use the for- 
mula 


Me Hw Bp — pu, 
v u R 
4, 4 
where v= TAO cm, ums yk = — 60 cm, Hw = 3 and 


H= 1.5. Substituting these values we have 
MOE) M CTETUR DR 4/3 


which gives y’ = 13.85 cm 


Downward shift — 15 — 13.85 —:1.15 cm 


e ; 
of the object is 60 cm from the lens on the same side as the object. Find 
the focal length of the lens. 


Solution: The incident ray OA is refracted along AB due to refraction at 
the Curved surface (see Fig. 16.38). This tay AB appears to come from hj, 


the virtual image point due to refraction at the curved surface. For this re- 
fraction we have 


Ee Ha Ke — Ma 
v u 


Fig. 16.38 
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Since the incident rays are from left to right, v = + v, u = — u and R 
= + R. Therefore, we have 
Hg , Ha _ He — Ha : 
v * u R 9 


where u = + 40 cm (given). 


The ray AB is reflected (by the plane surface) along BC. The reflected 
ray appears to come from J; such that QJ, = Qh =v. 

The ray BC suffers refraction at the curved surface and the final image 
is formed at 7. Thus 7 is the image of the virtual object J} due to refrac- 
tion at the curved surface. For this refraction, since the incident ray travels 
from glass to air, we have 

Ha . Hg Cea ee 


7 


U v 
From our sign convention, v = — v, ú = QI = Ph (since lens is thin) 
= — v' and R = + R. Therefore, we have 
— Ps 4) ee (ii) 
v v R 


where v = + 60 cm (given). 
Subtracting (ii) from (i) we get 


Ho Pa ERIE 
7 2 = R”: Ba) 


1 1 220 
or ids d p. R (ug Ha) 
_ dunt 
But io 
E ( B. ARI 


where f, is the focal length of the lens., Hence 
2 7] CHEN 


or fi-48cm , 


; ! i i the lens) 
Alternative Method Since the object (at a distance of 40 cm from 

has its virtual image (at a distance of 60 cm from the lens) on re m 
side as the object, it follows that a convex lens with the silvered face be- 
haves like à concave mirror. The focal length F of the effective mirror te 


obtained from the mirror formula 


L Dto odi tudo 
Fo ath D 
which gives F = — 24cm 


mirror is concave. 


The negative sign shows that the à 
: : d one reflection, we have 


Since there are two refractions an 


nba 
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Where f, = focal length of the lens 
and — f. — focal length of the plane mirror Which is infinity, Thus We 


1 1 l M2 
have ae SUIT; 
or Si =2 x 24 = 48 em 


Solution: _ In the first-case we have C Sa = 0) 


Be Lully: 2 i 

eg TT o 
In the second case we haye 

1 2 1 

Burt m 


where f, is the focal length of the curved silvered surface. Hence Jn Rf 
where R is the radius of g 


or Tins n 1 om. Therefore R= 2», = 280 em 


From (i) we have 2809 56 cm. Now 
I 1 
zc (a1. 
A^ ) R 


R 280 
or H IF y = 0.55 


or HA = 1.55 
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or | F| = — cm 


Since the convex lens with a silvered surface behaves as a concave mir- 
ror of effective focal length F, we have 


f= and u = — 10 cm 
Substituting these values in the mirror formula 

1 1 1 

oh ae 

1 21 1 
we have j — no * 10 or v — ll em 


The negative sign shows that the image is in front of the effective mirror 
and hence is real. 


Example 34: The radius of curvature of the convex face of a plano-con- 
vex lens is 12 cm and its a = 1.5. 

(a) Find the focal length of the lens. 
The plane face of the lens is now silvered. 

(b) At what distance from the lens will parallel rays incident on the con- 


vex surface converge? . 1 n 
(c) Sketch the ray diagram to locate theimage, when a point object is 


placed on the axis 20 cm from tligens; 49 E ; 
(d) Calculate the image distance when the object is placed as Le 


Solution: 
1 


(a : 
ada 
or fi = 24cm 
(b) When a face of the lens is silvered, it behaves as a con 
effective focal length F given by 


i 1 1 
(p = Dig = (L5 95 94 


cave mirror of 


1| —G ERE LODS A 
lki- 2*7 $t f 
l4 0 2499 
or bis 12 cm 


This means that the parallel rays will converge at a distance of 12 cm 
from the silvered surface. 1 ; 
(c) Figure 16.39 illustrates the formation of the image. 


`e Magnified =. 
41 view seus 


Fig. 16.39 
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(d) F — — 12cm, u — — 20cm 


or v= -— 30 cm 
The negative sign shows that the image is real. 


Example 35: A point object is placed at a distance of 12 cm on the axis of 
a convex lens of focal length 10 cm. On the other side of the lens, a con- 
vex mirror is placed at a distance of 10 cm from the lens such that the im- 


age formed by the combination coincides with the object itself. What is the 
focal length of the convex mirror? 


Image coincides with the object, the refracted ray BD must retrace its path 


f + 10 cm and u = — 12cm 
A AB 


VULT LAETUS tems: cede Me MISI N 


Fig. 16.40 


The distance v of the image is obtained from the lens formula 


«d 


PIA UE 
U HINT 


which gives v = — 60 cm 
Sine x = 10cm, R=» — x = 60 — 10 = 50 cm. Hence the focal 
length of the mirror — R/2 = 25 cm. 


Example 36: Two convex lenses 4 and B of focal lengths 20 cm and 10 
cm are placed coaxially 10 cm apart. An object is placed on the common 
axis at a distance of 10 cm from lens A, Find the position and magnifica- 
tion of the final image, 
Solution: Referring to Fig. 16.41 we have, for lens A, 

fi = + 20 cm and uy = — 10cm 
The image distance vı is given by 

1 1 1 

vi m A m ui 
which gives v = — 20 cm 
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Thus a virtual image is formed at J, at a distance of 20 cm from lens A, 
if the lens B were absent. This image acts as a virtual object for lens B 
which forms the final image at 7; at a distance v; from lens B. 


For lens B we have, since x = 10 cm, 
w= — (20 + 10) = — 30cm, f= + 10cm 


Fil. fi=20cm f,=10em 


— x —————-7 


Fig. 16.41 


The image distance v is given by 
1 1 1 1 1 1 


nh eee 
which gives v? = + 15 cm 
Thus a real image J, is formed at a distance of 15 cm from lens B. 


=.20) 4, 
Magnification due to A (mi) =i esum ae ee 2 
an ML C UR AY: 
Magnification due to B (m) = Fic; VERE. 


Magnification of the final image is 

m = m, Xion ae Dt À 
This shows that the final image is inverted and is of the same size as ant 
object. 


ii d 25cm is made 
Example 37: A convex lens of radii of curvature 20 cm and 
of mid glass whose refractive indices for violet and a irae ea 
and 1.504 respectively. Determine (a) the mean focal lengt 


and (b) the axial chromatic aberration. 
Solution: 

(a) My = 1.528, Hr 
Mean refractive index p = $ (Ho + 42 = 1.516 
Mean focal length fis given by 


Lau- o(k- x)= es P * a) 


2 


= 1.504, R, = + 20 cm, R, = — 25 cm 


= 0.0464 
f= 21.5 cm 
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(b) Axial chromatic aberration = w f 
where w is the mean dispersive power which is given by 
Korat et: 1528 11:504 

w = — ————— 


p= i | 1.516 — | 
Hence, axial chromatic aberration — 0.0465 x 21.5 
= 1.0 cm 


= 0.0465 


Example 38: A flint glass convex lens of focal length 20 cm: is placed in 
contact with a crown glass lens. Crown glass has u, = 1.523 and By = 1515 
and flint glass has My = 1.664 and w’ = 1.644. 


(a) Find the nature and focal length of the Crown glass lens which will 
form an achromatic Combination with the flint glass lens. 
(b) What is the focal length of the combination? 


Solution: For crown glass 


fee 899) He E 1S ando 053 Gis 4 sy 4,519 


c = PI Hr _ 9.0154 
Pl 


For flint glass 
Ho = 1.664, wi = 1.644 and B^ = d (n, + ut) = 1.654 
w = — P* _ 0.0306 
prisa] 


(a) Let f" be the focal length of the flint glass convex lens and f be the 
focal length of the crown glass lens. For achromatism 


yf Bh once 
TO M 
' where f= + 20cm (convex lens) 
ONES x ple 0.0306 — 
f= Ui ate. 20 X Soa 39.7 cm 


The negative sign indicates that the crown glass lens must be concave. 
(b) The focal length of the combination is given by 


Example 39: Two glasses have dispersive powers in the ratio of 2 : 3. 
These glasses are used in the manufacture of an achromatic objective of 
focal length 20 cm. What are the focal lengths of the two lenses of the 


objective? 
Solution: For an achromatic combination 


Vi 2 


— — 


NS ve 
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iS 
Ds 
2 ; 
where — = y Therefore, 
lm 
i =n (i) 
The focal length of the combination is 
LM 1 
F f T f 
where F = + 20cm. Therefore 
1 1 1 Re 
20 ^ A ate F (ii) 
From Eqs (i) and (ii) we get 
f = 6.67 cm and p= - M — 10m 


Example 40: A compound microscope consists of objective and. eyepiece 
of focal lengths 5 cm and 10 cm respectively. A small object is placed at a 
distance of 6 cm from the objective. Find the magnification of the final 
image formed at a distance of 25 cm from the eyepiece. 


Solution: Refer to Fig. 16.12. We have 
u = — 6 cm 
v, = — 25cm 
fo = + 5 em (convex lens) 
fe = + 10 cm (convex lens) 


Magnifying power (m p) = * x (: = 2) 


e 


To find v, we use the formula 


A dM 
vi uy fo 
Which gives v, = 30 cm 
25 
Hence m 2:9 go (e 
= — 17.5 


hat the final image is inverted. 


Example 41: A telescope has an objective of focal length 2m. w » ge 


piece of focal length 5 cm. The least distance of distinct uon s foni 


i isti isi a scale 2 
The telescope is focussed for distinct vision on B e Eee aud the 


the objective. Calculate (a) the separation between 7 
eyepiece and (b) the magnification produced. (IIT 1980) 


The negative sign indicates t 
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Solution: Refer to Fig. 16.13. We have 
ue > 200em; fie E 50 cm, f£, = + 5 cm and 
u = — 25 cm 
(a) Let the Separation between the objective and the eyepiece be x, Then 
x = lo] + [ull 
To evaluate vı, We use the formula 


Which gives a = 20 om 


To evaluate u2, We use the formula 


sugag EL 5 
m esee boo: 73598 ERE 
which gives u, = — 25 cm 
25 
or u =m 
(5) Total magnification = m, x m, 
= y Me 
uy uz 
200/3 ee 
Ss BOON = ogg 2 


The negative sign shows that the final image is inverted. 


16.4 TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We are to decide whether they are true 
or false, giving, in brief, reasons in support of our answers. 
L A ray of light incident normally ona refracting surface does not suffer any 
refraction. 
2. The refractive index Of a prism depends upon the refracting angle of the prism 
and the angle of minimum deviation, 
3. The value of refractive index of a given glass slab depends only on the kind of 
glass of which the slab is made, 
4. The critical angle for total internal reflection is greater whena ray of light 


Longo 
H 
m 
9 
g 
m 
ç 
5 
= 
EB 
o9 
S 
m 
s 
5B 
a 
= 
> 
2 
L4 
D 
3 
© 
Ne 
S 
= 
& 
a 
o 
g 
E 
o 
= 
I 
= 
a 


- Two convex lenses, each of focal length f, are Separated by a distance equal to 2 
f. A parallel beam of light, after refraction through the lenses, remains parallel. 
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10. A convex lens of focal length 1.0m and a concave lens of focal length 0.25 m 


are kept 0.75 m apart. A.parallel beam of light first passes through the convex 
lens, then through the concave lens and comes to focus 0.5 m away from the 
convex lens. (UT 1983) 


ANSWERS 


10. False The path of rays is show 


in i 


. True Angle of refraction ris given by sinr = T Since angle i = 0, 


sin r = 0 or r = 0 implying that the ray incident normally on a surface goes 
through undeviated. 


False The refractive index of a prism depends only on the kind of glass of 
which it is made and the colour of light. 


False The value of refractive index depends also on the colour of light under- 
going refraction. 


True The critical angle i. is given by 


Lis 
He 


sin ie = 


When the ray travels from- glass to water, sin ie =. When it travels 
Li 


PNE 

B i, 3 ? E 

from glass to air, sin K = c5. Thus —— = He — = showing that i¢ 
Be sin ie Be 4 


< torii es 
False A hollow prism does not produce a spectrum of white light because air 
does not disperse white light into its constituent colours. 


False The refractive index of glass. for red light is less than that for violet 
light. Thus red light travels faster in glass than violet light. 


True When a convex lens is immersed in water, its focal length increases. 


Hence the lens becomes less convergent. 
tive index. Since the 


False The focal length of a lens depends upon its refrac 
the focal length of a 


refractive index is different for lights of different colours, 
lens will be different for lights of different colours. 


True The path of rays is shown in Fig. 16.42. 


Fig. 16.42 


in Fi i d by the 
n Fig. 16.43. The image forme 
ge concave lens. It is clear that the 


ject for the : 
: s,hence it produces the image 


convex lens serves as the virtual o 
ve len: 


virtual object is at the focus of the conca 


16.5 
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at infinity. Thus a parallel beam, after refractions through the two lenses, re. 
mains parallel and will, therefore, not come to focus at any finite distance from 
the concave lens. 4 


Fig. 16.43 


MULTIPLE-CHOICE QUESTIONS 


Choose the correct answer from the given alternatives, 


1, 


N 


w 


Which of the following parameters does not change when light travels from aii 
into a glass slab? 


(a) Velocity (b) Wavelength 
(c) Frequency (d) Amplitude 


- The refractive index of a glass prism depends upon 


(a) the angle of the prism 

(b) the angle through which it deviates an incident beam of light 
(c) the colour of the incident light 

(d) the intensity of the incident light 


- The angle of deviation (8) by a prism is measured for various angles of incidence 


(i) of monochromatic light. Which one of the graphs shown in Fig. 16.44 cor- 
rectly represents the variation of 8 with i?: 


re 


Fig. 16.44 


» A prism of refractive inedx of V2 has arefracting angle of 60^. At what 


angle must a ray be incident on it so that it suffers a minimum deviation? 
(a) 30° (b) 45° 
(c) 60* (d) 75* 


- A ray of light in a medium Of refractive index p; is partly reflected and refract- 


ed at the boundary of a medium of refractive index #2, as shown in Fig. 16.45. 
If ZBOC = 90°. The value of angle i is given by 


11. 


Fig. 16.45 


(a) tan^! (pi/ po) (b) tan (us/p1) 
(c) sin? (p/w) (d) cos-! (ni/n3) 


. A glass slab of thickness 8 cm contains the same number of waves as 10 cm of 


water when both are traversed by the same monochromatic light. If the refrac- 
tive index of water is 4/3, the refractive index of glass is 

(a) 5/3 (b) 5/4 

(c) 16/15 (d) 3/2 


. A rectangular block of glass of refractive index # and thickness d is placed over 


an ink dot made on a piece of paper lying on a table. When viewed from above, 
the dot will appear to be raised by an amount given by 


(a) (1+4)¢ œ (1-4)a 
@ ae (gu ie 


(1 (-3 


. Two transparent media A and B are separated by a plane boundary. The speed 


of light in medium A is 2.0 x 10* m s-! and in medium B 2.5 x 10° m s^, The 
critical angle for which a ray of light going from 4 to B is totally internally 
reflected is 

(a) sin! (1/2) (b) sin! (2/5) 

(c) sin"! (4/5) (d) sin (1/2) 


. A convex glass lens (u, = 1.5) has a focal length of 8 cm when placed in air. 


What is the focal length of the lens when it is immersed in water (p, = 4/3)? 


(a) 4 cm (b) 8 cm 
(c) 16 cm (d) 32 cm 


. A plano-concave lens is made of glass of refractive index 1.» and the radius of 


curvature of the curved face is 50 cm. The power of the lens is 
(a) — 1.0 D (b) - 0.5 D 
(c) + 1.0 D (d) + 0.5 D 


of focal length 100 cm 


0 cm and a concave lens Á 
Made o of the combination? 


are separated by a distance of 10 cm. What is the power 


(a) 4- 1.5 D (b) + 1.2 D 
(c) — 0.6 D (d) zero 
- How will the image formed by a convex lens be affected if 
the central portion of the lens is wrapped in black paper, as rei 


Shown in Fig. 16.46? 
(a) No image is formed by the remaining portion of the lens 
(b) The central portion of the image will be absent 


(c) The full image is formed but it will be less bright ii 
(d) There will be two images, one due to each exposed half Fig. 16. 
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- The equi-convex lens, shown in the figure, has a focal length f. What will be the 


focal length of each half if the lens is cut along 4/B? [see Fig. 16.47] 


lA 
(a) f/2 (b) f 
(c) 3f/2 (d) 2f 
. A person can see clearly only upto a distance of 30 cm. He wants 
to read a book placed at a distance of 50 cm from his eyes. What is 
the power of the lens he requires for his spectacles? 
(a) — 1.0 D (b) — 1.33 D 
(c) — 1.67 D (d) — 20D 
A person with defective eyesight is unable to see objects clearly 1 
nearer than 1.5 m. He wants to read a book placed at a distance IB 


of 30 cm from his eyes. Find the power of the lens he requires for Fig. 16.47 
his spectacles. 

(a) + 2.67 D (b) — 2.67 D 

(c) + 2.5 D (d) — 2.5 D 


- An object, a convex lens of focal length 20 cm and a plane mirror are arranged 


as shown in Fig. 16.48. How far behind the mirror is the final image formed? 
(a) 20 cm (b) 30 cm 
(c) 40 cm (d) 50 cm 


Lens Mirror 


S 


*——i2cm——5^*—10cm— 
Fig. 16.48 


- A small plane mirror is rotating ata constant frequency of; rotations per 


second. With what linear velocity (in m s7!). will a light spot move along a 
spherical screen of radius of curvature of R metres if the mirror is at the centre 
of curvature of the screen? 

(a)anR (b) 2r n R 

(c) Av n R (d)2nR 


- A ray of light incident normally on face AB of an isosceles prism travels as 


shown in Fig. 16.49. The least value of the refractive index the prism must have 
should be 


(a) v2 (b) 1.5 
(c) V3 (d) 2.0 


IX E 
C B 
Fig. 16.49 


19. 


20. 


t2 
nv 


28 


. An object is placed ata distance of 


. When a telescope is in normal adjustment, 


. Monochromatic light is refracted 


27. The layered lens shown in Fig. 16. 
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The principal section of a glass prism (# = 1.5) is an equilateral triangle. A 
ray is incident normally on one of the faces The angle between this ray and 
the ray that leaves the prism is 

(a) 60° (b) 90* 

(c) 120* (d) 180* 

A plano-convex lens is made of glass of refractive index 1.5. The focal length 
f of the lens and radius of curvature R of its curved face are related as 

(a) f = R/2 (Df =R 

(c)f=2R (df-—32R 


. A thin convergent glass lens (p, = 1.5) has a power of + 5.0 D. When this lens 


is immersed in a liquid of refractive index p; it acts as a divergent lens of focal 
length 100 cm. The valve of #; must be 

(a) 4/3 (b) 5/3 

(c) 5/4 (d) 6/5 


. The distance between an object and a divergent lens is m times the focal length 


of the lens. The linear magnification produced by the lens will be equal to 


(a) m (b) 1/m 
1 
(c)(m + 1) @ (m + 1) 


20 cm from the curved face of a plano- 
lens is silvered. Itis found that the real 
he refractive index of the 
he curved surface of the 


convex lens; the plane surface of the 
image of the object coincides with the object itself. If t 
material of the lens is 1.5, the radius of curvature of tl 


lens is 
(a) 10 cm (b) 20 cm 
(c) 30 cm (d) 40 cm 


. The dispersion of light in a medium implies that 


(a) lights of different wavelengths travel with different speeds in the medium. 
1 with different speeds in the medium 


(b) lights of different frequencies trave k dr 
(c) the refractive index of the medium is different for different wavelengths 
light 


(d) all of the above 
the distance of the objective from 


the eye-piece is found to be 100 cm. If the magnifying power of the telescope, 


at normal adjustment, is 24, the focal lengths of the lenses are 
(8),96/6 uU ET (b) 90 cm, 10 cm 
(c) 80 cm, 20 cm (d) 50 cm, 50 cm i 
from air into glass of refractive i 
ratio of the wavelengths of the incident and refracted waves 15 
0 131 (01:4 

(anat (d)u*:1 

50 is made of two kinds 
laced on its principal axis. 
tween layers are ignored, 


ndex p. The 


of glass. A point source of light is p. 
If reflections from the boundaries be 


the lens will form 
(b) two images 


(d) infinite images 
b of 


(a) only one image 
(c) no image at all 
How much time will light take to traverse à glass sla 
thickness 10 cm and refractive index 1:5? 
(a) 0.5 x 107? s 

(c) 2 x 1075s 


(b) 1.5 x 107* s 
(d)3 x 1075 
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29. A glass prism ABC of refractive index 1.5 is immersed in water of refractive 


index 4/3 as shown in Fig. 16.51. A ray of light incident normally on face AB 
is totally reflected at face AC it 


(a) sin @ > 8/9 (b) sin 0 < 2/3 
(c) sin 8 = 4/3]2 (d) $ < sin 0 < 8/9 


Fig. 16.51 


30. What is the relation between refractive indices », pı and us if the behaviour 


of light rays is as shown in Fig. 16.522 


(a) > us > py (b) à < ps < pi 
Ou < usu — yu, (d) ps < ui; p = ua 
d H2 


Fig. 16.52 


31. A lens forms a sharp image on a screen. On inserting a parallel sided glass 


32. 


slab between the lens and the screen, it is found necessary to move the screen a 


(a) d/u (b) ud 


m 


A convex lens is Placed between an object and a screen which are a fixed cf 
tance apart. For one Position of the lens the magnification of the image obta'n- 
ed on the screen is m. When the Jens is moved by a distance d, the magnifica- 
tion of the image obtained on the same screen is ma, The focal length of the 
lens is (m > my) 


(a) 4 


(m — m) b) (m + m) 


m: ms 
(c) d p (d) d M, 
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NUMERICAL EXERCISES 


1. When a ray of light enters a glass slab, it is partly reflected and partly refrac- 
ted. If the angle between the incident and refracted rays is 150° and that bet- 
ween the reflected and refracted rays is 80°, find the refractive index of glass. 


2. One face of a rectangular glass slab of thickness 6 cm and refractive index 1.5 
is silvered. An object is placed at a distance of 8 cm from the unsilvered face. 
Find the distance of the image from the silvered face. 


3. A person looking through a telescope T just sees the point A on the rim at the 
bottom of a cylindrical vessel when the vessel is empty (see Fig. 16.53). 


Fig. 16.53 


When the vessel is completely filled with a liquid (» = 1.5, he observes a mark 
at the centre B, of the bottom of the vessel, without moving the telescope or the 


vessel. What is the height of the vessel if the diameter of its cross-section is 
10 cm? (IIT 1977) 


4. A glass plate of thickness 8cmand refractive index 1.5 is placed in air. At 
what angle of incidence should a ray strike the plate so that the reflected and 
refracted rays are perpendicular to each other? For this angle of incidence, what 
is the displacement of the ray due to refraction through the plate? 


5. A rectangular block of glass is placed on a printed page lying on a horizont 
surface, Find the minimum value of the refractive index of glass for whic! 


UM i i lock. 
letters on the page are not visible from any of the vertical sides of ap Db 


6. A glass prism ABC of refractive index 1.5 is lowered into pter ke 
16.54. What is the minimum value of Z ABC so that a ray of ligi 


540 


10, 


13, 
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mally on face AB is totally reflected at face BC? 


Fig. 16.64 


- The principal section of a glass prism (u, = 1.5) is an equilateral triangle. A 


ray is incident normally on one of the faces of the prism. Find the angle between 
the incident ray and the ray that leaves the prism. 


- A glass prism has a refractive index of 1.66 and a refracting angle of 60°. Find 


the minimum deviation and the corresponding angle of incidence. 


- A prism of refracting angle 60° produces a deviation of 40° for two angles of 


incidence which differ by 11°. Determine the refractive index of the material of 
the prism. 


The refracting angle of a prism is 4 and it produces a minimum deviation of 
(180° — 24). Show that the refractive index of the prism is given by 


enc; 


- A ray of light falls at grazing incidence on one of the faces of a prism of refrac- 


tive index j and refracting angle A. Show that the angle of emergence is given 
by 


sin e == (pï — ])i/t sin 4 — cos A 


» One face of a 60° prism of refractive index 1.5 is covered with a film of a liquid 


of refractive index 1.3. Find the angle of incidence of a ray on the uncovere 
face which will just be totally reflected at the liquid-covered face. 


, d 
A mark made on the Surface of a spherical glass vessel of radius 20 pt Bi 
with water (# = 4/3), is viewed along a diameter through the opposite k^ fi 
the vessel. Neglecting the effect of glass, find the distance of the image fro 
mark. 


3 ally 
+ A Blass hemisphere of radius 5 cm and refractive index 1.5 is placed centr 


the 
over a mark (i) with the flat surface and (ii) with the curved surface ES 
hemisphere in contact with the object. In each case, find the position O' 
image when viewed from above. 


0 cm. 
- The two surfaces of a concave lens are of radii of curvature 10 cm and 3 


RN. PESE T$ 
If the refractive index of the lens is 1.5, find its focal length when it is imme 
in water (p = 4/3). 


16. 


17. 


18. 


19. 


20. 


22. 


23. 


24. 


25. 
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An object and a screen are set up 80cm apart. There are two positions at 
which a convex lens forms a real image on the screen, the magnifications in the 
two cases being 2/3 and 3/2. Find the focal length of the lens. 


A convex lens forms an image of magnification 1.8 ona screen. When the 
screen is moved through 5 cm, the image is re-focussed, the new magnification 
being 2.0. Find the focal length of the lens. 


An object gives a real image magnified four times at 120 cm from the second 
principal focus of a lens. Find the focal length of the lens. 


A plano-convex lens of focal length 15 cm, is fixed on the side of a box with 
the convex surface outside. An object 5 cmhigh is placed at 25 cm, from the 
lens. Find the position and size of the image when the box is (a) empty and (b) 
filled with water. Refractive index of lens — 1.5 and that of water — 4/3. 


Show that the focal length of an equi-convex lens of refractive index 1.5 is equal 
to the radius of curvature of either face of the lens. 


. A converging lens A of focal length 6 cm is mounted vertically at a distance of 


10 cm from a screen S. A diverging lens B of focal ength 12cm, is mounted 
coaxially between the converging lens A and the screen S so that an image of 
an object 24 cm from A is focussed on the screen. What is the distance between 
A and B. 


A thin equi-convex lens of glass of refractive index 1.5 and radius of curvature 
of surfaces 24 cm is placed on a horizontal plane mirror. When the space bet- 
ween the lens and the mirror is filled with a liquid, a pin held 40 cm vertically 
above the lens is found to coincide with its own image. Calculate the refractive 
index of the liquid. 

A thin plano-convex lens of radius of curvature 30 cm acts like a concave mir- 
ror of focal length 30 cm when its plane surface is silvered. What is the refrac- 
tive index of the material of the lens. 


A convex lens of focal length 15 cm is placed coaxially ata distance of 5 cm 
from a convex mirror. When an object is placed on the axis ata distance of 
20 cm from the lens, its image is found to coincide with the object. Calculate 


the radius of curvature of the mirror. 


The dispersive powers of crown and flint glasses are 0.015 and 0.030, respec- 
tively. Calculate the focal lengths of the lenses (made af crown and flint glass) 
which form an achromatic doublet of focal length 60 cm when placed in con- 
tact. 


26. A compound microscope has an objective of focal.length 5 cm and an eyepiece 


27. 


28. 


29. 


of focal length 10 cm separated by a distance of 16 cm. Find the magnification 
of the image formed at a distance of 25 cm from the eyepiece. 
focal length 100 cm and an eye- 


f the objective is 5 cm. Find the 
aration between the lenses and 


An astronomical telescope has an objective of 
piece of focal length 20cm. The diameter o 
magnifying power in normal adjustment, the sep: 
the diameter of the image. 

is 2.4 cm. Where should a con- 


The distance between two point sources of light s ; 
: ween them to obtain the images 


verging lens of focal length 9 cm be placed bet 
of both sources at the same. point? 


-i ject 
A lens of focal length 30 cm produces on à screen a sharp E T p d 
that is at a distance of 40 cm from the lens. A parallel-plane p wet: ; po de 
9 cm is placed between the lens and the object perpendicular to the axis 
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lens. Through what distance should the screen be shifted for the is;:age to re- 
main distinct? The refractive index of the glass of the plate is 1.8. 


30. A parallel beam of rays is incident on a converging lens of focal length 40 cm. 
Where should a diverging lens of focal length 15 cm be placed so that the beam 
remains parallel after passing through the two lenses? Draw a ray diagram to 
show how the rays pass through the lenses. 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (c) 2. (c) 
5. (b) 6. (a) 
9. (d) 10. (a) 
13. (d) 14. (b) 
17. (c) 18. (a) 
21. (b) 22. (d) 
25. (a) 26. (c) 
29. (a) 30. (c) 


NUMERICAL EXERCISES 


1. 1.58 
2. 10 cm 
3. 8.45 cm 
4. 56.3°, 3.69 cm 
Stsl 
6. 62.5° 
7. 120° 
8. 52.25, 56.1° 
9. 1.53 
12. Zero (normal incidence) 
13. 20 cm 
14. (i) at the centre of hempisphere 
(ii) 10/3 cm from top 
15. 60cm 


3. (d) 4. (b) 
7. (b) 8. (c) 
11. (b) 12. (c) 
15. (a) 16. (c) 
19. (c) 20. (c) 
23. (a) 24. (d) 
27. (b) 28. (a) 
31. (c) 32. (a) 

19.2 cm 

25cm 

30 cm 


. (a) 37.5 cm, 7.5 cm 


(b) 50 cm, 10 cm 


. 4cm 

. 1.4 

JRS 

. 55 cm 

. 30 cm, —60 cm, 
x 247 

. 5, 120 cm, 1 cm 


28. 6 cm from one source and 18 cm 


29. 
30. 


from the other 


60 cm 
25 cm from converging lens 
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Wave Nature & 
Interference of Light 


17.1 REVIEW OF BASIC CONCEPTS 


17.1.1 Wave Nature of Light Light is an electromagnetic wave which does 
not require a material medium for propagation. The electric and magnetic 
fields vary in space and time resulting in the propagation of an electromag- 
netic wave even in free space. What is propagated is the electromagnetic 
energy, i.e. the energy associated with the oscillating electric and magnetic 
fields of the wave. The electric field varies in space and time as 


B= Asin er —x) | = asin2s(m— 7) 


Which represents a wave of amplitude A, wavelength A, wave velocity c, 
travelling in the + x direction. In free space (or air) the value of 


c=3 X10? miss 


Amplitude Amplitude A is the maximum value of the electric field of the 
wave, 


Wavelength Wavelength A is the shortest distance between two points on 
à wave which differ in phase by 2 7 radians. 


Phase Phase ¢ of a wave ata point x and a given time t is given by the 
argument of the harmonic function (sine or cosine) representing the wave, 
ie. 


= Tet Da (m =) 


ue Difference Suppose two waves meeting at a point P are represented 


E; = Aisin f 2r (n:- 3) 
Az sin | 27 (n.i 72) 


Where *; and x, are paths of the waves upto point P where they meet. The 
Phase difference 4 $ between them at that point P and at time ż is given 
2v 


and E; 


Il 


X1 x2 
0 = (di = $2) =29 my —m)t— 2 I eal 
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1. If the two waves have different frequencies, i.e. nı # m2, then A, M 
and 4 ¢ depends on time r. 


2. If n, = m, then A; = A}. In this case 


4$ = ae (x2, — xi) 


or Phase difference — s X (path difference) 


i.e. the phase difference is independent of timé and depends only on the 
path difference (x. — xı). This holds only if the two sources of waves are 
‘coherent’, i.e. they have a constant fixed phase relationship. 


Intensity The intensity of a wave at any point in its path is proportional 
to the square of its amplitude at that point. If the medium is non-disper- 
sive, the amplitude of the wave is constant throughout its path. 


17.1.2 Reflection and Refraction of Light When a light wave falls on a 
reflecting surface, it is reflected obeying the usual laws of reflection. When 
a wave travels from one medium into another, its velocity and wavelength 
undergo a change and the wave is said to suffer refraction. The frequency 
of the wave does not undergo any change in refraction (and reflection). If 
vı is the velocity of the wave in the medium in which the incident wave 
propagates and uv, is the velocity of the wave in the medium in which the 
refracted wave propagates, then ‘yp, the reflective index of the second 
medium with respect to the first, is defined as 


where A, and A, are the wavelengths of the same wave in the two media. 
The frequency of the refracted wave remains the same as that of the inci- 
dent wave. 

When a wave, travelling in a rarer medium, is reflected at the boundary 
of a denser medium, the reflected wave suffers a phase change of 180° (or 
2 m radians) in relation to that of the incident wave. No phase change 
occurs if a wave, travelling in a denser medium, is reflected at the boundary 
of a rarer medium. The refracted wave, in both cases, does not undergo 
any phase change. 


17.1.3 Interference of Light When two or more light waves meet (or super- 
pose) at a point in a medium, the electric field of the resultant wave can be 
obtained by using the principle of superposition which states that the. 
resultant electric field is given by the algebraic sum of the individual electric 
fields, at that point, due to the individual waves, i.e. 


E-E- EG... 


resulting in a change in amplitude (and hence in intensity) at that. point. 
The phenomenon in which the intensity of light at a point is modifie by 
the superposition of two or more waves is known as interference. 


17.1.4 Young's Double Slit Interference Experiment Figure 17.1 illustrates 
the simple experiment devised by Thomas Young to show interference O 
light waves. Light from a source S illuminates two narrow slits 5; and $z 
which are very close together and'equi-distant from S. 
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Slits Sı and S2 serve as the two virtual light sources. Since these sources 
are derived from the same primary source S and since they are equidistant 
from S, the two virtual sources are coherent, i.e. waves diverging from 
them have the same phase and the same wavelength. If À isthe wavelength 
of the monochromatic light emitted by S, the waves diverging from 5, and 
S», on reaching the point P on the screen, can be written as 


E, = A sin 2 (e1 — x) = Ay sin (w t — 4) 


and E, = Asin a (ct — x) = A sin (wt — 4j) 


Screen 


Fig. 17.1 


ae E = is the path 
where x, = S,Pand x, = SP. (SjP — S,P) = (x2 — xı) is t a 
difference between them at point P and (42 — $1) = ġ is aee 
rence between them. From the principle of superposition, the 
wave at point P is given by 


E=£,+& 
= A, sin (wt — 4) + 42 sin (ot — $2) 
which may be recast in the form 
E = Asin (wt — 9) 
Where the resultant amplitude A is given by 
A? = A} + A} + 2 A, Ar 008 d Qu 
The resultant intensity Z oc. A? 


; ; i i if A? 
Constructive Interference The resultant intensity I M rci od l 
is maximum. From Eq. (17.1) it is clear that 4° is max 


cos¢ = + 1 
i $ = 0, 27, 47,... etc. 
i $ = 2mm; m = 0, l, 2, . . < ete 
H 274 2m: 


or A = ma 
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where ¢ = 224 24 = x — x; = S,P—S,P being the path difference, 


The maximum value of 4? is 
Abax = (4i + Ar? 
If S; and S; are equidistant from S, A, = A, = A (say). Then 
Al = 44? 


and ) YE 


where Jy is the intensity of each interfering beam. The interference is said 
to be constructive. Thus, for constructive interference 


Phase differenced = 2 m m (17.2) 
Path difference 4 = m À (17.3) 
where m —0,1,2,...etc. isan integer. 


Destructive Interference The resultant intensity will be minimum if A? is 
minimum, i.e. if 


cos ġ = — 1 
or $ =n, 3m, 5m... 
or ¢=(2m+1)7 


The minimum value is given by 
Ania = (4, — A3* 


If Av = Az then 42n = 0. Hence Imin = 0. The interference is said to 
be destructive, Hence, for destructive interference, 


Phase difference ¢ = (2m + 1) « (17.4) 

or Path difference 4 = (m + a) A (17.5) 
where m= 0, 1, 2, ... etc. 

At maxima, the. waves reinforce each other and at minima they’ cancel 


ou each other. These maxima and minima constitute the bright and dark 
ringes. 


Fringe Width _ The distance of the mth bright fringe from the centre of the 
fringe system is given by (see Fig. 17.1) 


Ym = mA A (17.6) 


The dark fringes satisfy the relation: 
Yn = (rm = 9) AD ara 


The separation between two consecutive bright or dark fringes is the 
same and is called the fringe width (B) 


Fringe width B — =D : (17.8) 
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The fringe width is directly proportional to wavelength (A) and the slits- 
scen distance (D) and inversely proportional to the distance (d) between 
the slits. 


Coherent Sources We do not observe any interference pattern if the two slits 
S, and S; in Young's experiment are illuminated by two separate sources 
of monochromatic light. The reason is that two independent sources are 
not coherent, i.e. they do not emit light waves having a constant phase. 
The phase of light waves emitted by an ordinary source remains constant 
only during a very short time interval ~ 10-3 to 10-'? second. This is 
called the coherence time of source. 

Equation (17.1) tells us that the resultant intensity of light ata point on 
the screen depends on the phase difference (9) between the two interfering 
waves. This phase difference depends upon two factors—(1) the initial 
phase difference between the waves emitted by the two sources and (2) the 
phase difference resulting from the path difference for that point. The ini- 
tial phase difference depends upon the time and hence remains constant 
only for about 107? to 10-19 second. Thus the resultant intensity changes 
so rapidly with time that, due to persistence of vision, we are unable to see 
the interference pattern. Thus, non-coherent sources cannot produce sus- 
tained interference effects, We conclude that, for a steady interference 
pattern, the following two conditions must be satisfied. 


1. The two sources must be coherent 
2. The wavelength of the interfering Waves must be the same. Thus, 
only monochromatic coherent light sources produce observable interfe- 


rence pattern. 
17.1.6 Displacement of Fringes If a thin transparent plate is introduced in 
the path of one of the interfering waves, it is observed that the entire fringe 
system (or pattern) is shifted through a distance given by (see Fig. 17.2) 
D 
Joc (p — Dt 
where u = refractive index of the plate for the light used 


and t = thickness of the plate. 


. i hich the plate 1s 
The shift takes place towards the wave 1n the path of w 
introduced, puc in the figure. The introduction of the plate has no 
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effect on the fringe width. The shift oceurs because the original path diffe. 
rence (S,P — S,P) is changed by (u — 1) z. 


17.2 FORMULAE 


vi Ài 


v2 A, 


where A, and A, are the wavelengths of the same light in medium 1 and 
medium 2 respectively. 


2. If two coherent waves of amplitudes 4; and Az superpose at a point 
Where the phase difference between them is $, the resultant amplitude A is 
given by 


A= (AÌ + Ad + 2 A, Az cos $)" 


3. Phase difference — ke x (path difference) 


4. For constructive interference 
; $—2mm 
or 4=md m = 0, 1, 2, etc 


and Amar = Ai + A 

5. For destructive interference, 

$-—Qm-1)« 

or 4=(m+4)a 
and Amin = Ay — A, 

6. In Young’s double slit interference experiment, the positions of the 
mth bright and dark fringes with respect to the centre of the fringe pattern, 
are 


For mth bright fringe Vm = mA M 


For mth dark fringe Ym = (m—3)A a 


For both bright and dark fringes, the fringe width is given by 


where A 


wavelength of monochromatic light used 
distance between slits and the screen 
d = separation between the two slits 


o 
I 
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7. If a transparent plate of thickness ¢ and refractive index is intro- 
duced ee the path of one of the interfering waves, the entire fringe pattern 
shifts by 


D 
Jo = 7 


17.5 NUMERICAL EXAMPLES 


Example 1: Sodium light of wavelength 5890 À is incident on a boundary 
separating air and glass. If the velocity of light in air is 3 x 10° m s-t, 
calculate the velocity and wavelength of sodium light in glass. Tbe refrac- 
tive index of glass for sodium light is 1.6. 


Solution: Refractive index is defined as 


ES 
where c — velocity of light in vacuum (or air) and vis the velocity of light 
in the medium. Hence 

LX ee e 
mo 1.6 A 
Wavelength of sodium light in air is 5890 A. Since the frequency of light 
remains unchanged on refraction, we have 


= 1.875 x 10 m s^! 


[RE 


Frequency — sa au Ue 
air glass 
À eM Uglass Xr 
Vair 
_ 1.875 x 108 x 5890 E 125À 
m 3 x 108 dans 


Example 2: A glass slab of thickness 8 cm contains the same number of 
Waves as 9 cm of water when both are traversed by the same monotoni 
tic light. If the refractive index of water is 4/3, find the refractive index 
of glass. 


Solution: Let A, be the wavelength of light in glass and },, in water and vg 
and », be the respective velocities of light in lass and water. 


8 
Number of waves in 8 cm of glass =", = 3— 
L 


number of waves in 9cm of water = n, = i, 


here A, and A, are the wavelengths (in cm) of the same light in glass and 


water respectively. It is given that 


Ny c n, 

or s xn 
i ake 
a 


or wa? 
8 
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If u, and p, are the refractive indices of glass and water respectively, 
then we have 


A 
or Be = By X = 
g 


Example 3: Monochromatic light from a narrow slit illuminates two nar- 
row slits 0.3 mm apart, producing an interference pattern with bright fringes 
1.5 mm apart on a screen 75 cm away. Find the wavelength of the light, 
How will the fringe width be altered if (a) the distance of the screen is 
doubled and (b) the separation between the slits is doubled? 


Solution: d= 0.3 mm = 0.3 x 10^ m 
B = 1.5 mm = 1.5 x 107? m 
D-—7.5cm = 0.75m 

Wavelength À is given by 


_ bd 
NE D 
221.5 X0:3.x/0.3 x 10:5; 
0.75 
= 6000 x 107! m = 6000 Å 
AD 
(a) PT 


when D is doubled, fringe width £ is also doubled. 
B = 1.5 x 2 = 3.0 mm 
(b) When d is doubled, £ is reduced to half, i.e. 


Example 4: Monochromatic light of wavelength 6000 A illuminates two 
narrow slits 0.3 mm apart producing an interference pattern on a screen 75 
cm away. Calculate the Separation between (a) the second bright fringe 
and the central bright fringe and (b) the second dark fringe and the central 
bright fringe. 


Solution: (a) The separation between the mth bright fringe and. the central 
fringe is given by 


Ym = ma 2 
ya = 2A— 


^ 75 x 10-2 
= -10 (Miata LA 
2 X (6000 x 10 JEX 03 x 105 


3x 107m —3 mm 
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(b) x separation between the mth dark fringe and the central fringe is 
given by 


Yn m - 9^ 
] 75 x 102 
= zm -10' 
Ja (2 4) X (6000 x 10 ) x 03 x 103 
— 2.25 x 10? m — 2.25 mm 


Example 5: In Young's double slit experiment the slits are 0.5 mm apart 
and interference is observed on. a screen placed at a distance of 100 cm 
from the slits. It is found that the 9th bright fringe is at a distance of 
8.835 mm from the second dark fringe from the centre of the fringe pattern. 
Find the wavelength of light used. 


Solution: The distance of the mth bright fringe from the central fringe is 
D 


Ym = mr = = mB 
Where Cup ap, is the fringe width. 
ys = 9B () 


The distance of the mth dark fringe from the central fringe is 


n= m-DP -m-98 


y= 3 B Gi) 


From (i) and (ii) we get 
' 3 15 
Yo — y = 9B —-5 B= o 
It is given that y, — yz = 8.835 mm. Hence 


W 8.835 X2 = 1.178 mm = 1.178 x 10°m 


d 
N m. 
ow A D 
(1.178 x 107) x (0.5 x 107) 
JAN 1 


= 5.89 x 10-7 m = 5890 Á 


elt ; i i d with 
Example 6: When-one of the slits in Young’s experiment is covered 
a rims pale sheet of thickness 3.6 X 107* cm, tho ae fringe O00 A 
a position originally occupied by the Sae UBB ee i 


find the refractive index of the sheet. 


Solution The position of the 30th bright fringe is given by 


AD 
yn = 30 -7 
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Hence the shift of the central fringe is 


vy = 30 7P 
But PER C E DA 
Tm" 
30 = 6-10: 
30A 30 x (6000 x 10-19 
g Oh eee = os 
k = 1.5 


Example 7: In Young’s double slit experiment using monochromatic light, 
the fringe pattern shifts by a certain distance on the screen when a mica 
sheet of refractive index 1.6 and thickness 1.964 microns is introduced in 
the path of one of the interfering waves. The mica sheet is then removed 
and the distance between the slits and the screen is doubled. It is found 
that the distance between successive maxima (or minima) now is the same as 
the observed fringe shift upon the introduction of the mica sheet. Calculate 
the wavelength of the monochromatic light used in the experiment. T^ 
(IIT 


Solution: When a mica sheet of thickness ¢ and refractive index p is intro- 
duced in one of the interfering waves, the distance yọ through which the 
fringes shift is given by 


Yo = (e117 © 


The fringe width B, i.e. the distance between successive maxima (or 
minima) is given by 


AD 
and 
When the distance D between the slits and the screen is doubled, the new 
fringe width becomes 
IE SAAD 4 
Hes 2 j (ii) 
It is given that yọ = A’. Equating (i) and (ii) we get 


DD D 
d = (n — 1t di 


or A=4(u — 1)t 
_ (1.6 — 1) x (1.964 x 10-5) 


| 

| 

= 5.892 x 10-7 m = 5892 A | 
| 


ees is 8: A beam of light consisting of two wavelengths 6500 A and 
5200 A, is used to obtain interference fringes in a Young's double slit ex- 
periment. | 
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(i) Find the distance of the third bright fringe on the screen from the 
central maximum for wavelength 6500 A. 

(ii) What is the least distance from the central maximum where the 
bright fringes due to both the wavelenths coincide? 


The distance between the slits is 2 mm and the distance between the plane 
of the slits and the screen is 120 cm. (IIT 1985) 


Solution: (i) The distance of the mth bright fringe from the central maxi- 
mum is given by 


m: mAD 
Ym — d 

3,2 . 3x (6500 x 10-1) x 1.20 
ji dee 2 x 103 


= 1.17 x 103 m = 1.17 mm 


(ii) Let the nth bright fringe of wavelength A, and the mth bright fringe 
of wavelength A,, coincide at a distance y from the central maximum, then 


MAD _ 2D 


Jur e d 
Gr m Ay 065007 S 
n A 5200 4 


The least integral values of m and n which satisfy the above condition are 
m=5 and n=4 

ie. the 5th bright fringe of wavelength 5200 & coincides with the 4th 

bright fringe of wavelength 6500 A. The smallest value of y at which this 

happens is 


ee 
Ymin 


mMm Àm D 
d 


5 x (5200 x 10719) x 1.20 
= 24 MA 
210 


1.56 x 103 m = 1.56 mm 


Example 9: In Young's double slit experiment, the intensity of light at a 
Point on the screen where the path difference is dis K units; À being the 
wavelength of light used. Find the intensity at a point where the path diffe- 
rence is \/4, 


Solution: 


Phase difference — Bw x (path difference). 


or gates 


The intensity at a point on the screen is given by 


T= 7h a + cos $) 
Where J is the intensity of each interfering beam. 
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At a point where 4 = A, ¢ = 2 v. Hence, at this point, 
I —2 h (1 + cos2 7) = 4 h = K units (given) 


Thus Jo. = 5 units. 

K 
Therefore Z= 5 + cos $) 

À T à 1 
When A= E lcm PE Therefore, at this point, 


X T md s 
I= E(t + cos 3)= z units 


Example 10: Two coherent light sources of intensity ratio 25:4 are em- 
ployed in an interference experiment. What is the ratio of the intensities of 
the maxima and minima in the interference pattern? 


Solution: Let 7, and J, be the intensities of the two coherent beams and A; 
and A, their respective amplitudes. Now 


Intensity ratio A = B, therefore 
2 


i ATAT oma 
Amplitude ratio Wig ae 
i.e. A; = 5 units and A, = 2 units. 


At maxima: A... = A, + A; = 7 units 
At minima: Amin = A, — Az = 3 units 


Trax cal) Ave. f=, (7)? oy 49 
Hence LOT "UT Eum 


17.4 TRUE-FALSE STATEMENTS WITH REASONS 


A few statements are given below. We have to decide whether they are true 
or false giving, in brief, reasons in support of our answers. 


STATEMENTS 


Like sound, light cannot propagate in vacuum. 
. A filament lamp emits light having a constant phase. 
- Only coherent light sources produce a sustained interference pattern. 
- When a light wave travelling in air, enters water, its wavelength, velocity and 
frequency all undergo a change. 3 
5. When light is reflected from a plane mirror, the reflected wave is identical with 
the incident wave, except that it travels in a different direction. p 
6. In Young’s double slit experiment the fringes become indistinct if one of the slits 
is covered with cellophane paper. 


Aunin- 
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ANSWERS 


1. 


False Sound is a mechanical wave. It propagates in a medium by virtue of par- 
ticle oscillations. Hence sound cannot propagate in vacuum. But light is an eleo« 
tromagnetic wave with associated oscillating electric and magnetic fields. Since 
these fields can exist even in a vacuum, light can ppppagate in a vacuum. 


False A filament lamp emits light waves of different wavelengths and random 
phases. The phases change very rapidly with time. The phase of the emitted light 
remains constant only during a very short time interval of the order of 107*to 
10-1? second. 


True Coherent light sources emit light waves of the same wavelength and with 
a constant phase difference. Hence the resultant intensity in the interference 
pattern is independent of time, depending only on the path difference. Cons- 
equently, the interference pattern is permanent or sustained. 


False The frequency remains unchanged, the wavelength as wellas the velocity 
undergo a change depending on the value of the refractive index of water with 
respect to air. 


False The intensity (hence the amplitude), the phase and the state of polari- 
zation of the reflected wave are, in general, different from those of the incident 
wave. 


True If one of the slits in Young's experiment is covered with a cellophane 
paper, the intensity of light emerging from that slit decreases. Thus the two 
interfering beams no longer have equal intensities. Hence their amplitudes are 
also different. Consequently the resultant intensity at minima in the interference 
pattern is finite; different from zero. The pattern, therefore, becomes indistinct. 


17.5 MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the given alternatives in each of the follow- 


ing 


N 


. Which one of the following pheno 


. Monochromatic light is refracted from air into glass of refractive index n. The 


ratio of the wavelengths of the incident and refracted waves is 

(a) 1:1 (b) lin 

Ke) mis (d) nil 

mena cannot be explained by the wave theory 
of light ? 

(a) Refraction (b) Total internal reflection 

(c) Diffraction (d) Photoelectric effect 


. Two light sources are said to be coherent if they emit 


(a) lights of the same intensity 

(b) waves of the same frequency 

(c) waves of the same velocity . 

(d) waves of the same wavelength havin: 


in its original form, was first postulated by 


g a constant phase difference. 


The wave theory of light, 


(b) Christian Huygens 


(a) Isaac Newton Huy 
(d) Albert Einstein 


(c) Thomas Young 
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5. Figure 17.3 illustrates Young's double slit experiment performed with sodium 
light of wavelength À. If d < D, the fringe width 5 in the interference pattern is 
given by 


Ad 
(a) a= iP o p= t 
x à D? 
© sa @ p= +2 
| J 
1, 
| Screen 
<— D 
Fig. 17.3 


6. How is the interference Pattern in Young’s double slit experiment affected if the 
odium (yellow) light is replaced by red light of the Same intensity? 


(a) The fringes will vanish 

(b) The fringes will become brighter 
(c) The fringe width will decrease 
(d) The fringe width will increase, 


7 In Young’s double slit experiment, .if the distance between the slits and the 
Screen is doubled and the separation between the slits is reduced to half, the 
fringe width 
(a) is doubled 


(b) becomes four times 
(c) is halved 


(d) remains unchanged 

8. What happens if the monochromatic Jight used in Young's double slit experi- 
ment is replaced by white Nght? 
(a) All bright fringes become white 
(b) All bright fringes have colours between violet and red 


(c) Only the central fringe is white, all other fringes are coloured 
(d) No fringes are Observed. 


- What will happen if one of the slits, say. S, in the experiment described iii 
Fig. 17.3 is covered with a cellophane paper which absorbs a fraction of thé 
intensity of light from $,? 

(a) The fringe width will decrease 
(b) The fringes will become more distinct 


(c) The bright fringes will become less bright and the dark fringes will not be 
completely dark 


(d) No fringes will be Observed. 
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10. What happens to the interference pattern if the two slits in Young’s experiment 


are illuminated by two independent sources such as two sodium lamps S and S 
as shown in Fig. 17.4? 


(a) Two sets of interference fringes overlap 

(b) No fringes are observed 

(c) The intensity of the bright fringes is doubled 

(d) The intensity of the bright fringes becomes four times. 


I: $1 


Shield 


Screen 


Fig. 17.4 


. In Young's double slit experiment, if the slit widths are in the ratio of 1 : 2, the 


ratio of the intensities at minima and maxima will be 


(a) 1:2 (b) 1:3 
(c) 1:4 (d) 1:9 


17.6 NUMERICAL EXERCISES 


1, 


2- 


. In Young's two-slit experiment the sepa 


. What is the distance between two consec 


- Using the data given in 


- In Young's double slit experiment the 


Calculate the wavelength of yellow light in glass of refractive index 1.5 if its 
wavelength in air is 5.9x 1077 m. 

The refractive index of a sample of glass for violet light is 1.665 and for red 
light is 1.618. Calculate the difference in the velocity of light in glass for the two 
colours. 


. The wavelength of yellow light in air is 6000 A. Calculate its wavelength in 


water and glass; the rerractive indices of water and glass being 4/3 and 1.6 res- 
pectively. 


. Determine the depth of water that contains the same number of waves as 16 cm 


of glass when each is traversed by the same monochromatic light. The refractive 


indices of water and glass are 4/3 and 1.5 respectively. 
ration between 10 fringes is found to be 


5.5 mm on a screen placed at a distance of 2.0 m from the slits. If the separation 


between the slits is 2.0 mm, determine the wavelength of light. y 
utive bright fringes of Ex. 5 if the separ- 


ation between the slits is reduced to 1.0 mm and the distance of the screen from 


the slits is reduced to 1.0 m? i À 1 
Ex. 5 above, calculate the fringe width for (a) violet 


light of A = 4.5x 107? m, (b) yellow light of à = 6.0% 10-7 m and (c) red light 


of à = 7.5x107 m. 
two slits are 0.5 mm apart and the screen- 
fthe 11th bright fringe from the first 


slits distance is 100 cm. The distance o t 
bright fringe is found to be 1.178 cm. Find the wave-length of the light used. 
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9. 


In Young's double slit experiment the two slits are 0.3 mm apart. The distance 
between the screen and the slits is 90 cm. It is observed that the 4th bright fringe 
is 8 mm from the central bright fringe. Find (a) the wavelength of light used and 
(b) the distance of the second dark fringe from the central bright fringe. 


. Interference fringes are produced by a double slit arrangement anda piece of 


plane parallel glass of refractive index 1.5 is interposed in one of the interfering 
beams. If the fringes are displaced through 30 fringe widths for light of wavelen- 
gth 6x 107? cm, find the thickness of the plate. 


ANSWERS 


MULTIPLE CHOICE- QUESTIONS 


l. (c) 2. (d) 3. (d) 4. (b) 5. (a) 
6. (d) 7. (b) 8. (c) 9. (c) 10. (b! 
11. (d) 


NUMERICAL EXERCISES 


= 
e 


CeO NAKA WH = 


- 3.931077 m 
. 5.2x 10* m s~! 
. 4500 A, 3750 Å 


18 cm 
5.5x 10-7 m 
5.5 mm 


- (a) 0.45 mm, (b) 0.6 mm, (c) 0.75 mm 
. 5890 A 

. (a) 6667 A, (b) 3 mm 

. 3.6x10^* cm 
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181 REVIEW OF BASIC CONCEPTS 


18.1.1 Cathode Rays Cathode rays, now known to be made up of negati- 
vely charged particles called electrons, were discovered by making a 
detailed study of the electrical discharge through gases. The constituent 
particles of the cathode rays, i.e. the electrons, were shown to be present 
in all matter. 


18.1.2 Effect of Electric Field on the Motion of a Charged Particle When 
> 


a particle of mass zn and charge q moves in an electric field E, it experiences: 
a force 


Pegs (18.1) 
so that its equation of motion is 
dro ( 
Lan ons 18.2 
m qe kr Nd 
This gives 
7 = 2 sheer (18.3) 


akg 12207» 1 1 
where ry is the initial position vector and v, the initial velocity of the 
particle. 
> H 
Considering the particular case where (i) ro is Zero, i.e. the particle 
-> . mH * 

starts from the origin, (ii) £ is along, say, the y-axis and (iii) v is along, 
say, the x-axis, we can easily show that the path of the particle is deseri- 
bed by the.equation 


1-2:ExÀ (18.4) 


lm w 
This is the equation of a parabola. Thus the path ofa particle subjected 


to an electric field at right angles to its initial direction of motion is a 


parabola. di hort that its 
Quite often, the duration of the particle in the field is so shor : 
Path in the field can also be approximated byan arcof a circle of radius 
Ry (Fig. 18.1). 1 
Under this approximation we may Write 
2 (18.5) 


560 A Course in Physics 


After leaving the region of the field the particle moves in a straight line 
along the tangent to its path at the point where the field terminates. 


Y 


— Yo 
Xx 


Fig. 18.1 
18.1.3 Effect of a Magnetic Field on the Motion of a Charged Particle 


When a particle of mass m and charge g moving with a velocity v is sub- 
-> > 
jected to a magnetic field B, it experiences a force F given by 


> > > 
F=q(v x B) (18.6) 
The equation of the particle is 
d 2 > e» 
P TUS q (v x B) (18.7) 
This gives 
m dm. dig 
H = `. — = 18, 
o 2 ia) g (ie 
or v = constant (18.9) 


Thus the speed of the particle remains constant when it moves ina mag- 
netic field. 


Let the direction of the magnetic field be labelled as the x-axis. It can 


~ 
be shown that a particle Projected with a velocity v then moves with E 
constant speed v, along the x-axis while, simultaneously, it describes a cir- 
cular path with a constant speed vrin the y-z plane, i.e, the plane per- 
pendicular to B (Fig 18.2). 


If » is perpendicular to B then »,, = 0 and the radius Rp of the circular 
path described by the particle in the plane perpendicular to B is given by 
m 
gob = RA 
mw 
im 18.10) 
or Rp 7B ( 


This is so because, with » perpendicular to B, the force acting on the 
charged particle has a magnitude of la (v x B= quB. 
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After the particle leaves the region of the magnetic field, there is no force 
acting on it and it continues to move in a straight line which is tangen- 
tial to the circular path at the point where the field ends. 


Z z 


(b) 


Fig. 18.2 


18.1.4. Thomson's Method for e/m Measurement of Cathode Rays JJ 
Thomson determined e/m of the cathode rays by subjecting them to crossed 
electric and magnetic fields, i.e. fields that are at right angles to each other. 
He also arranged the two fields to be perpendicular 
of motion of the electrons and adjusted their sense to be such that they 
produced oppositely directed deflections in the electron beam. If the de- 
flections nullify each other for certain values, say E, and B, of the two 
fields, we must have 


e E, =evB, 
or Hye (18.11) 


If y is the deflection of the electron beam under the action of a perpendi- 
cular electric field alone, it is easy to show that 


2 
QUE z(¢) (18.12) 


2m v 


of the region over which the electric field acts and 


where | is the ‘length’ ; 
the distance of the screen from 


k, a constant of the apparatus. depends on 

the point where the electric field ‘ends’. 

Similarly if y’ is the deflection of the electron beam under the action of 
it can be shown that 


the perpendicular magnetic field alone, 


S RAD zE (18.13) 


where [' is the ‘length’ of the region over which the magnetic field acts 
andais a constant of the apparatus dependent on the distance of the 
screen from the ‘centre’ of the magnetic field. E 

We may use either of the Eqs (18.12) and (18.13) alongwith Ea. (18.11) 


to get the value of e/m. 
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See allel gel | 
1/2 ; 
or r =? Eeee (18.14) 


Here pand oare the densities of oil and air respectively, 7 is the coefii- 
cient of viscosity of air and v is the terminal velocity acquired by the free- 
ly falling oil drop of radius r. 


The electronic charge was determined from a large number of observa- 
tions by using the relation 


, 6 


(^ — Pin (18.15) 


Here v'and v” are the terminal velocities of the oil drop when it has 
charges q and q' respectively and is moving under the action of a vertical 


electric field E in addition to the force of gravity, 


Mass of the Electron The mass of the electron was calculated using the 
value of e/m obtained by Thomson and of e obtained by Millikan. 


energy of light is Concentrated in a number of small packages, each of 
energy hv where v is the frequency of light his the Planck’s constant. 
These packages or quanta of light energy were later called Photons. The in- 
tensity of a light beam jg determined by the number of photons falling nor- 


Einstein's Photoelectric Equation Einstein explained the various observed 
features of photo-electric emission by assuming that (i) electrons are emit- 
ted from the metal by the impact of Photons (ii) each photon, on impact 
gives its full energy to a Single electron, He obtained a simple equation 


bm. = hy — Ww (18.16) 


3m Aes v.) (18.17) 
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The maximum energy of the emitted electrons is determined in terms of 
the stopping potential V,. Thus 


im DAE =eV, 


h (v osse V, 


h 
or i= PEA (18.18) 
It was this form of the Einstein’s photo-electric equation that was experi- 
mentally verified by Millikan. 


18.1.7 The Bohr Model of the Atom The Bohr model of the atom is 
based on the following two postulates 

(i) An electron revolving round the nucleus can move only in certain 
special orbits, known as stationary orbits, which are such that an electron 
moving in them does not lose any energy by emitting electromagnetic radi- 
ations. These special or stationary orbits are determined by the condition 
that the angular momentum of the electron in these orbits is always an 
integral multiple of h/27: À 


myvyr-— Aue (18.19) 
2T 
where nis an integer called the principal quantum number. 


(ii) Whenever an electron ‘jumps’ from one stationary orbit of principal 
quantum number 72 to another of principal quantum number 7), it emits 
(or absorbs) a quantum of radiation whose energy hy equals the difference 
of the energies of the electron in these two stationary orbits 


hy = Ey — En (18.20) 
The Bohr formulae Using the above two postulates and Coulomb’s law, 


Bohr obtained a number of formulae for the Hydrogen atom. Thus, if 
Ze = charge on the nucleus, m = mass of the electron, e = electronic 


charge, h = Planck’s constant, we have 


^n ies 18.21) 
In Ant m Ze ( 


Where k = 1/4 me —9 x 10 N — m?/C? in the SI units. Here r, is the 
radius of the nth stationary orbit specified by the principal quantum 
number n. 


The velocity v, of the electron in the nth orbit is given by 


2 Ze (18.22) 
nh 
The total energy E, of the electron in the nth stationary orbit is given by 


27 m Z? e* (18.23) 
n 


IT 
Yn 


The negative sign indicates that the electron is in a bound state, i.e. it is 
held in check by the attraction of the positive nucleus. Fun d 
I/r?, the negative sign means that higher orbits (greater value of n) have 
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a greater energy. The energy of the electron in the first orbit of the hydro. 
gen atom is found to be — 13.6 eV Its value in the second, third, fourth 
-- - orbits are, therefore, —13.6/22 eV, —13.6/3? eV, —13.6/4? ev. | -These 
are represented on an energy-level diagram of the form shown in Fig, 18.3. 


0 n= 
—0:85eV n=4 
—1:51eV n=3 
-3:32eV n=2 

hs 
— 13.6 eV nies 1 


Fig. 18.3 


The Spectrum of Hydrogen Using the energy-level formula (Eq. 18.23) and 
the second postulate of Bohr’s theory (Eq. 18.20), it is easy to see that the 
various lines in the spectrum of hydrogen are given by 


l A» o fub wen / 
AUT Ro Z (aoa) (18.24) 
2 4 
where Ro =k? me (18.25) 


The Main Series in the Hydrogen Spectrum The various lines in the hydro- 
Ben spectrum have been grouped into the followin g main series. 


(i) Lyman series: This Series is given by the formula 


where n —2,3,4,.. 


(ii) Balmer series: This is given by 


where nm = 3,4, 5,... 
(iii) Paschen series This series is given by 


qo Ro Z(s- a) 


where n = 4, 5, ns 
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(iv) Brackett series: For this series, we have 
pes STT 
l = Re 2? (gr =) 
where n = 5, 6, 7, . etc. 
The series limits for the various series (corresponding to n = oo) are given 
by 


1 
T Re AA ihe D 


Ze j 
and 1 Ro = ic respectively. 


The transitions responsible for these different series are shown in Fig. 


18.4. 


n=5 
Fig. 18.4 


The Reduced mass of the Electron The concept of the reduced nan ks s 
electron takes into account the fact that the mass of the pep ds 
infinite, and strictly speaking, both the electron and the hrs Un edis 
considered as rotating about their centre of mass. The ‘reduce: 


electron is given by 
(18.26) 


m 
wx 
me 
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The introduction of the idea of reduced mass makes the Rydberg cons- 
4 


p3 ) dependent on the mass of the nucleus. This enables 
c 


us to have a better agreement between theory and experiment for the spe- 
ctra of other one electron systems. Such electron Systems are deuterium, 
tritium, singly ionised helium, doubly ionised lithium, etc. 


18.1.8 X-rays X-ray are produced Whenever high Speed electrons are Stopped 
abruptly by allowing them to impinge upon a suitable target, We, therefore, 
Deed a source of electrons, arrangement for accelerating these electrons, 
and a suitable target in an X-ray tube, 


the electrons are accelerated through V volts is given by 


This result is known as the Duane-Hunt law. 


of X-rays from crystals. We get reinforced diffracted X-rays from a crys- 
tal under the following two conditions 


(ii) The ‘reflections? from successive crystal planes should combine const- 


ructively. Bragg showed that this happens i 
2d sin 0 = nd (n — an integar) 


Incident 
wave front 


Reflected 


Wave front 
e e e e. ° e e 9, 
d 
e Lj . . e ° e e. e. LÀ i 
e. e ° . L] ° g ry e ° 
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where ‘d’ is the spacing of the crystal planes and Ais the wavelength of 
X-rays. This equation is known as the Bragg equation. 


X-ray Spectra The field of X-ray spectroscopy was opened up by the 
discovery of Laue and the invention of the Bragg spectrometer. We now 
find that the spectrum of X-rays produced by the impact of fast moving 
electrons on a target consists of a series of ‘bright’ lines superimposed on 
a continuous ‘luminous’ background. This background part of the spect- 
rum is the same for all target materials and is known as the'continuous spec- 
trum. The ‘bright’ lines, however, depend on the target material and make 
up the characteristic spectrum of the target. 


Intensity 


^ min 


Fig. 18. 


. The continuous part of the spectrum is explained in terms of the *brak- 
ing'or retardation of the impinging electrons by the target. The shortest 
wavelength of the X-rays produced is given by Duane-Hunt law: 


Characteristic spectrum The characteristic spectrum ofa given target is 
understood in terms of the transitions of the electron from the higher or- 
bits to the inner K, L, M shells etc. The various lines are designated as the 
Ka, Ks, K,,. . . radiations and so on (Fig. 18.7). 


.Moseley showed that for any given line of a particular series (say the K, 
line), the frequency v of the line and the atomic number Z of the target 
material are related by a relation of the type 


Vv — a(Z — b) 
Where a and b are constants. 


This relation is known as Moseley's law and proved very useful in impro- 
Ving our understanding of the periodic table. 


Absorption of X-rays The absorption of X-rays by any substance takes 
place according to the exponential law: 


I = foetum 
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Here /, and Z are the ‘initial’ and ‘final’ intensities of the X-ray beam, m 
is the mass per unit area of the absorbing substance and Em 1S referred to 
as the mass absorption coefficient of the absorber. 


n=c 
n=4 (N shell) 


nz3 (M shell) 


n=2 (L shell) 


Fig./18.7 
18.2 SI UNITS 
Tabie 18.1 
Physical Quantity SI Unit 
Name Symbol 
1 
Electric field newton per coulomb NC 
or 
volt per metre Vm! 
Magnetic field weber per (metre)? Wb m~? 
or 
tesla T 
Specific charge (e/m) coulomb per kilogram C kg" 
Work function joule or electron volt J or eV 
Planck's constant joule second J—s 
newton-(metre)? —m? C7? 
Ij4e to (coulomb): am 
Rydberg constant per metre Ino 
Moseley's constant “a” V Hertz or (second)-1/* (Hz)!* or (EA 
Moseley's constant ‘b’ Dimensionless number ims 
^ ^ (metre)? 2 kg-l 
Mass absorption coéfficient 4, kilouran) m? kg 


a REGES E NRI a 
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18.3 FORMULAE 
|, Force due to an electric field E on a charge e 
F SEAE 
2. Force due to a magnetic field B on a charge g moving with a velocity 
vis given by 
F =q (v x B) 
3. Radius ofthe circular path ofa particle of charge q, mass m ina 


EN 
magnetic field B that is normal to its velocity v 


where E, and B, are the magnitudes of the ‘crossed’ electric and magne- 
tic fields which are both perpendicular to the velocity v of a charged parti- 
cle and produce no net deflection in its path. 


5. Sok ale mo j^ 
2 Lle —o)8 


r = radius of oil drop v = terminal velocity ofthe oil drop, 7 = coeffi- 
cient of viscosity of air, p = density of oil and o = density of air. 


67 NF 
6. e = 271 (4M nin 
where e — electronic charge, E = electric field, ? = coefficient of visco- 
sity of air, r = radius of oil drop and (Av)min is the least change in the 
terminal velocity of the charged oil drop in the presence of an electric field 
When the charge on the drop is allowed to change. 


if hiv — X) =e V, 


t = Planck's constant, e = electronic charge, v. = thteshold or critical 
Tequency of the irradiated surface, V, — stopping potential needed to stop 
even the most energetic emitted electrons when the surface is irradiated 
With light of frequency v. 


8. SAT | nh 
noni SES 
2T 


m = mass of electron, v, — velocity of electron when moving in a station- 

ud pet of radius r,, h = Planck's constant and n = principal quantum 
mber of the orbit considered. 
9. hy =E; — Ei 

P "n RA 

A a equency of emitted radiation and E; and E, are the energies in the 
gher and lower orbits of principal quantum numbers 7 and m (n; > my 


10, roin AES n? k 
2 (4r? mZ e) 
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Z = atomic number of the nucleus of the one-electron system, r, = radius 
of nth stationary orbit 


T INDEQUE?) 
7 Dr 47 €, nh 
ün = velocity of the electron in nth stationary orbit 
1| \? 2a? m Z? e4 
12. B (z =) nh 
E; = electron energy in nth stationary orbit 
1 \? 27? met 
B (ae 
Reo = Rydberg constant for a nucleus of ‘infinite’ mass 
LAT 157 X a f TES 
14. xz cR(I-A) 


= wavelength of the spectral line emitted when an electron ‘jumps’ from 
a stationary orbit of Principal quantum number n, to one of principal 
quantum number n, (n, > nj). 


15. p n 
(1 + 2) 


u = ‘reduced mass’ of the electron, mand M are the masses of the electron 
and the nucleus respectively. 


16. Duane-Hunt Law 
he 
nin EL eV 
Amin = wavelength of the shortest X-rays produced when electrons accele- 
rated by a potential V are suddenly stopped, c — velocity of light. 
17. Bragg equation 
2dsin 0 = n à 


n = an integer, d = Spacing between the crystal planes considered, 6 = 
'grazing angle' of incidence, À = wavelength of X-rays used. 


18. Moseley's Law 
Vv — a(Z — b) 


y = frequency of a particular line (say the K, line) in the uerit 
X-ray spectrum of a target material of atomic number Z, a and b are C 
tants. 


19: I= hh eur 


I and J, are respectively the final and initial intensities of X-rays, p = linear 
absorption coefficient of the absorbing material, x = length of the pat 
the absorbing material covered by the x-ray beam. 


20. T= h eu, 
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where um = mass absorption coefficient of the absorber 
= mass per unit area of the absorbing substance 


184 NUMERICAL EXAMPLES 


Example 1: A proton is shot with a speed of 1.0 X 106 m/s along a line at 
an angle of 30? to the x-axis, parallel to which a uniform field of 0.20 Wb/ 
n? exists. Describe the motion of the proton. 


Solution: We know that a magnetic field acting parallel to the direction 
ofa moving charged particle does not exert a force on it. We can there- 
> 


fore, resolve the’ velocity vector v into components vy and v, along x and 
y axis respectively. As mentioned above, since the field is along x axis, v, 
would not be affected by the field. Hence the proton will move in the x 
direction with a constant velocity. 


vy = 1.0 x 106 x cos 30 m/s = 0.867 x 10° m/s 


Further, as the applied field B. is perpendicular to y component of velocity 
P the proton would travel in a circle lying in the Y-Z plane. Hence we 
ave 


2 
mv 
— = Bev 
r y 


Pire 1567505221981: 28] 


or = = 
iy BE 020x16x109 ™ 
= 2.6 x 10°? m 
j ; 2mr 2 x 3.142 x 2.6 x 10? 
T SE 
ime period T 5 0.5 x 10 s 


y 


2240:26: 2010-708 


During this time the proton will have travelled a distance parallel to the 
X-axis. This distance 


= wt = 0.867 X 106 x 3.26 x 107 m = 0.28 m 


Thus the i jv Hi ; : 
pitch monn will follow a helix like path with a radius 0.026 m and 


En 2: Two electron beams having their velocities in the ratio of 1:2 
iol heey to identical magnetic fields acting at right angles to the direc- 
ER motion of electron beams. Calculate the ratio of deflections pro- 


ation: We know that an electron moving with a velocity v when sub- 
bends ater magnetic field B acting at right angles to its direction of motion 
s along the arc of a circle such that 


m? 
Bev == —— 
Rs 


ie Rg = the radius of circular arc along which the elelectron have bent. 
BP and D; be the deflections produced in two cases and let Rp; and Rp: 
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denote the radii of circular arc along which two beams bend in the applied 
field. 


K 
D, = [» 
and D, = = 


where K is a geometrical constant of the apparatus. 


Also Ra, = Ben 
or Rg, = mv/Be 
m(Q | E m 
Further ES Be(2v) or Rp: = (2v) Be 
A. 2 
NP Y 
D, = 2 
Hence DESI 


Example 3: In Thomson’s method of determining the specific charge of an 
electron, an electric field is maintained over a length of 0.05 m between 
two parallel metal plates kept at a distance of 0.08 m with a potential 
difference of 450 V between them. The deflection on a fluorescent screen at 
a distance of 0.25 m from the field is 0.04 m. A magnetic field of flux den- 
sity 8 x 10 tesla applied over the same length as the electric field and at 
right angles to it causesa deflection of 0.06 m on the screen while acting 
alone. Calculate the value of e/m. 


Solution: An electron in an electric field E experiences an acceleration 
eE/m in the direction of field which persists for a time //v where / is the 
length of electric field. The vertical deflection suffered by the electron !s 
given by 

Eel Do EeblL 


mvv mv 
where ZL is the distance of screen from the centre of the field. Substituting 
the values we get 
_ 450 0.05 x 0.25 | e (i) 
oun lew: maces 


Similarly the deflection suffered by the electron in a magnetic field of flux 
density B is given by 


BelL|mv 
eg if 
Hence 0.06 = 8 XAOS x 207 X 0.25 * E (ii) 


Dividing square of Eq. (ii) by Eq. (i), we get 
“=| 2 
0.0036 _ 64 x 10- x (0.05 x (0.25 , 9.93 (£) 


0.04 450 x 0.05 x 0.25 
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450 x 0.0036 1 C 


T A M iu. P. 
i 5kg 


e 
g m. 004 x 0:08 64 x 10-8 x 0.05 x 0.2 
= 1.688 x 10!! C/kg 


Example 4: The following are the observations in Millikan's method of 
determining "e". 
Distance between discs — 15 mm 
P-D between discs = 4500 NV 
Radius of droplet = 1076 m 
Coefficient of viscosity — 1.83 X 1075 SI units 


Successive velocities of the droplet inthe field are 12.508 x 107^ m s^!, 
834 x 10 ^m $71, 5.56 x 1074 m sz: 1512 5c11034 m.s: 


Using above data, calculate the value of the electronic charge. 


Solution: In accordance with the theory of Millikan’s method, the electron 
charge e is given by the relation 


67 nr 
ial — (AY) min 


co the given data, we find that the minimum change in velocity is given 


(Av) min = 1.388 x 1074 m s"! 


Also zur 8800) 3 ; 
E LS x 107 Vim = 3 x 10° V/m 
ua 6 x 3.142 x 1.83 x 1075 x 1075 x 1.388: x 10*c 
.3 x 105 


2:91:597/5« 107191 


Example 5: A radio station operates at a frequency of 108.7 MHz with a 


power oui : c 
the BRUM of 250 kW. Determine the rate of emission of quanta from 


Solution: Let E be the energy of each quantum. 
E = hy = (6.63 x 107% J-s) X (108.7 x 106 s7!) 
=) 71:20-10:75 T 
L 
et the no. of quanta emitted per unit time be N 


Fu wy 
rther the rate of emission of quanta, i.e. 


number of quanta _ power output 
time energy of each quanta 
Thus N = 250 x 19 Js: x ,Lguantum | 
7:20^x: 107*6 J 


— 3.4 x 10?? quanta/second 
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Example 6: Light of wavelength 2000 A falls on an aluminium surface 
(work function of aluminium 4.2 eV). Calculate 


(a) the kinetic energy of the fastest and slowest emitted photo-electrons 
(b) stopping potential 
(c) cut off wavelength for aluminium. 


Solution: (a) We know that 

hc 

À 

- 6.62 x 10-4 x 3 x 108 
2000 x 10-19 


6.62 x 3 x 1026 
~ 2x 107x L6 x 19-5 €V = 6.20 eV 


Energy of photon — 


J 


Energy of the fastest emitted photo-electron = A v — Wo 
(where wo is the work function) 
= (6.2 — 42) eV = 2.0 eV 
Since the emitted electrons from a metal surface have an energy distri- 


bution, the minimum energy in this distribution being zero, the energy of 
slowest photoelectrons is also zero. 


(b) Since eV, = $ m vimax Where 1/2 m v, is the maximum energy of 


the emitted photo electrons and V, is the stopping potential, the stopping 
potential is 2 V. 


(c) The threshold frequency is related to the work function by the rela- 
tion 


S 


: 1 _ W 4.2 x 1.6 x 10-1? J 


kh he- 662 x 107]: x 353 TU Rz 
Ao = 3 X 107? m = 3000 À 


Example 7: Calculate the strength of the transverse magnetic field required 
to bend all the photo electrons within a circle of radius 50 cm when light 


Solution: We know that 


"bo, aux quta. 


2 A 
2[hc 
: 34 EAS liem 
E U max = m [ X «] 
2 6.63 x 10-4 x 3 x 108 ii 
“9.11 x 10-3 | 47x07 —2.5 x 1.6 10 g 
T e AN 


= O NE [4.97 = 4] «10-9 (m/s)? 


= 0.2129 x 10? (m/s)? 
Umax = 4.62 X 105 m s7! 


[ 
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When electrons moving with Umax = 4.62 x 105 m/s enter the magnetic 
field, we have 


2 
mu 
BOD san = x. 
Rmax 
m v, 
Inc max 
e Rra 


9.11 x 1023! x 4.62 X 105 
1.6 x 107? x 0.5 


= 5.26 x 107° tesla 


Example 8: Determine the region of the electron spectrum which liberates 
photo-electrons from potassium. Given that the work function of potassium 
is 2.24 eV. 


Solution: The photo-electric equation is 


hy = mv. + $ 


where ¢ is the work function of the photo sensitive surface. When electrons 
are just liberated, » = 0 and the corresponding frequency is 


$ 224 x L6 x" 10-9 
pa 6.6 x 10? 


= 5.43 x 1014 Hz 


tesla 


l 


sg! 


But since A = E , the wavelength is 


E urnas X O 
5.43 x 101 


Thus we find that all wavelen i 
elengths shorter than 5520 À cz 
electrons from potassium. anys 


m = 5.520 x 107 m = 5520 Â 


Example 9: Ultraviolet light of wavelength 800 A and 700 A when allowed 
pal Be dropen atoms in their T icd state is found to liberate elec- 
v ith kinetic ene 1.8 eV and 4 i i 

caa ES CNET e eV respectively. Find the value of 


Solution: We know that when a i 
` : 10W photon of a given energy E = hv = hc[A 
A Ex to be incident on a hydrogen atom, its energy is Darti d ho 
ay y the ionisation energy Æ; of the hydrogen atom and the remaining 

Part appears as the kinetic energy K of the free electron. 
Thus we have 

he 

Da Hite 


For photons of wavel 
i ength 4, = 800 À and A, = 700 A, the 
liberated electrons is Ki = 1.8 eV and K; = 4.0 eV respectively. ^. Sepe 


Thus we have 


À 
and he 
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Subtracting 
A e =! = i) = K T K 
Az 1 : 
= (K2 —K)AA 
or Hs 20; =a) 


substituting the Values, we get 


[oe (4.0 — 1.8) x 1.6 X 10-'? x 8x 10-* X7x 101 
ah 3 x 10* x (8 — 7) x 1033 


6.37 x 10-*J s 


Example 10: Calculate the nearest distance of approach of an «-particle 
- ofenergy 2.5 eV being scattered by a gold nucleus (Z — 79). 


Solution: We know that the electrostatic potentia! at a distance x due to 
the nucleus is given by Ze/4 m €9 X 
where Z e is the charge on the nucleus. 

The potential energy of an « particle when it is at a distance x, from the 
nucleus is given by 


Ze M pu ed 
4 mex E ea) 


2 e being the charge on « particle. 


Since the « particle is momentarily stopped at a distance x, its initial 
kinetic energy is completely changed into potential energy 


IE ARE. 
QUA |4m7e6x 
MUTA PE 
e 


Now energy of « Particle = 3 m ;2 = 2.5 MeV 
= 25 x 106 x 1.62 x 10-1? J 
= 2.5 X L62 x 10-13 J 


Substituting the values we get 
x as SSM NGS 6, sc OTRO c 10 T 
2.5 X 1.62 x 10-13 
= 8.984 x 10-14 m 


Example 11: The Rydberg constant for hydrogen is 10967700 m-!, Calw. — | 
late the short and long wave length limits of Lyman series. 


Solution: For Lyman Series, the wave nnmber is given by 
1 1 1 
j= i = Ry (5 t 2) 


For the short wavelength limit (422). n = oo 
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l 


ae 1 1 ! 
or Nee y um Ru (b 3 +) = Ra 


A= bons ere m 
s= Ry 10967700 
= 9.116 x 10-3 m — 911.6 A 


For long wavelength limit (A = à)n-2 


eral 1 1 3 
ML - Be (am a) = at 


Example 12: How many times does the electron go round the first Bohr 
orbit of hydrogen in 1s? 

Solution: We know that the distance travelled by electron in traversing 
the first Bohr's orbit is given by 27r where r is the radius of the first Bohr 


orbit. 
Now the radius of the first Bohr orbit is given by 
4 (4 v €) 
r= 74 mime 


i 
s 342 
(6.6 x 10-4 X gp 


1 
X Fx 1427 x 94 x 10?! x (L6 X 10-59 


— 0.5292 x 10- m 


If T is the time taken by the electron to traverse the first Bohr orbit, then 


qua 


where v is the velocity of electron in the first Bohr orbit and is given by 


2«g 2x 3.142 x (16 X 10-92 x 9 X 10 as 
(47) h | 6.6 x 107? 
= 2.19 x106m s^ 
T-27X 0.5202 x 107. 
2.19 x 106 


oy of revolution of electron round the first Bohr orbit is given 


. Number of times the electron goes round the first Bohr orbit in one 


Second is given by 

er. o 2.19 x 109 H 

AL oL 0 x igz 
T ^2x3442 x 0.5202 x 10% 


= 6.57 X 10/5 Hz 


— 
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Example 13: Electrons of energy 12.2 eV are fired at the hydrogen atoms 
in a gas discharge tube. Determine the wavelengths of the lines that can 
be emitted by hydrogen. 


Solution: When electrons of energy 12.2 eV are fired at the hydrogen atom, 
the hydrogen atom would absorb this amount of energy. Assuming that 


Excited = Ey a7 12.2 eV 
where Ey = — 13.6 eV is the energy of the electron in the ground state, 
excites = — 13.6 eV + 12.2 eV = — 1.4 eV 
The value of n Corresponding to this state is given by the relation 
E, 
Excite m E 
13.6 eV 
or 14eV = — Qum 
or n= 3.12 
Since n must be an integer, the highest state that can be reached corres- 
ponds to n = 3. Therefore three transitions Corresponding to states 3 > 2; 


2 — 1 and 3 — 1 are possible. Denoting by Àj, 4, and A, the wavelengths 
corresponding to these transitions we have 


1 1 1 5 
x7^(n-g)- 5 


D X 1.097 x 10-3 A-1 


36 
ue 36 NA 
iust 1.097 X 10° A = 6563 Å 

gu RA Tien JY: b 3i 
Similarly ive R (i 2) $45 

4 
Or ^= 3 R= 215 Å | 
and XML : = 1026 A 


Pathe wits Nb sie YE 
1.097 x i (5 m ) 


Example 14: Calculate the wavelength difference between the second Bol- 
mer line (A = 4800 A) of hydrogen and that of heavy hydrogen. Rydberg 
constant for hydrogen = 10967760 m-! and Roo = 10973740 m7. 


Solution: The wave number of 2nd line of Balmer series for hydrogen is 


- ` 1 1 3 
vn = Ru (hp) = i2 
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Similarly the wavelength of 2nd line of Balmer series for heavy hydrogen 
is given by 


Ape = 


3 Rp 


16 Lx) 
E ae Rp 


Now we know that 


Mn Ru 
x m Ris — R D 
ii E eae O 
Similarly M, Rp 
Mp _ 1 = Re — Ru Ro 
My a Roo T Rp Ry 
This gives 
d gt Roo air Ry 
Em o eR 
2 Reo Ry 
or [ecu anus 
T» Ret Rg 
.1.0967760 x 1.0973740 a7 i 
m 1.0970750 2 LUE 
= 1.0970749 x 107 m-! 
ZAG RG. DE Re Ged 7 
Sr Ap. E | TETTO m. 1579735 | LARES 
_ 16 0002990 $ 
= 3 X 770967760 x 1.0970749 * 10 m 
= 1.325 À 


Example 15: An X-ray tube works at a potential difference of 100,000 V. 
Only 0.1% of the energy of Cathode rays is converted into X-ray radiation 
andiheat is generated in the target at the rate of 120 cal per second. What 


current does the tube pass and what is the energy and velocity of an electron 
when it reaches the target? 


Solution: Operating potential — 105 V 
Electron energy = 105eV = 105 x 1.6 x 10-9 J 


—14\ 1/2 
Velocity of the electron = (? AER ) ms ^! 


9.1x 1073 — 


12 
= (33) x 105 m s-! 


1.875 x 10° ms! 
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As the velocity is quite high, relativistic correction has to be applied, The 
relativistic expression for KE is 


E = c (m — m) = e m (B — 1) 


When we have put 8 = 1/4/T — (v?/c?) 


NR WAR 1.6 x 1074 _ dH 
Beers mp c — Tx 1031 x 9 3 10 = 81.9 


5.12 
1 
B= 215 Sole) 1953 
» 1\2 1 NE 
jm fac: 3) x (i5) dad 
2 
U 
2703 
ot ME VAL so oi parts 108 m/s 


Let us suppose that n electrons reach the target in one second. 


Amount of energy of those n electrons converted into heat — n x 1.6 x 
10715999 9p 159:84 x 19-14 j 


Also 120 Cal/s = 120 x 4.2 J/s 
n X 159.84 x 19-14 — 120 x 4,2 


wid 2Ov 4:27 1014 
159.84 


= 3.161 x 104 /s 
Electronic charge = 1.6 x 10-19 C 
Current = 3.16] X 10% x 1.6 x 10-19 C/s 
= 5.056 x 10-54 
50.6 nA 


I 


of NaCl = 2.17 x 10 kg/m; N = 6.023 x 10?5/kg-mole; molecular 
weight of NaCl = 58.5. 


Solution: We know that 


M 


N= M 
2p d? 
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‘where N is the Avogadro’s number. M, molecular weight, p the density 
and d the atomic spacing 


Ms M \'3 
, 3S ee = 4 
E d Zp N or (25) 
: 1m 58.5 1/3 
? = |2 x217 x 10 x 6.023 x 10%] " 


= 2.818 x 107! m = 2.818 Å 


Further we know that 


2dsing =n À 
A 2 x 2.818 X sin6^ » 
= Th OPEN OE 


= 5.636 x 0.1045 A 


= 0.59 Å 
Example 17: The K, line from molybdenum (atomic number = 42) has a 
wavelength of 0.7078 A. Calculate the wavelength of the K, line of Zinc 
(atomic number — 30). 


Solution: We know from Moseley's law that for K series 


v cc (Z — 1} 
£ ly 
or yeZ 1) 
or (Z — 1)? à = constant 


Let A' be the wavelength of K, line of Zinc. 


Then we must have 
(42 -- 1} à = X (30 — 1)? 


29 
= 1.4148 A 


Example 18; If the series limit of the Balmer series for hydrogen is 3646 a 
calculate the atomic number of the element which gives X-ray wavelengths 
down to 1.0 4. Identify the element. 


2 
BE Na. (3) x 0.7078 A 


Solution: The limit of the Balmer series is given by 


- 1 1 pis) 
vis z5 2 ow 


Se CO Oates 
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Further the wavelengths of the K, series are given by the relation 


v= j=R@-1 (5-5) 


The maximum wave number corresponds to n = co and, therefore, we 
must have 


1 3646 x 10-9 — 
Rì 4x1ix ig" = 91L5 
(Z — 1) = 4911.5 
e 30.2 
or Z= 31.2 = 31 


or (Z—-1P? = 


, Thus the atomic number of the element concerned is 31. 


The element having atomic number Z = 31 is Gallium. 
Example 19: A material whose K absorption edge is 0.15 A is irradiated 
with 0.13 A X-rays. What is the maximum kinetic energy of photo-electrons 
that are emitted from the K shell? 


Solution: We know that K shell binding energy (Ey) is given by the rela- 
tion 


where Ax is the wavelength of K . sorption edge. 


12.4 
Ex = O15 keV = 82.7 keV 
The energy of the incident photon is 
he 


12.4 
Ey = X 7 013 keV — 95.38 keV 


Hence the maximum energy of the photoelectrons that are emitted from 
the K shell is given by 


E, FX Ex 
= (95.38 — 82.7) keV 
= 12.68 k eV 


Example 20: Fora certain metal the K absorption edge is at 0.172 Å, The 
wavelengths of K., Ks and K, lines of K series are 0.210 A, 0.192 Å and 
0.180 A respectively. Calculate the energies of K, L, M and N shells for the 
metal. 


Solution: We know that the energy of a photon is given by 


he 
Ioni (NE 
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The energy of K edge 


6.6 x 10-34 x 3 x 108 
OX TEE x [0 


7012x107 x 1.6 X 1 
= 71.95 k eV 


Energy of Ka line 


6.6 x 10-4 x 3.x 108 
—0210 x 10-9 x 1.6 x 10-5 eV — 58.93 k eV 


Energy of K; line 


6.6 x 10-34 x 3 x 108 
= 6195 x 10-1 x 1.6 X 10-5 = 64. 
0.192 x 10-19 x 1.6 x 10°? eV — 64.45 k eV 


Energy of K, line 


6.6 x 10-34 x 3 x 105 
= Qi S qx L6 x 10-8 9 = 68:75 k eV 


*. Energy of K shell = — 71.95 keV 
Energy of L shell = — 71.95 + 58.93 = — 13.02 keV 
Energy of M shell = — 71.95 + 64.45 = — 7.50 keV 
Energy of N shell =-— 71.95 + 68.75 = — 3.20 keV 
185 TRUE-FALSE STATEMENTS WITH REASONS. 


We are given below some statements. We have to decide whether they are 
true or false giving reasons in support of our choice 


1, 


2. 


B 


“ve 


oo 


The charge carriers in a discharge tube at very low pressures are electrons. 

The trajectory followed by an electron when subjected to a magnetic field acting 
at right angles to its direction of motion is a parabola. 

The lateral deflection suffered by an electron when subjected to magnetic field 
at right angles to its direction of motion is directly proportional to the radius 
of the circular arc along which it bends in the magnetic field. 


» Photons do not have a finite rest. mass. 
» The kinetic energy of photo-electrons emitted by a photo-sensitive surface 


depends on the intensity of the incident radiation. 


. Photo emission from a photo-sensitive surface is possible only if the incident 


radiation has a frequency above the threshold frequency. 


. The different lines in the Lyman series have their wavelengths lying between 911 


A and 1215 A. 


- If the angular momentum of the earth due to its motion around the sun were 


quantized according to Bohr's relation L — nh/27, then the quantum number 
corresponding to this quantization would be 2.5 x 10°. 


- Ifelements with principal quantum number n > 4 were not allowed in nature, 


10, 
1, 


then the number of possible elements would be 64. 

oo constant varies with the mass number of a given element. 

br M of the wave number of Ha line of Balmer series for hydrogen and that 
, line of Balmer series for singly ionized helium is 4. 


The shortest wavelength of X-rays emitted from an X-ray tube depends on the 
Current in the tube. 


584 A Course in Physics 


13. Characteristic X-ray spectra is simple compared to optical spectra. 

14. X-rays cannot be diffracted by means of a grating. 

15. There exists a sharp limit on the short wavelength side for each continuous 
X-ray spectrum. 


ANSWERS 


1. False In addition to the electrons, we also have positive ions. At very low 
pressures, the mean free path is large and hence the negative ions are not form- 
ed. The charge carriers are, therefore, electrons and positive ions only. 


2. False A charged particle subjected to a uniform magnetic field perpendicular 
to its direction of motion, moves entirely in the plane perpendicular to the mag- 


+ 
netic field B along a circular path of radius m:/eB, where m, v and e are respec- 
tively the mass, velocity and charge of the particle. 


3. False The deflection produced is inversely proportional to the radius of the 
Circular arc along which it bends in the magnetic field. 


4. True We cannot assign any finite ‘rest mass' to the photons as they always move 
with the speed of light. If we were to assign a non-zero rest mass to them, their 
observed mass should be infinite since 


so that m > co as v > c for a finite non-zero value of mo. 


5. False The kinetic energy of the emitted photo-electrons changes only with a 
change in the frequency of the: incident radiation. A change in intensity only 
changes the number of the photo-electrons emitted. 


6. True Unless hv > W, the work function of the photo-sensitive surface, no 
photo-émission is possible. 


7. True The short and long wavelength limits of Lyman series are », = 1/R and 


A, = 4/3R respectively, With R = 10967700 m-', we get the values given in the 
statement. 


8. True The angular momentum of the earth (= m r? w) has to be equal to nh/27. 
This gives n = m r? 2r [h. Substituting the numerical values of the earth's mass, 
radius and the angular velocity, we get the given value of n. 


9. False The maximum number of electrons allowed in an orbit being 27, the 
required number is 2 (1? + 22 + 32 + 4?) — 60, 


10. True The ‘reduced mass’ of the electron [u = m Mi(m — M)| being depen- 
dent on the mass of the nucleus (M), the Rydberg constant also varies with the 
mass number of the given element. 


11. False The ratio is not exactly equal to fonr but slightly different from four 
because of the dependence of the Rydberg constant on the mass number. of the 
element concerned. 


12. False. The shortest wavelength of the X-rays emitted depends on the energy of 
the electrons incident on the target. This, in turn, depends on the potential 
through which they have ‘fallen’, In fact 


Amin = he/eV 


13. 


14. 


18.6 
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True While discussing the details of the characteristic X-rays spectrum, we can 
assume that the electrons with a particular value of n differ very little among 
themselves. Also the energy differences between the energy ofthe N shell (n = 
4) and the energy of the free electron can be neglected. This leads to the result 
that the X-ray spectra of all heavy elements are similar in character. 


True The short wavelength of the X-rays (compared to the grating constant of 
optical grating) makes it difficult to observe X-ray diffraction with gratings. 


True This sharp limit on the short wavelength side is dependent on the volt- 
age applied to the incident electrons, being given by 


he 
eV 


Amin = 


MULTIPLE CHOICE QUESTIONS 


Select the best alternative in each of the following: 


1 


Cathode rays of velocity 10* m/s describe an approximate circular path of radius 
1 meter inan electric field of 300 volt/cm. If the velocity of cathode rays is 
doubled the value of electric field needed so that the rays describe the same 
circular path is 

(a) 1200 volt/cm (b) 1200 volt/m 

(c) 600 volt/m (d) 2400 volt/cm 


. An electron is not deflected on passing through a certain region, because 


(a) there is no magnetic field in that region 

(b) there may be magnetic field but velocity of the electron may be parallel to 
the direction of magnetic field. ; 

(c) electron is a chargeless particle 

(d) none of the above 


The frequency of the charge circulating at right angles to a uniform magnetic 
field does not depend upon 


(a) the speed of the charge (b) mass of the charge 
(c) charge of the particle (d) magnetic field 


. The mass of a proton is 1847 times that of an electron. An electron and a pro- 


ton are projected into a uniform electric field in a direction at right angles to 
the direction of the field with the same initial kinetic energy. Then 

(a) the electron trajectory will be less curved than the proton trajectory. 

(b) the proton trajectory will be less curved than thc electron trajectory. 


(c) both the trajectories will be equally curved 
(d) none of the above 


- Two electron beams having velocities in the ratio of 1 : 2 are subjected separa- 


tely to identical magnetic fields. The ratio of deflections produced is 
(a)4:1 (b) 1:2 
(c) 1: 4 (d) 2:1 


- You are sitting in a room in which uniform magnetic field is present in vertically 


downward direction. When an electron is projected in horizontal direction, it 
will be moving in a circular path with constant speed 
(a) clockwise in the vertical plane 


(b) clockwise in the horizontal plane 
(c) anti-clockwise in the horizontal plane 


(d) anti-clockwise in the vertical plane 
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7 


14. 


16. 


The work function for aluminium surface is 4.2 eV, The cut off wavelength for 
the photoelectric effect for the surface is 

(a) 2955 A (b) 3100 A 

(c) 4200 A (d) 1500 A 


- The work function for aluminium surface is 4.2 eV and that for sodium surface 


i$ 2.0 eV. The two metals were illuminated with appropriate radiations so as to 
cause photo emission. Then 


(a) both aluminium and sodium will have same threshold frequency 
(b) the threshold frequency of aluminium will be more than that of sodium 


(c) the threshold frequency of aluminium will be less than that of sodium 
(d) none of the above 


. X-rays of frequency v are used to irradiate sodium and Copper surface in two 


Separate experiments and the stopping potential determined. Then 
(a) the stopping potential is more for Copper than for sodium 
(b) the Stopping potential is more for sodium than for copper 


(c) the Stopping potential is same for sodium and copper 
(d) none of the above 


- A Caesium photo cell with a steady potential difference of 60 volt across it, is 


illuminated by a small bright light placed 50 cm away. When the same light is 
placed one meter away the electrons crossing the photo cell 

(a) each carry one quarter of their previous energy 

(b) each carry one quarter of their previous momentum 

(c) are half as numerous 

(d) are one quarter as numerous 


- An image of the sum is formed by a lens of focal length 30 cm on the metal 


Surface of a photo-electric cell and it produces a current 7. The lens forming 
the image is then replaced by another of the same diameter but of focal length 
15 cm. The photo-electric current in this case will be 

(a) 1/2 (b) 27 

(c) I (d) 47 


. Ina Rutherford a-scattering experiment with thin gold foil, 238 scintillations 


per minute are observed at an angle of 30°. The number of scintillations per 
minute at an angle of 120° will be 


(a) 1.900 (b) 0.950 
(c) 3.800 (d) 2.136 
- The different lines in the Lyman series have their wavelengths lying between 
(a) 0 to co (b) 911 A to 1215 A 
(c) 1000 A to 1500 A (d) 500 A to 1000 A 


The shortest wavelength in the Lyman Series is 911.6 A. Then the longest wave- 
length in the Lyman's Series is 

(a) 1215 A (b) co 

(c) 2430 A (d) 600 A 


. Which of the following transitions in a hydrogen atom emits the photon of 


lowest frequency 


(3)n—2ton—1 (b)n=4ton=2 
()n=4ton=3 (d)n —3ton—1 

How many times does the electron go round the first Bohr orbit in a second 
(a) 6.57 x 105 (b) 6.57 x 101° 


(c) 6.57 x 1038 (d) 6.57 x 1015 


n. 


20. 


2]. 


22. 


23. 


18.7 
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If elements with principal quantum number n = 3 were not allowed, the number 
of possible elements would be 

(a) 28 (b) 90 

(c) 32 (d) 64 


. An X-rays tube produces X-rays whose shortest wavelength is 0.2475 A. The 


operating voltage of the tube must be 


(a) 5 kV (b) 25 kV 
(c) 50 kV (d) 100 kV 


. Electromagnetic theory demands that the acceleration ofany charged particle 


must be accompanied by the emission of electro-magnetic waves. The target 
in an X-ray tube is bombarded only with high speed electrons because 

(a) electrons have the smallest possible charge 

(b) electronic mass is very small 

(c) electrons are common constituent of all matter 

(d) electrons can be produced very conveniently 


When the accelerating voltage applied on the electrons is increased beyond a 

critical value 

(a) the spectrum of white radiation is unaffected 

(b) only the intensities of various wavelengths is increased 

(c) only the wavelength of characteristic radiation is affected 

(d) the intensities of characteristic lines relative to the white spectrum are in- 
creased but there is no change in their wavelength 


X-rays can be diffracted from crystals like the diffraction of light from a grat- 
ing. The crystal grating for X-rays has a grating element j 
(a) equal to the distance between any two nearest atoms 

(b) equal to the size of crystal 

(c) which is an integral multiple of the wavelength of X-rays 

(d) none of the above 


In a continuum spectrum the limiting frequency is 

(a) inversely proportional to the potential through which electrons have been 
accelerated 

(b) is directly proportional to the accelerating potential 

(c) not dependent upon the accelerating potential 

(d) is dependent upon the nature of the target material 


The frequency of K, line of a source of atomic number Z is proportional to 

(a) Z? (b (Z — 1)? 

(9. 1/Z: (d) Z 

The wavelength of Ka line from an element of atomic number 41 is A. Then the 
wave length of Ka line of an element of atomic number 21 is 


(a) 4 à (b) X4 
(c) 3.08 A (d) 0.26 ^ 

: An X-ray photo has a wavelength of 0.02 A. Its momentum is 
(a) 3.313 x 10722 Kg m/s (b) 6.626 x 107? Kg m/s 
(c) 6.626 x 107?! Kg m/s (d) none of the above. 


NUMERICAL EXERCISES 


- A 50 MeV proton is falling vertically downward in a uniform field of magnetic 


induction 1.5 Wb/m? pointing horizontally from south to north. Find the force 
exerted on it; 
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2. A narrow beam of electrons, accelerated by a potential difference of 250 V, pas- 


4. 


16. 


ses between two parallel metal plates 0.030 m long and 0.005 m apart in an 
evacuated tube, aud then strikes a fluorescent screen 0.175 m from the centre of 
the plates. A potential difference of 10 V is established between the plates. What 
is the deflection produced on the screen? 


+ In a Cathode ray tube a potential difference of 3000 V is maintained between 


the electrodes 2 cm apart. A magnetic field of 2.5 x 107¢ Wb/m* at right angles 
to the electric field gives no deflection of the electron beam which received an 
initial acceleration by a potential difference of 10000 V. Calculate the value of 
elm. 

A charged oil drop is held stationary between two horizontal plates of a capaci- 
tor when a field of 576 kV/m is applied between them. When the field is remo- 
ved the drop falls freely with a Steady velocity of 0.120 x 10-? m/s. Calculate 
the radius and charge on the drop. Given that 7| = 0.109 x 107* kg m^! s~ 
and the difference between the densities of. oil and air may be taken as 800 kg 
me 


- The most energetic electrons emitted from a surface by 3500 A photons are 


found to be bent in a 0.18 m circle by a magnetic field of 1.5 x 107* Wb/m?. 
Calculate the work function for the material. 

Photo-electrons, of charge e and constant mass m are liberated in a vacuum and 
with negligible velocities from the negative plate of a parallel plate capacitor. A 
magnetic field with an induction B is applied parallel to the plates. The separa- 
tion between the plates is x. Show that a potential difference 


V= 4x? (S) # 


when applied across the capacitor will enable the electrons to just reach the 
Positive plate. 

Light of wavelength 4500 A is incident on two photo-electric tubes. The emitter 
in the first tube has a threshold wavelength of 6000 A and the emitter in the 
Second tube has a work function twice as large as in the first tube. Find the 
Stopping potential in each of the tubes. 


- The ionization energy of a hydrogen atom is 13.6 eV. A photon of wavelength 


600 x 107!? m is absorbed by the hydrogen atom. Calculate the kinetic energy 
of the “ejected electron. 

The kinetic energies of photo electrons range from zero to 4.0 x .10-!? J, when 
right of wavelength 3000 A falls on a surface. What is the stopping potential for 
this light? 


- The wave numbers of a spectral series are 4857 A, 19932 A, 25215 A, 27665 A 


and 27997 A. Calculate the limit of this series. 


- The convergence limit for an element is 43488 cm-t. Calculate the ionisation 


potential. 


- Determine the minimum energy that must be given to a hydrogen atom so that 


it can emit the Hg line of the Balmer series. 
The life time of the first excited state of hydrogen is 1075 s. How many revolu- 
tions will an electron make in this excited state of hydrogen? 


- Determine the Rydberg constant and the ionization potential for positronium. 
- What should be the potential difference through which an electron must be acce- 


lerated from rest so that when it falls on a target the short wave limit of its 
continuous spectrum shall be 1.00 x 10-10 m? Also calculate the speed of the 
electron. 

Calculate the smallest grazing angle at which the K line of copper (4 = 
1.449 A) will be reflected from a quartz crystal which has an atomic spacing = 
4.2555 A. What is the highest reflecting order that could be observed with this 
radiation? 
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24, 100, 110 and 115 kV are measured for photo elec- 
adiated with monochro- 
X-ray tube, what will 


17. Stopping potentials of 
{rons emitted from 4 certain element when itis irr: 


matic X-rays. Tf this element is used as a target in an 


be the wavelength of the Ka line? 
18. The wave length for Cobalt (Z = 27) for Ka line is 1.785 A. The impurities 
present give two lines at 2.285 A and 1.537 A. Identify these elements using 


Moseley’s law. 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (a) 2. (b) 3. (a) 4. (b) 5. (d) 
6. (b) 7. (a) 8. (c) 9. (b) 10. (d) 
11. (c) 12. (a) 13. (b) 14. (a) 15. (c) 
16. (d) 17. (a) 18. (c) 19. (b) 20. (d) 
21. (a) 22. (b) 23. (b) 24. (a) 25. (a) 


NUMERICAL EXERCISES 


1. 7.4 x 10-2 N, the force is in horizontal plane in west east direction. 
2. 0.02 m 
3. 18 x 107! C/kg 
4. 1.12 x 10-* m 7.28 x 10778 C 
5. 2.90 eV 
7. 0.69 V 
there is no photo electric emission from the second tube 
8. 11.36 x 107? J 
9:2. V 
10. 32033 
11. 54v 
12. 2.55 eV. 
13. 8.3 x 10* revolutions 
14. 0.5485 x 107? A7! 
6.8 eV 
15. 124 kV 
6.61 x 10? m/s 
16. 10° 30’ 
nx 01821 < L 
17, 0.163 A 
18. Chromium (Z = 24) 
Copper [Z = 29] 
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Radioactivity and 
Atomic Nucleus 


19.1 REVIEW OF BASIC CONCEPTS 


ments. We call an element as having natural radioactivity, if it is naturally 
unstable. We also havs artificial radioactivity or induced radioactivity in 
which the instability is induced by an external agency. 


19.1.2 Radioactive Radiations The radiations emitted by a radioactive 
element are found to be of three kinds. 


(i) Alpha-rays They consist of alpha particles. An alpha particle is 
nothing but a helium nucleus GHe*) having 2 protons and 2 neutrons. It 
hasa positive charge equal to the charge of 2 protons. Alpha rays are the 


(ii) Beta-rays They are negative (or positive) electrons whose energy as 
well as ionizing power are much less that those of z-rays. Their velocity is 
much higher than that of a-rays. They are :. 100 times more penetrating 
than «-rays. They, however, do not have a well-defined range in air. - 


(iii) Gamma-rays They are electromagnetic waves of very short wave- 
lengths. They originate in the nucleus, have a very low ionizing power but 
a very high penetrating power. 


19.1.3 Laws of Radioactivity The following two basic laws of radioactivity, 
the displacement law and the statistical law, are valid for both natural and 
artificial radioactivity. 


(i) The displacement law This law enables us to relate the product 
nucleus with the parent nucleus as-a result of the emission of an «-particle, 
a B-particle or a y-ray photon. 
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with atomic number Z and mass number A (zX^) 


(a) When a nucleus X 
ansformed into an element Y with atomic num- 


emits an a-particle. it is tr 
ber (Z-2) and mass number (4-4) 
æ ( = He‘) 
zX4 ———-» zY4^^* + energy 
(b) When an element emits a negative B-particle (an electron), its atomic 
number goes up by | while its mass number remains unchanged 
-B(=- 2) a 

zX4^ —— ziY4 + v + energy 
where ¥ stands for an anti-neutrino. Onthe other hand, when a positive 
-particle (a positron) is emitted, the atomic number goes down by 1 leav- 
ing the mass number unchanged 


s dul ee) 


Biya nes ral ydp Vict enerBy 
where v stands for a neutrino. 
(c) On the emission of a y-ray photon, the mass number as well as the 
atomic number of the product nucleus remain the same as those of the 
parent nucleus. 


(ii) The statistical law This law may also be called the /aw of radio- 
activity decay. According to this law, the rate of decay of a given radioactive 
element at any instant is proportional to the total number (N) of its 
nuclei present at that instant 


ay aN 
dt 

or dN n 
dt phi 


The constant of proportionality, À, is known as the disintegration co: 
stant for the given radioactive nucleus. 
E we start with No nuclei of the given radioactive element (i.e. V = No 
t = 0), the above law can be integrated to give 


N = Noe 


showing that radioactive decay follows an exponential law (see Fig. 19.1). 


No 


Fig. 19.1 
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The number N of the nuclei present in a mass m gram of a radioactive 
element of mass number A can be obtained from the knowledge of Avoga- 
dro's number — 6.02 x 10? per gram mole: 


£ mu 
N = 6.02 x 10 2 
19.1.4 Half Life and Average Life The half-life (T) ofa radioactive ele- 


ment is the time in which the number of its nuclei is reduced to one-half 
its initial value. It can be shown that 


loge 2 _ 0.693 
T= p YS [em À 


The average life T, of a radioactive element is the reciprocal of the 
disintegration constant. 


The activity (- Es) of a radioactive element at any instant is, of 


course, just A N: 


an ays N 
dt 


19.1.5 Units of Radioactivity The following units have been used for 
‘measuring’ the radioactivity of a radioactive element. 


(i) The curie The curie is the activity of a radioactive element that is 
disintegrating at the rate of 3.7 X 10! disintegrations per second, i.e. 


I curie = 3.7 x 10" disintegrations per second 


(ii) The rutherford The rutherford is the activity of a radioactive ele- 
ment that is disintegrating at the rate of | million disintegrations per 
second, i.e. 


I rutherford = 10° disintegrations per second 
(iii) The becquerel This is the unit of radioactivity in the SI units. 


l becquerel = 1 Bq = 1 disintegration per second 


19.1.6 The Atomic Nucleus Rutherford’s a-particle scattering experi- 
ments in 191] can be said to have led to the discovery of the atomic nuc- 
leus. We now assign the following important properties to the atomic 
nucleus: 

l. The size of the nucleus is very small compared to that of the atom. 
The atomic volume exceeds the nuclear volume by a factor of about 10 : 

2. Inspite of its small volume, the nucleus has more than 99.99% of 
the mass of the atom concentrated in it. 


3. All nuclei are positively charged and have a charge Z times that of 


an electron. The integer Z is the number of the orbital electrons in 4 
neutral atom, 
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e charge of the nucleus is 


4, Except for small asymmetries, the positiv 
f the nucleus as 


uniformly distributed in it. This permits us to think o 
- qeing nearly spherical in shape. 
5, The nuclear volume is (subst 
the nucleons (protons and neutrons) in 
of nuclear matter and a relation 


antially) proportional to the number of 
it. This implies a constant density 


R = R A? 
for the nuclear radius. The ‘constant’ Ro varies slightly from one nucleus 
to another; the range of variation being about 1.2 to 1.5 fermi (1 fermi = 
10-15 m). It is nearly constant for elements with 4 > 20. 

6. The nucleus of an element of mass number A and atomic number Z 


is made up of Z protons and (A — Z) neutrons. 


19.1.7 Binding Energy The mass M of an atomic nucleus made up of Z 
protons and (4 — Z ) neutrons is always found to be less than the sum O 
the masses of these particles in the free state. The difference is known as 


the mass defect (4 m) of the given nucleus 
Am=Zm,+(A—Z)m—M 
eed a minimum ‘external’ 


The existence of a mass defect means that we n 
energy to tear apart the individual nucleons composing the nucleus, 
In terms of the Einstein’s mass energy relation, we have 


] 
BE = (Am) e = (Zm, + (A — 2m — M)? 


where c is the velocity of light in free space. Since the nucleus has a total 


of A nucleons, 
Binding energy per nucleon = Zm + (A —2 m — Mle 


Using mass spectrometers, We generally determine the mass M of the 
atom rather than the mass of the corresponding nucleus. We can then still 
use the above relations for B.E and B.E per nucleon, provided we under- 
fand m, to represent the mass of the normal neutral hydrogen atom. This 
eplacement will result in à cancellation of the (extra) mass of the Z or- 


bital electrons. 


19.1.8 Variation of Bindin indi 
! g Energy The binding energy per nucleon i 
ps to be different for different nuclei. Figure 19.2 KR the ei iden 
this quantity with mass number. 
This graph shows the following characteristics: 
l. The binding energy per nucleon starts with a low value for deutron 


and then increases rapidly. 

2. Some nuclei like Het, CP, O!* have exceptionally high values of bin- 

A fing energy per nucleon as compared to their neighbours. 

. The binding energy per nucleon increases to a maximum value of 

nearly 8.5 MeV at about A = 60. It again decreases slowly and drops 

i amd 1:5 e. at iar A = 240. 
i e graph shows t at the higher indi 

per nucleon the more stable is the atom a ERAT rem 


594 A Course in Physics 


—e 
o| BE per nucleon (in MeV) 


5090 = 100 150 200 250 
——- Mass number 


Fig. 19.2 


19.1.9 Energy Release from Nuclei A closer look at the binding energy per 
nucleon versus mass number curve (Fig. 19.2) reveals that we can release 
energy from the nuclei by the following two general processes. 
1. By combining two lighter nuclei (with 4 below 20) to form a more 
massive nucleus. 


2. By splitting up a heavy nucleus (with 4 above 200) into two or more 
lighter fragments of comparable masses. 


In both these processes the total binding energy of the products exceeds 
that of the reactants. The *excess energy’ is consequently released. These 
processes are called (1) nuclear fusion and (2) nuclear fission, respectively. 
Whereas fusion energy is believed to be the source of energy of the sun 


and stars, fission energy is the source of energy in atomic reactors and 
the atom bomb. 


19.1.10 Nuclear Fission The discovery of the process of nuclear fission 
followed a great deal of drama and confusion following the study of nuclear 
reactions brought about by neutrons. Otto Hahn and Fritz Strassman, in 
1939, discovered that when neutrons were ‘captured’ by uranium nuclei, 
the uranium nucleus seemed to be splitting apart into two nearly equal 
fragments. The ‘proper’ interpretation of this phenomenon of nuclear 
fission was given by two Austrian physicists, Lise Meitner and R Frisch, 
who viewed the splitting of a uranium nucleus, as a result of the bombard- 
ment of neutrons on them, as a two stage nuclear reaction: 


92U?55 +. on! — s. 4.1236 
and 93U?96 —-> s Balai 4. x Kr? + 3 on! + energy 


The energy released per fission is about 200 MeV— much more that the 
energy released in the usual nuclear reactions, This makes the fissio! reac- 
tion a particularly suitable source of energy. 

The fission reaction given above has a unique feature. Apart from the 
fission fragments, the reaction results in the release of 2 to 3 neutrons—the 
very particles that initiated the reaction. So fission after fission, the neu- 
trons present in a bulk sample of uranium increase in a geometric ratio. 
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The rate of energy release also increases similarly in a geometric ratio. 
The fission reaction is thus a self sustaining chain reaction. A 

When the number of neutrons released per fission is limited to one per 
fission by absorption of excess neutrons, the chain reaction is a controlled 
one and is used in nuclear reactors. When there is no such control on the 
number of released neutrons, we have an uncontrolled chain reaction and 
this is the source of energy in the atom bomb. 

An essential part of a controlled fission reaction is what is known as 
the moderator. The role of the moderator is to slow down the neutrons 
released in fissions so that they may be easily absorbed by another 5207255. 
nucleus. Media which contain nuclei of masses comparable to the neutron 
are found to act as efficient moderators. 


19.1.11 Nuclear Fusion The process of nuclear fusion consists in the 
‘combination’ of two light nuclei to forma stable nucleus of mass less 
than the total initial mass. It is believed to be the main source of energy 
for the sun and the stars. The fusion reaction in stars is believed to 
occur either via the proton-proton cycle or the carbon-cycle. The proton- 
proton cycle is as follows: 


IH! 4 |H! —> \H? 4+ et +9 
iH! + ,H? —> He + v 
He? + He onn 2He* + 1H! + iH! 


The energy released in this sequence works out to be 24.7 MeV. The car- 
bon-cycle proceeds in the following sequence 


jH! + C22 TND 
NB ——> (CP Het +y 
iH! + Q CP —9 NY v 
HL + NI — 30"? 4v 
OU —— 4NB + et + y 
iH! + UND I «C? + ;He* 


The ener RETE j 
> energy released in this sequence also is 24.7 MeV. The initi 2; 
basically acting as a catalyst for the reaction. initial (C "is 


n paeitrons (e+) produced in the reaction combine with electrons and 
energy um annihilation also results in release of energy as per the mass- 
LK ation. Such fusion reactions are possible only at very high tem- 

s ps (~ 107 K) and are also known as thermonuclear reactions. 
ace nuclear fusion is a difficult task as we can fuse two 
nuclei ea : er only if their mutual repulsive forces can be overcome. The 
pératur Jo be accelerated to very high energies corresponding to tem- 

s of about 107 K. As such, it has not been possible so far to use 


€ 
‘Contro ; r ; " 
lled fusion reactions’ in the same way as controlled fission reactions. 
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19.2 SI UNITS 


Table 19.1 

2 Be ——————— — 
Physical Quantity SI Units 

Half life second (s) 

Average life second (s) 

‘Radioactivity’ becquerel (Bq) 

Binding energy Joule (J) 

Mass defect kilogram (kg) or atomic 


mass unit (amu) 


19.3 Formulae 


N 


10. 


Tl: 


a 
zX^ —-— z-5Y^-* + energy 


=p 
zX4 —-> z,,¥4 + y + energy 


+8 
2X4 ——> z4Y^ + v + energy 
— a —AN o; à = disintegration constant 
N = Me~” 


T= Sea 3/3083 =" half life 


l 
no = > T. = average life 
dN 
^l LAN o: pl — activity 


l curie = 3.7 x 1010 disintegrations per second 
1 rutherford = 106 disintegrations per second 
1 becquerel — 1 disintegration per second 


R = Ry AUS ; A — nuclear radius of a nucleus of 
mass number A, 


Ry = a ‘constant’ (varies between 1.2 
and 1.5 fermi) 


4m = [Zm, i (A — Z)m, — M] 
4 m = mass defect of a nucleus of mass M 
pipi; mass onapo toni dede cue hamber 


my = mass ofa neutron , A = mass number 
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12. Binding energy (BE) = 4 mc? 
= [Zm, + (A— Z) m — M] ê 
[Zmy + (A - 2m, - Mc 


my = mass of the normal hydrogen atom 


y 


Mz = mass of the atom of atomic number Z 
and mass number A. 


13. B.E per nucleon = , [Zmy + (4 .— Z) mn — M] c* 


M. U5 + on! > aBa ^ ie ARD LS on! + energy 
15. 44H! — Het + 2 et + 4 v + energy 
16. E-mc 
Fo m-—lkg , Beso as 
17. ley =16X LOTA 
1 MeV = 10°eV = Torx Ons T 
18. 1 amu = 1.66 X 10-2’ kg 
= 1.492 x 107° J = 931.5 MeV 
19. ji; i dan e do deem 58 X 10-5 amu = 0.51 MeV 


m, = 1.672 X 10-27 kg = 1.00728 amu = 938.2 MeV 
m, = 1.614 X 10-7 kg = 1.008665 amu = 939.5 MeV 
my = 1.673 X 107? kg = 1.007825 amu = 938.7 MeV 


19.4 NUMERICAL EXAMPLES 


Example 1: Calculate the approximate mass of uranium which must under- 

Beno produce the same energy as 100 tons of coal. Assume that 1 

a = 10°g, heat of combustion of coal = 8000 calories per gram, ! 
orie — 4 joule, 1 fission process of uranium-235 releases 200 MeV. 


Solution: Mass of coal = 100 tons = 100 X 106g == 105 g 
Heat of combustion of coal — 8000 cal £g 
Total heat produced on combusion of 108 g of coal 
= 8000 x 105 = 8 x 10!! cal 
8x4 x 10! J 
See MY 


Thus we have t f f 
o i ; 
Heetoduce 32 x 1 p carpe Pics of uranium which will undergo fission 


Energy released per fission 
= 200 x 10° x1.6 x 107? J 
3:2 3 107 LS 
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Number of U5 atoms required to produce this energy 


11 
= a = 10? atoms 


Since 6.02 x 10? atoms of U25 have a mass of 235 g, the mass of 102 atoms 
:235 x 102 
~ 6.02 x 1027 B—3928. 
Example 2: The fusion reaction 
2 tHe He* + E 


is proposed to be used for the production of industrial power. Assuming 
the efficiency of the process to be 3095, find how many grams of deuterium 
will be consumed in a day for an output of 50,000 kW. Given 


Mass of iH? = 2.01478 amu 
Mass of ;He* — 4.00388 amu 


Solution: The proposed fusion reaction involves the fusion of two deute- 
rium atoms to form a helium atom with the release of energy. 


Mass of 2 deuterium atoms — 2 x 2.04178 — 4.02956 amu 
Mass of a helium atom — 4.00388 amu 

Mass defect 4 m = 4.02956 — 4.00388 = 0.02568 amu 
Energy released = 0.02568 X 931 = 23.91 MeV 


Actual output of energy = sc = 7.173 MeV 


Average energy output per deuterium atom = AD = 3.587 MeV 


= 3.587 x 1.6 X 10-3 J 
The output required = 50,000 kW = 5 x 107 Js-1 


Number of deuterium atoms Tequired per second for producing 5 x 107 J of 
energy 


5 7 
tis $3873 L6 C TER = 871.4 x 107 atoms per second 


Since 6.02 x 10? atoms of deuterium have a mass of 2.01478 g, the 
mass of 871.4 x 10!7 atoms 


— 2.01478 x 871.4 x 10’ g E 
os os, S602 3C TORRE n 291.7 x 10 sg 


This is the consumption of deuterium in one second. Therefore, the con- 
sumption in one day will be 


291.7 X 1075 x 24 x 60 x 60 g = 25.22 g 


Example 3: Calculate the electrostatic potential energy between two 
equal nuclei produced by the fission of 52U35 at the moment of their 


separation. Given Ro = 1.3 X 10-5 m 
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Solution: Let R be the radius of either nucleus formed at the moment of 
the fission of »2U*°. Then 


1/3 
ee rx io (42) m = L3 x 488 X 1075 m 
The electrostatic potential energy is given by 
UE (Z/2)? eè 
ån eq X2X R 
= (46)? x (1.6 X 10-!9)? 
Ts — E= 47 x885 x 10 K 2% 1.3 X 4.88 x 10% J 
_ 384 x 107" 
= L6 i0 Ae 
= 240 MeV 


Example 4: What is the energy required to remove the least tightly bound 
neutron from ;)Ca*?? Given that 


Mass of ;4Ca^ = 39.962589 amu 

Mass of 4,Ca? = 38.970691 amu * 

Mass of neutron = 1.008665 amu 
Solution: The reaction is represented as 

pCa => a Ca? + on! 


Let M represent the mass of „Ca and M that of 3)Ca?. Let E be the 
energy required to remove the least tightly bound neutron from 29Ca^9. 
Then, from the conservation of energy, we have 


Mc? + E = M' e +m e 


M E = (M' + m) è — Me? 
Ts E = (38.970691 amu + 1.008665 amu) 931.5 MIEN 
amu 
_ (89.962589 amu) 931.5 MEY 
amu 


= 15.6 MeV 
m $: Calculate the force between two fission fragments of equal 
pos es and sizes that are produced in the fission of Pu? (by a thermal 
à Ton) in which 4 neutrons are emitted. 
lution: Total mass number of Pu?” and neutron == 240 
240—4 


Mass number of each fragment = ——5 ^ 


Atomic number of each fragment — 2 = 41 


R " 
adius of each nucleus formed by the fission of Pu?” is 
R = R, A!’ 
= 1.2 x 10-5 x (118)? = 5.886 x 1075 m 
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Distance between the centres of the two fragments 
= 2 X 5.886 x 10755 m = 11.77 X 1075 m 


Electrostatic force between them 


1 (47x 1.6 x 107 5y 
dre — (11.77 x 1075) 


Example 6: The binding energy per nucleon of O!$ is 7.97 MeV and that 
of O! is 7.75 MeV. Calculate the energy required to remove a neutron 
from O”. 


Solution: The nuclear reaction is represented as 
Q" — + 01% + on! 


If m, represents the mass of a proton and m, that of a neutron, the 
energy required to remove a neutron from O!” is given by 


E = energy equivalent of (mas of O!5 + m, — mass of O") 
= (8m, + 8m, — 7.97 x 16) 
Tom, — (8 m, + 9 m, — 7.75 x 17) 

= [7.75 x 17 — 7.97 x 16] MeV 

— 4.23 MeV 
Example 7: Assuming that ;O!6 is obtained by adding the appropriate 
nucleus to 6C!?, find the energy released. Given that 
Mass of ¿C!'? = 12.00381 amu, mass of ;He* = 4.00387 amu. 


Solution: ¿0'6 can be obtained by adding ;He* to ¿C!? in accordance with 
the reaction represented by the equation 
cle Het aa Roi 
Total mass of ¿C!? and ;He* = (12.00381 + 4.00387) amu 
= 16.00768 amu 
Mass of ,O!5 = 16.00000 amu 
Mass defect 4m =: (16.00768 — 16.00000) — 0.00768 amu 
Energy released = 0.00768 x 931 = 7.15 MeV 
Example 8: One milligram of thorium emits 22 «-particles per unit solid 


angle per minute. Calculate the half life of thorium. Given atomic mass 
of thorium = 232 and Avogadro’s number = 6.02 x 10%. 


Solution: Let N be the number of -particles emitted per second in all 
directions. Then 
,22 X 4r _ 220 


HR EM TS 
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“se number of atoms in 1 milligram of thorium is 


ig^ x $0537 X10" = 25.96 x 10" 


AA 


y rate per second = 227/15 
ge FN x 25.96 x10" 
15 
zd 21415 x 1075 s! 


^ = i5 x 25.96 x 107 


The half life Tın is given by 
0.693 0.693 LE Bay igi 


—————À—ÀÁ3- 


Eur —X-— 1753 19-7 


3 le9: An accident occurs in a laboratory in which a large amount 
df radioactive material with a known half life of 20 days becomes embed- 
ded in floor and walls etc. Tests show that the level of radiation is 32 times 
the last statement is correct, after how many days can the laboratory be 
the last statement is correct, for how many days can the laboratory be 


safely occupied? 


Solution: Since the initial level of radiation is 32 times the permissible 
limit, we have to find the time ¢ in which the aetivity drops to 1/32 of its 
initial value, i.e. 


Half life of the sample (T,/;) = 20 days 
- Disintegration constant 


0.693 (aat 
z0 (day) 
Let the laboratory become safe for use after ¢ days. Then 


A= 


AUN — 0.693 t 
are ( 20 ) 


o 0.693 t 
4 CAU. = 2.303 log 32 = 2.303 X 1.5051 
or i = 2303 x 1,5051 x 20 
0.693 
= 100 days 


Ex 

of Me 10: Show that the distance in free space over which the intensity 

about 2 Neutron beam is reduced by a factor one-half is approximately 
earth diameters. Given 7\;2 = 12.8 minute. 


Solution: 
on: Let » be the velocity of the neutrons in the beam. Then 


in =E; 
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where m is the mass of a neutron and E, its kinetic energy. 


t 4 (1.67 x 10-7 kg)? = 5 x 1.6 x 10- J 
2 2X5XL6x107| , , 
TA ( 1.67 x 10-27 )m $ 
v = 31.0 km s~! 


Now in a time span of 12.8 minutes, half of the neutrons in the beam 
will have decayed. The distance travelled by the undecayed neutrons during 
this time is 


d = vt 
= (31.0 km s-!) (12.8 min) (60 s/min) 
= 23,800 km 
which is about 2 earth diameters. 


Example 11: The activity of „Au? of mass 20 X 10-? kg is 60 curie. 
Calculate the half life of Au, 


Solution: Let N be the number of atoms in 20 x 107? kg of 79Au. Then 


= 1 k mole e. em) 
N = (20 x 105 ke) ( 200 kg ) (6.025 lar. 


= 6.025 x 1016 atoms 
The activity is given by 


DAAN 5 
(60 curie) 3.7 x 10 disintegrations per second 
1 curie 


= 2.22 X 10"? disintegrations per second 
Let A be the disintegration constant, Then we have 


AN a 
A= Y - ul. x a = 0.368 x 10-4 s! 


Let Tın be the half life of 7Au™, Then 


Ex as 1.883 x 1045 


Example 12: 10 mg of carbon from living matter produce 200 counts ar 
minute due to a small proportion of the radioactive isotope carbon eue 
piece of ancient wood of mass 10 mg is found to give 50 counts per minu rt 
Find the age of the wood assuming that carbon-14 content of the atmo! 
phere has remained unchanged. The half-life of carbon-14 is 5700 years. 


Solution: Since the amount of C'4 in the atmosphere remains constant agh 
a living matter represents the amount of C!* present in the atmosp dud 
the ancient wood, which has now 50 counts per minute from 10 mg, 1n e 
beginning, must have had the same count rate as from living matter. Thns 
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i is the time in which the C!^ count rate has .decrea- 
iE ani value of 200 counts per minute from 10 mg to the final 
value of 50 counts per minute from 10 mg. 5 

We know that 71/2 for carbon is 5700 years. Hence the disintegration 
constant À of C'* is given by 


. 0.693 _ 0.693 
E. 5700 
Let t represent the age of the wood. Then 


— 0.693 A 
5700 


(yr)! 


50 — 200 exp ( 
0.693 t 
or 4 — exp -5700 


_ ]n4 x 5700 
E 0.693 y: 


. 2.303 x 0.6021 x 5700 
d 0.693 


= 1.41 x 10* years 


yr 


Example 13: A nucleus with 4 — 235 splits into two new nuclei whose 
mass numbers are in the ratio of 2 : 1. Find thé radii of the new nuclei. 


Solution: We know that the radius R of a nucleus of mass number A is 
given by the relation 


R = RAP 


Where experiments show that the value of Ro is 1.4 fm. Let Ai and A2 


represent the mass numbers of the new nuclei which are formed when the 
nucleus with mass number A splits into two halves. Let R, and R, be the 
li of the new nuclei so formed. Then we have 


A, = } (235) 
A, = $ (235) 
R = Ry (A)? we have 


1/3 
Ry = Ro (4)!^ = (1.4 fm) (N = 5.99 fm 


and 
Using 


3 
eR Ry = RQ(A3)!? = (1.4 fm) (55) 22.7155 fm 


Example 14: ; 4 

: The half life of radium is 1500 yrs. In how many years wi 
8 of pure radium (a) lose 1 mg and (b) be reduced to 1 Seiten? m 
Solution; 


E Half life of radium (7;) = 1500 yrs 
'sintegration constant À of radium is given by 


—0.693 0.603 | |, 
Tin 4500 (0D 


m 
nitial amount of radium (No) = 1 g = 1000 mg 
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(a) Let in t years the radium lost be | mg. The remaining amount = 999 
mg 


— 0.693 t 
999 — 1000 exp ( oon ) 
1 m) ES Ger ‘) 
€ e( 999 1500 
2.303 x 0.0004 x 1500 
t= 0.693 1.995 yrs 
(b) Let in 7 years the amount of radium left be 1 centigram = 10 mg 
— 0.6936 
10 — 1000 exp (9 ) 
. [0.6936 
100 — exp ( 1500 ) 
0.6936 
or In 100 = 1500 
at „ = 1m 100 x 1500 ars 
0693 
dd e E yrs — 9.972 x 10? yrs 


Example 15: Calculate the mass of 1 curie of RaB (Pb?!*) from its half 
life of 26.8 minutes. 


Solution: Activity of RaB — gn = | curie = 3.7 x 10!° disintegration/s 


dt. 
Half life of RaB (T) — 26.8 minutes 
If ^ is the disintegration constant of RaB, we have 
. 0.693 0.693 


AE eel 
T ~ 268 x 60° 
Let N be the number of atoms of RaB having an activity of 1 curie. Then 
we have 


dNi 
Ula AN 
aN 
or Nie ^ 
1 
Nn — 3-1 x 10" x 26.8 x 60 


0.693 


Further we know that 6.02 x 1073 atoms = 1 gram atom = 214 g. quet 
fore, the mass of RaB having an activity of 1 curie 
_ 214 x 3.7 x 10!? x 26.8 x 60 
6.02 x 10? x 0.693 


==, 30:52 X 10-*g 


19.5 


- A few statemen 
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TRUE-FALSE STATEMENTS WITH REASONS 
ts are given below. We have to decide whether they are true 


or false giving, in brief, reasons in support of our answers. 


T 


"5 


3. 


4. 


10. 


Like other light nuclei, the Het nuclei also have a low value of the binding 


energy per nucleon. 
A radioactive element of half life 1.5 years completely disintegrates in four and 


ʻa half years. ed 
For similar reasons, the binding energy per nucleon decreases for nuclei wit 


small as well as large A values. I 
During the 8-decay of a nucleus, we get the product nucleus, the B-particle and 


another particle (which may be à neutrino or an anti-neutrino). 


| For stable nuclei, the size does not approach or exceed 107? m. "o 
. The energy required to *tear off' one neutron from aLi” to transform it into the 


isotope aLi* is nearly 5.6033 MeV, the same as the binding energy per nucleon 
for the lithium isotope sLi’. 


. The net result of both the proton-proton cycle and the carbon cycle fusion reac- 


tions in the sun and stars is the fusion of 4 protons to form a helium nucleus 
and a pair of positrons accompanied by à release of 24.7 MeV of energy. 


. When two deuterium nuclei fuse together, they give rise to a tritium nucleus 


accompanied by a release of energy. 


. In artificial radioactivity, We sometimes observe decay by * K-electron capture’. 


In this process, the nucleus captures one of its own orbital electrons. The atomic 
number change in this process is different from that in the decay process that 
involves the emission of a positron. 

The mass per nucleon in a hydrogen atom is the same as that in an oxygen 
atom. 


ANSWERS 


oc 


- True The carbon isotope e 


False The ;He* nucleus (or the a-particle) is exceptionally stable and has a 
much higher value of B.E per nucleon than that for most other light nuclei. 


. False After four and a half years (i.e. 3 half lives), only (1/2)* 1/8 of the 


radioactive element will have disintegrated. 


. False The reason for the decrease in the B.E per nucleon for nuclei with large 


A is that with an increase in the number of protons, the Coulomb repulsion in- 
creases. On the other hand, the decrease in the B.E per nucleon for nuclei with 
small A is due to a surface effect: the nucleons at the surface being less strongly 
bound than those in the interior. 


True To ensure that the fundamental laws of conservation of energy and mo- 
mentum were not violated, it was essential to postulate the emission of à neut- 
rino or anti-neutrino in the J-decay process. Later on a 'direct' evidence of the 
emission of these particles was obtained through a study of the *recoil' of the 
decaying nucleus. 

d The nuclear forces holding the nucleons together are very strong attrac- 
ive forces that are non-negligible only within a range of about 107'* m. 
True The energy required to tear off one neutron (i.e. one nucleon) is the same 
as the B.E per nucleon for a given isotope. 


C'?inyolved in the carbon cycle acts 
j h : | merely as a 
catalyst’ for the reaction and is 're-obtained" after a complete cycle. H 
uam To ensure both charge and mass numbe 
tain a proton as a biproduct of the reaction: 
1D? + iD? — AT? + ap! + energy 
We often write this reaction as; D(D, p) T. 


r conservation, we must also 


606 A Course in Physics 


9. 


10. 
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False In both the *K-electron capture’ decay and the positron emission decay, 
the atomic number decreases by unity since in both cases the nuclear positive 
charge goes down by unity. 


False The energy released during the formation of nuclei of different atoms 
from their constituent nuclei is different. Hence the mass per nucleon is depen- 
dent upon the atom considered. The oxygen nucleus, being particularly stable, 
has a much larger value of the binding energy per nucleon. Hence the mass per 
nucleon in an oxygen atom is slightly less than the mass per nucleon in a hydro- 
gen atom. 


MULTIPLE CHOICE QUESTIONS 


Choose the correct answer from the alternatives given in each of the follow- 


ing. 


1. 


If the end A of a wire is irradiated with alpha rays and the end B is irradiated 
with beta rays, then 


(a) there will be no current in the wire 

(b) a current will flow from 4 to B 

(c) a current will flow from B to A 

(d) a current will flow from each end to the midpoint of the wire. 


The radioactivity of a sample is X at a time tı and Y at a time zə. If the mean 
life of the specimen is 7, the number of atoms that have disintegrated in the time 
interval (fe — 71) is 

()Xn—Yn (b) X— Y 

(c) (X — Y) (d) x — Y) + 


. After two hours 1/16th of the initial amount of a certain radioactive isotope re- 


mains undecayed. The half life of the isotope is 


(a) 15 min (b) 30 min 
(c) 45 min (d) 1h 


The half life of a certain radio isotope is 10 minutes. The number of radioactive 
nuclei at a given instant of time is 10°, Then the number of radioactive nuclei 
left 5 minutes later would be 

Y 
(a)G/2)x 10: (b) 108 
(c) 5 x 107 (d) 2 x 107 


- The half life of Pa*'* is 3 minutes. What fraction of a 10 g sample of Pa*'* will 


remain after 15 minutes? 


(a) 1/5 (b) 1/25 
(c) 1/32 (d) 1/64 


"The radioactivity of a given sample of whisky due to tritium (half life 12.5 


years) was found to be only about 375 of that measured in a recently purchased 
bottle marked *7 years old'. The sample must have been prepared about 

(a) 70 years ago (b) 220 years ago 

(c) 420 years ago (d) 300 years ago 


In an atom there are p protons, n neutrons and e electrons surrounding the 
nucleus. For atoms of small mass the re;ation between p, n and e is 
(a)jpsn=e (b)p=e=n 

()p=n=e (d)n=p-l=e 
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|. $, In any nuclear reaction the reactants and the resultants must always bein con- 
formity with the law of conservation of 


(a) energy (b) charge number 
(c) mass number (d) both charge and mass numbers 


The mass per nucleon in a heavy hydrogen atom is 


(a) the same as the mass per nucleon in an oxygen atom 

(b) slightly greater than the mass per nucleon in an oxygen atom 
(c) slightly smaller than the mass per nucleon in an oxygen atom 
(d) 1/16th of the mass per nucleon in an oxygen atom. 


2 


10. The radius of a nucleus is 
(a) proportional to its mass number 
(b) inversely proportional to its mass number 
(c) proportional to the cube root of its mass number 
(d) not related to its mass number. 


ll. The approximate density of nuclear matter is 
(a) 1.5 x 10 kg m^? (b) 1000 kg m^? 
(c) 10?" kg m^? (d) none of the above. 


12. The kinetic energy of a 300 K thermal neutron is 


(a) 300 eV (b) 300 MeV 
(c) 0.026 eV (d) 0.026 MeV 
13, The average number of neutrons released by the fission of one uranium atom is 
(a) 1 (b) 2.5 
(c) 3 (d) none of the above. 
14. In fission the percentage of mass converted into energy is about 
(a) 1% (b) 0.174 
(c) 0.01% (d) 100% 
15. What is the energy released in the fission reaction 
92286 —> aX + ap yn? + 2 ont! 
given that the binding ene i i 
NS tee ng energy per nucleon of X and Y is 8.5 MeV and that of 
(a) 20 MeV (b) 180 MeV 
(c) 200 MeV (d) 2000 MeV 
16. Slow neutrons are inci 
incident E ani ini 
B oco. ies ent on a sample of uranium containing both ;»4U*** and 
(a) both isotopes will undergo fission and break up 
(b) only »2U2** atoms undergo fission 
e mu. atoms undergo fission 
neither of i i i 
r of the isotopes will undergo fission and break up 
- Which of the following is a good nuclear fuel? 
(a) Uranium-236 
(b) Plutonium- 
(c) Neptunium-239 a Thou » . 
18. The ene. jf 
rgy released by the fission of a single urani i 
Rien sean; single uranium atom is 200 MeV 
sions per second requi TNR 
a quired to produce 3.2 W of power? 
Aga (b) 10% 


(d) 10% 
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19. 


19.7 


10. 


1l. 


12. 


13. 


The temperature required to produce fusion of light nuclei is of the order of 


(a) 10° K (b) 107 K 
(c) 10* K (d) 10* K 


. Radio carbon dating is done by estimating in the specimen 


(a) the amount of ordinary carbon still present 

(b) the amount of radio carbon still present 

(c) the ratio of the amounts of C!* to C'* still present 
(d) none of the above. 


NUMERICAL EXERCISES 


Find the volume at NTP of radon ,,Rn???, whose half life is 3.825 day, which 
will have an activity of 0.1 curie. : 
Radioactive isotopes P?* and P?* are inixed in the ratio 2: 1 by the number of 
atoms. The activity is 2 microcuries. Find the activity after 30 days. Given half 
life of P** = 14 days and that of P** = 25 days. 

Calculate the number of alpha decays that occur in a one gram sample of Th*** 
in one year. The disintegration constant of Th*** = 1.58 x 107" s-!, What is 
the activity of the given sample? 

Two consecutive radiations from a long lived parent have decay constants 41 
and A». Show that the apparent mean life of the second radiation is 


Ce) 
"E ii 


A dose of 5 mc (millicuries) of ısP** is administered intravenously to a patient 
whose blood volume is 3.5 litres. At the end of one hour it is assumed that the 
phosphorous is uniformly distributed. What would be the count rate per ml of 
the withdrawn blood if the counter had an efficiency of 10% (a) one hour after 
injection and (b) 28 days after injection? 

Assuming that the average disintegration rate of radioactive carbon «C** in a 
living organism is 1.53 x 10! disintegrations per minute for each kg of carbon, 
estimate the age of an archaeological specimen of some dung for which the dis- 
integration rate is 1.10 X 10' disintegrations per minute per kg. The half life of 
radioactive carbon is 5600 years. 

Calculate the energy released when thermal neutrons enter the nuclcus of Pu 
The masses of Pu??? and Pu?! are 239.1270 amu and 240.1291 amu respectively. 


E 


. The fission of sU?” produces a mean energy of 195 MeV per nucleon. Calculate 


the mass of »:U?** that would be required per day to run a generating station 
working at 30% overall efficiency and producing 100 MW of power. 

The fission of s:U?** produces a mean energy of 185 MeV. If o2U** in a reactor 
is continuously generating 100 MW of power, how long willit take for 1 kg of 
uranium to be used up? 

Calculate the power output of a s««U* reactor if it takes cne month to use up 
2 kg of uranium fuel. 

The volume of water in the Great Lakes is 5000 m*. Calculate the amount of 
energy released, if all the deuterium atoms in the water are used up in fusion. 
The abundance of deuterium is 0.01562; and the fusion of 6 deuterium atoms 


gives an energy release of 43 MeV. 
Calculate the amount of energy released when two deuterium nuclei fuse into an 


alpha particle. The masses of deuterium and alpha particle are 2.014102 amu 


and 4.002603 amu respectively. 
Calculate the energy released in the fusion reaction 


Het + ;He* + Het > sC 
The mass of an alpha particle = 4.002603 amu. 
\ 
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Radioactivi 


and the stars are believed to be ‘getting’ their energy from the fusion 
rotons to form a helium nucleus and a pair of positrons. Calculate the 
nergy per fusion and the rate at which hydrogen must be consumed 
luce 1 kilo-joule of energy per second. Given 

1H! = 1.007825 amu (hydrogen atom) 

- gH = 4.002603 amu (helium atom) 

= 5.5 x 107* amu (positron) 


‘ 
—omge = Me 
accompanying neutrinos is assumed to 


energy carried away by the 


be negli- 


ANSWERS 


‘CHOICE QUESTIONS 


2. (d) 3. (b) 4. (a) 5. (c) 
7. (b) 8. (d) 9. (b) 10. (c) 
EECA) 13. (b) 14. (b) 15. (c) 
17. (b) 18. (c) 19. (c) 20. (c) 


3. 2.60 107?! per gram; 0.11 curie 
) x 105, 1.32 x 10? disintegrations per second 


20 


The Diode and the Triode 


20.4 REVIEW OF BASIC CONCEPTS 


20.1.1 The Diode The diode is the simplest electron tube and has two 
electrodes placed inside an evacuated glass or ceramic envelope. The two 
electrodes are known as the cathode and the plate (or anode). The cathode 


serves as the electron emitter and the plate ‘collects’ a part or all of the 
emitted electrons. 


The cathode is simply a heater coil in directly heated type of diodes. It 


is a heater-cathode combination in the indirectly heated diodes which are 
more often in use. 


20.1.2 The Diode Characteristics The characteristic curve of a diode is a 
graph showing the variation of the plate current with the applied plate 
voltage. It is a non-linear curve that can be subdivided into two main parts: 
the space charge limited region and the saturation region. 


The Space Charge Limited Region—The Child-Langmuir’s Law In the space 
charge limited region the applied plate potential is not sufficient to collect 
electrons as fast as they are emitted by the cathode (Fig. 20.1). We, 
therefore, observe a ‘rise’ in plate current with increasing plate voltage. 
The rise, however, is not linear, i.e. it is not governed by Ohm’s law. — 

The relation between the plate current (/,) and the plate potential (Vj) in 
the space charge limited region is given approximately by the so-called 
*Child-Langmuir law’ according to which 


I, = k v}? 


Schottky effect 


P 
current ------------ 


Saturation 
region 


Space charge 
limited region 


Plate potential — 


Fig. 20.1 
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Saturation Region The saturation region ‘begins’ at a plate potential 
mt is just sufficient to collect electrons as fast as they are emitted. In this 
sion (Fig. 20.1), the plate current remains practically constant even 
the plate potential is being continuously increased. Thé saturation 
current value, dependent as it is on the number of electrons emitted per 
second by the cathode, is governed mainly by the cathode temperature. 


20.1.3 The Schottky Effect The current in the saturation region is not 
strictly constant but does show a small increase with the applied potential. 
This small increase is due to the so-called field emission or cold-emission. 


s capable of converting an 
of direct current. 
is 


20.14 The Rectifier A rectifier is a device that i 
alternating current into a unidirectional or pulsating form 
The process of conversion of alternating currents into direct currents 


known as rectification. 


20.1.5 The Diode as a Rectifier Plate current can flow in a diode only 

no. de plate is positive with respect to the cathode. A diode thus permits 

EM irectional current flow only for positive values of its plate potential. 
e, therefore, can use a diode as a rectifier. 


ee Rectifier The half-wave rectifier circuit is shown in Fig. 20.2. 

bole asic circuit for converting ac into dc The AC voltage is applied 

de he E poyer transformer in series with the diode tube and the load 

Gea ai th 1. The current flows in the circuit only during the positive half 
: e applied AC voltage—hence the name half wave rectifier. 


Input 
Output 
A.C. 
Input RL 
Trasformer 
Fig. 20.2 


Ina half Wi 
h a i 
_ to the | N ve rectifier, as one half of the input voltage is effectiv ly 1 
ely lost 


€ load, it has a low j 
iting à ow efficie i 
ng a small current desi, Y and is seldom used except in applications 
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The Full-wave Rectifier A full-wave rectifier basically consists of two half- 
wave rectifiers and uses a power transformer provided with a centre tapp- 
ing (Fig. 20.3). The load is connected between the centre tap and the com- 
mon junctiofi of the cathodes of the two diodes. The two diodes conduct 
during alternate half cycles but the current in the load always flows in the 


same direction. 


Diode 1 


Diode 2 


Diode 1 
Diode 2 


Output 


Fig. 20.3 


s The full wave rectifier is the standard circuit used in low power applica- 
tions. Compared to a half wave rectifier, a full wave rectifier has a higher 
efficiency; the permissible current drain is more and we can get a higher 
DC output voltage. It is used in a variety of applications in electronics. 


20.1.6 Ripple Factor The ripple factor of a rectifier set up is defined as 


Ripple factor — effective voltage of all AC components 
average or DC components voltage 


The ripple factor is a measure of the purity of the output of a rectifier. 
In actual rectifier circuits, the ripple factor is brought down to suitable low 
values by using filter circuits. These are usually made by using choke coils 
and capacitors. The combination of a filter circuit with a rectifier constitu- 
tes a DC power supply. 


20.1.7 The Triode The triode, developed in 1907 by Le de Forest, is an 
electron tube consisting of three electrodes. In addition to the cathode and 
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plate of a diode, it also has a wire mesh electrode, called the grid, between 
the cathode and the plate. 

The triode is a simple control valve in that the conditions at one pair of 
terminals (the cathode and the grid) control the flow of energy in a circuit 
connected to another pair of terminals (the cathode and the plate). 


The Grid The grid of a triode is made by winding a number of turns of fine 
wire in between the ‘grooves’ of two suitable supports. 1t is an open helical 
structure of metal kept close to the cathode. Because of its nearness to the 
cathode, it has a very effective control on the electric field at the cathode. 
This, in turn, produces à significant change in the number of electrons that 
are finally able to reach the plate. The ‘open structure’ of the grid causes 
but a few of the electrons to get intercepted in their flight towards the plate. 

The grid is normally kept at a negative potential. This helps the triode 
to control the conditions in the plate-cathode circuit with negligible power 
dissipation in the grid circuit. 


20.1.8 The Triode Characteristics The plate current ina triode depends 
upon both the plate potential and the grid potential, i.e. 
I, = f (Ey, E) 


The actual form of this relation is studied experimentally by using a circuit 
of the type shown in Fig. 20.4. 


Fig. 20.4 


EI soul’ represent the above relation graphically by using a system of 
Braci ates in space. However, as this is inconvenient, we employ the three 
T et of this surface on the tbree co-ordinate planes. These *projec- 
(i) "UNE Lidia Mu curves of a triode and are named as 
ics, (ii) mutual or transfer j "isti iii n 
MAN A say E yer characteristics and (iii) con 
T ; "D 
cay of plate characteristics depicts the dependence of plate 
family. of ip a voltage for constant values of grid voltage (Fig. 20.5a). The 
peepee ah er characteristics depicts the dependence of plate current 
ee age for constant values of plate voltage (Fig. 20.5b). 
five iid cay re characteristics show the relation between plate vol- 
We Benet x tage that will keep the plate current constant. However, 
Na y plot only the first two families of characteristic curves. 
Tie MUN curves of a triod2 are curved in the lower portion near 
ent cut-off and are fairly linear in the upper portions. The 
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voltage range over which the curves are linear is referred to as the linear 


region of the characteristics. | 


| Ep — XL o — Ec 
(a) Plate characteristics (b) Transfer characteristics 
Fig. 20.5 


20.1.9 Triode Parameters Over the linear region, the triode characteristic 
curves are not only nearly straight but also more or less parallel to each 
other. We, therefore, find it convenient to define the slopes (or their reci- 
procals) of each of the three family of characteristic curves (in the linear 
region) as the representative parameters of a given triode.. 

The plate resistance (rj) of a triode is the reciprocal of the slope of the 
plate characteristic curves in the linear region: 

_/44 


r = 
K Al, | E. = constant 


The transconductance (g,,) of a triode is the Slope of its transfer charac- 
teristic curves in the linear region: í 


ROM E T 
ie 4 E..| E, = constant 


The amplification factor (u) is the slope of the constant current charac- 
teristic curves in the linear region. It is the parameter that is of greater in- 
terest and tells us as to how many times the grid is more effective than the 
plate in controlling the current 


A E, 


H = 
4 E.jn- constant 


It is easy to see that the three parameters are related as 


L = Pp Em 


20.1.10 Inter-electrode Capacitances in a Triode The three electrodes of à 
triode give rise to three capacitances Cj, (plate-cathode capacitance), Cy 
(grid-plate capacitance) and Cy (grid-cathode capacitance). Of these, Cep 
Causes a sort of coupling between the grid and the plate at high frequenc 
and puts a limit on the high frequency range upto which a triode can 
effectively used as an amplifier. 
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20.1.11 Triode as an Amplifier A small signal applied between the grid and 
the cathode of a triode gets ‘reproduced’ in an amplified form in the plate- 
cathode circuit. The basic circuit of a triode as an amplifier is shown in 
Fig. 20.6. 


Fig. 20.6 


It can be shown that the gain of this circuit is given by 
ex gue pP 
: (rp + Ri) 
For r, > R,, A > — p; thus the maximum gain possible with a given 
triode equals its amplification factor. 
Ae following points about the use of a triode as an amplifier are worth 
ng. 

1. The value of the bias or steady voltage E. applied to the grid deter- 
mines the operating or quiesent point of the given amplifier. This value has 
to be carefully chosen along with the value of the plate potential to make 
the amplification nearly distortionless. Of course, for special applications, . 
we choose the operating point (i.e. the values of the bias volatage E, and 
the plate voltage Ej;) to introduce the desired degree and type of distor- 
tion in the amplified signal. 

. 2. The behaviour of a triode in the presence of a load in the plate circuit 
is depicted by what are known as its dynamic characteristics. These are 
determined not only by the triode itself but also by the load used. 

3. An increasing grid voltage results in a decrease in the plate-cathode 
Voltage (= Ej, — J, R,) and, therefore, the grid voltage and plate voltage 
in a triode amplifier are said to be radians out of phase with each other. 
dee The maximum amplification possible with a single triode being i, We 
: € to carry out two or more stages of amplifications. For this, we suitably 

ouple the output of a preceding stage to the input of the succeeding stage. 
€ gain of a chain of such cascaded amplifiers is given by 


A=A,A,... A, 


um Ay A2; ... An are the gains of the successive stages. We often do not 
pov than three stages of amplification because, otherwise, the noise 
also goes up considerably. | 
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20.2 SI UNITS 


Table 20.1 
Physical Quantity SI Unit 
Name Symbol 
Us e. EM im 

Current ampere A 
Voltage volt M 
Ripple factor Dimensionless No unit 
Plate resistance ohm 
Transconductance siemen S (or 071) 
Amplification factor Dimensionless No unit 
Load impedence ohm Q 
Gain -Dimensionless No unit 


—ĖĖě 


20.3 FORMULAE 
1. The Child-Langmuir Law 
l, = k v3? 
I, = plate current in the space charge limited region of a diode 
V, = plate potential 


(Escdetr 
2n = ÁO. 
A (Epc)average 


r = ripple factor, (EAc)err = effective value of all AC components, 
DC)average — average or DC component voltage, 


A OY E I; j^ — constant 
r, = plate resistance, E, = plate voltage, J, = plate current, 


E, = grid voltage. 


A I, 
^ Em = 4 TE. Es = constant 
8&m = transconductance 
5 T [72 TE] 
I, = constant 
= amplification factor 
6. MST, 8m 
7 A= TES oR A = gain of a single stage triode amplifier, 
( AA 
= load impedence. 
8. A= A, A; Pa where A is the gain of a cascaded chain of n 


Stages and "M 45, .. . etc. are the gains of successive stages. 
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20.4 NUMERICAL EXAMPLES 


Example 1: The constant of proportionality in the Child-Langmuir law for 
a given diode is 2 x 10-4 Q. What is the plate current for a plate voltage 
of 45 V that lies in the space charge limited region of the diode? 


Solution: According to Child-Langmuir law 
I, = k V3? 
Substituting the numerical values, we have 
1, — 2 x 10*Q x (45)? V 
= 603.7 X 107* A 
= 60.37 mA 


Example 2: In a given two electrode tube, the plate current, with full space 
charge, has a value of 72 mA for a plate potential of 90 V. What will be 
the plate current for a potential of 60 V? 


Solution: We know that for the space charge limited region 
I, = k V3? 
72 mA = k (90)? 
and -x = k (60)3/2 
Dividing the two equations we have 
X do ( 60 
72mA 90 
or X = 0.544 x 72 mA 
= 39.13 mA 


3/2 
) = (2/3)? = 0.544 


Example 3: For a triode the plate current corresponding to a grid voltage 

EU 10 V and a plate voltage of 180 V was found to be 5 mA. The 

: piification factor of the triode is 15. Assuming that the plate current is 

pace charge limited all the time, calculate its value for a plate voltage of 
V and a grid voltage of — 5 V. 


i We know that the plate voltage V, is as effective as a grid vol- 
bel Vla in controlling the plate current. Assuming the plate current 
Space charge limited all the time, the dependence of the plate current 


o : : i A 
bau ee and grid voltages can be written (in terms of the Child-Lang- 


3/2 
baton) 


Substitutin i i 
g the value given in the data and i i 5 
nown current as x, we heve e MER 


SmA=k (2 w 10)" = k (2)32 


and x= (2 Ge Qu — 
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Dividing the two equations we have 


3/2 
=e (3) = (2.5)? = 3.953 
x = 19.76 mA 


Example 4: The 7, — V, characteristic of a triode can be represented by the 
expression 


V, 3/2 y 
I, = 0.01 (2 ze n) mA 
The amplification factor of the triode is 20. Find the plate current when 


V, = — 2 V and V, = 220 V and the plate resistance when V,=—3V 
and V, = 200 y. 


Solution; We have 


V, 3/2 
I, — 0.01 (% EE 5) mA 


For Ve 23andosE,i:220 V, 
220 3/2 
we have _ T, — 0.01 e = 2) 


= 0.01 (9)? = 0.27 mA 


Also the change (4 Ij) in plate current with a change (4 V,) in the plate 
voltage, at a constant grid voltage, is given by 


1/2 
4 I, = 0.01 x 3/2 (2 + 2 + 4 V, in milliampere 


à 


Vp ies 


AT, 


2 x10 
0.01 x 3(% PA 2 
m 


Therefore, the plate resistance rp at V, = 200 V and V, = — 3 Vis 


AT OTTOA 40 x 10? 
Vates T2 = 603 x 712 
0.03 (> EA 0.03 x 7 
20 
QUI SEIUS hh 
=- 9.079 9 —506.3 k Q 


Example 5: Fora certain triode, the following data was obtained: 


Plate Voltage Grid Voltage Plate Current 
150 V =2y 5 mA 
150 V —3.5V 3.2mA 
195 V = 3:5/V 5mA 


Determine the plate resistance, mutual conductance and the amplification 


factor of the given triode. 
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Solution: The plate resistance r, is given by 


f (4%) -[ 195 — 150 Q 
NAT . LAS 32 oT 


The mutual conductance g,, is given by 
"i (5 2) _|[G— 3-2) x 10-3 
fa 4 V/v, (= 2)" 3.5) ] y, -1soy 


= = x 1073 siemen = 1.2 x 10-3 siemen 


The amplification factor i is given by 


» = (4%) -[ 195 — 150 ] Bri o MEA 
AV, L—35—(- D) Iigesma  — L5 


We could have got „u also from the relation 
B= — ry gy = — 25 x 10 x 1.2 x 10? = — 30 


Example 6: A triode with an amplification factor 20 and plate. resistance 
15 KQ is used as an amplifier. If the load resistance is 75 KQ, draw the 
equivalent circuit and caleulate the gain. j 


Beene The equivalent circuit of a triode as an amplifier is shown in 
ig. 20.7. 


Eg O) 


Fig. 20.7 


The gain is given by 


A = (R0) R _ BR. 
tp + Ref e, r + Ry 


iren veste 
if Suey 
ey 
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Here T, — l5 KQ and Rr = 75kQ. Therefore 


Bl ocusD x 15 
ATF isis = ge = X 20 = 16. 
Example 7: A triode with an amplification factor 30 and a plate resistance 
20 kQ is used as an amplifier. The Operating point is chosen as =S 


mA, V, = 100 V. Find the load resistance and the gain if the battery 
voltage is 300 V. 


Solution: Let R, be the load resistance. The voltage drop across it corre- 
sponding to a plate current of 5S mA is 5 R, x 10-3 V, Since the battery 
voltage is 300 V and V, — 100 V, we have 


100 + 5 R, x 10-3 = 300 


ow 200 a aU os 
Ri = x93 2 = 40x 100 = 40KQ 


The gain of the amplifier is given by 
Az 


ro 
Weis 


Example 8:- In a resistance coupled single stage amplifier, the gain obtain- 
ed is 5 with a load resistance of 20 KQ and 6 with a load resistance of 40 
kQ. Calculate the mutual conductance of the triode. 


Solution: We know that the gain A of the amplifier is given by 


BR, 
PER. 


Substituting values, we get 


5 = à X 20x 103 
= onc 20 x 10 


HL X 40 x 103 
ry +40 x 10° 


[ 6 = 


Dividing the two equations, we have 


6 40. r, 4 20 x 103 


5. 20 * 3740 x 10 
S 6 rp + 240 x 103 = 10 r, + 200 x 10? 
40 


nc X100 = 10KkQ 


a ux! 30.x 10 


v 20x: 105-595 


7.5 
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But = Ty 8m sothat gm = = 
Tp 
7.5 EAS 
£n = i9 x 103 siemen = 7.5 x 107* siemen 


Example 9: The plate current i, of a triode is given by 
i, = (10 e, + ej? for e, € 0 and e, > — 10 e. 


where i, is in pA and e, and e, are the values of the grid and plate poten- 
tial (in volt) respectively. What is the transconductance of the triode 
when operated at a plate potential of 200 V and a grid potential of — 10 
V? What would be the output signal if the input signal is 0.5 V rms, the 
load impedance being 10 kQ? 


Solution: We have 
i, = (10e, + ej in pA 


or iy = 10-5 x (10e, + e? in A 
22) 

o 

now £m = (= ep 


gm = 10-5 x 2 (10 e, + e) x 10 
= 20 x 1075 (10 e, + e) 


Ate, = — 10 V and e, = 200 V (these values are consistent with the 
given conditions, namely, e, < 0 and e, > — 10 e,), we have 


= 20 x 10-5(— 100 + 200) = 2 X107 siemen 
To find the gain of the triode, we need its amplification factor which is 


given by 
E à e, 
a ae (5 Bd 


10-5 x 2 (10 e, + e) (10 2 2) 


o 
Il 


de 
or p b 
^ ACE. €. J), = 
The plate resistance r, of the triode is now easily obtained. It is given by 


em ET TUE a 
Tp zz, 7 2x 103% 5 SII E 
The gain A is given by 
A-LBRL _ 10 x 10 x 10 
n +R, G+ 10) x 10° 
100 
= 5 = 6.67 


The output voltage corresponding to an input signal voltage of 0.5 V is, 
therefore, 


ey = 0.5 X 6.67 Vims = 3.33 Vims 
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Example 10: A 6J5 triode having an amplification factor of 20 and a plate 
resistance of 10 kQ is being used as an amplifier. The ‘load’ used is an in- 
ductance coil of resistance 500 Q and an inductance of 1.0 mH. What will 
be the ‘gain’ of this circuit at an input signal frequency of 0.5 x (10$/m) 
Hz? Also obtain a formula for the 'varying component" of the plate current 
in terms of the input signal voltage (e,) and signal frequency v. 


Solution: We first work out the load impedance R, at the given frequency. 
This is given by 


Ri = VF TP 

6 1/2 
=| (500) + (27 Jg cr eiii iJ] Q 
= [0.25 x 105 + 1052 Q 


= V125 x 10 Q = 1.12 x 10 Q 
The gain A of the amplifier is given by 


A=—+ 
ru 
mm R. 
e — 20 een: d 
Di ei meee er 2°" 
1.12 x 103 


Thus, corresponding to an input voltage e, the output voltage across the 
load will be (4 e). The load impedance being 


Vr? + a =P £4 2 LZ, 
the varying component of the plate current is given by 

AH Ae, 

nee (r2 3174 m y? pay 
20.5 TRUE-FALSE STATEMENTS WITH REASONS 
We give below a few statements. We ‘have to decide whether they are true 
or false giving, in brief, the reasons in support of our answers. 
STATEMENTS 


1. The voltage upto which the current in a diode is space charge limited is propor- 
tional to the square of the temperature of the filament. 

2. The observed slight increase in the plate current with the applied plate poten- 
tial in the 'saturation region' ofa diode can be understood in terms of 'field 


emission’. 
3. The three families of characteristic curves of a triode are the projections of the 
‘surface’ 
t= d (Es, E.) 


on the co-ordinate planes. 


4. We cannot calculate all the three tube parameters of a triode by using only one 
of the three families of the characteristic curves of the triode. 
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A triode cannot be used over high frequencies because of the existence of the 
inter-electrode capacitance between the plate and the grid. 

A load in a full wave rectifier is connected between the common junction of the 
cathodes of the two diodes and one end of the centre tapped power transfor- 


mer. 


7. The grid and plate voltages in a triode are in the opposite phase. 
8. The control grid in an amplifier is biased by connecting a resistance Rx in bet- 


ween the cathode and the ground. 


ANSWERS 


20.6 


False The current ‘available’ in a diode does increase with an increase in the 
temperature of the filament but the voltage at which saturation ‘sets in’ is al- 
most independent of the filament temperature. 

True The electrons in the cathode can be ‘pulled out’ by the field also in addi- 
tion to those ‘thrown out’ by heating the cathode. The effect is small and is also 
known as 'cold-emission'. 

True The plate characteristics, the transfer characteristics and the constant cur- 


rent characteristics of a triode are the projections of the surface Is = f (Es, Ea) 
on the three planes corresponding to E. = constant, E, = constant and J, = 


constant respectively. 

False We can calculate both r, and » from the plate characteristics and both 
gm and » from the transfer characteristics. The third tube parameter can then be 
obtained by using the relation p =: Fp gm. 

True The impedance of a capacitor goes down at high frequencies. The inter- 
electrode capacitance between the grid and the plate of a triode can, therefore, 
act as a ‘short’ connection between these two electrodes at sufficiently high 
frequencies. 

False The load is connected between the common junction of the cathodes of 
the two diodes and the ‘centre tap’ point of the centre tapped transformer. This 
ensures that the current in the load is in the same direction for the full cycle of 
the input AC voltage. 


- True The plate-cathode voltage fora triode is (E» -- Js Rz) where E, is the 


‘high tension battery voltage’ applied in the plate-cathode circuit. As J, increa- 
ses, with an increase in the grid-cathode voltage, there will be a fall in the plate 
cathode voltage. 


. False The biasing is done by having a high value capacitor in parallel with the 


resistance Rx. This is necessary, as otherwise, the AC component of the plate 
current will cause a form of ‘negative feed back’ and the gain of the amplifier 
will be reduced. 


MULTIPLE-CHOICE QUESTIONS 


Choose the correct answer from the given alternatives in each of the 
following: 


1; 


The ‘load’ in a triode amplifier is a pure resistance of value R. The relation bet- 
ween the input and output voltages is then represented by the 
(a) static plate characteristic curves of the triode 


(b) static transfer characteristic curves of the triode 
(c) dynamic transfer characteristic curves of the triode that depend on the value 


of R i 
(d) dynamic transfer characteristic curves of the triode that are independent of 


the value of R. 
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20.7 


When an input signal voltage e, is applied to the grid of a triode, then for the 

AC component of its plate current, the tube behaves as a 

(a) voltage generator generating a voltage » e, and having an internal resistance 
Fs 

(b) voltage generator generating a voltage e,/» and having an internal resistance 


Fp 
(c) current generator generating a current g, e, and having an internal resis- 


tance r,/p 
(d) current generator generating a current » e, and having an internal resistance 


Emt, 


. The output from a full wave rectifier is 


(a) an AC voltage (b) a DC voltage 
(c) zero (d) a pulsating voltage. 


- A half wave rectifier is being used to rectify an alternating voltage of frequency 


50 Hz. The number of pulses of rectified current obtained in one second is 


(a) 50 (b) 25 
(c) 100 (d) 200, 


- It is found that the cut-off voltage in a triode is — 5 V when the plate voltage 


is 150 V. If the plate voltage is increased to 200 V, the cut-off voltage will be 


(a) — 50v (b) 6.0 V 
(c) 6.06 V (d).-- 6.66 V 


. If the grid of a triode is made more negative, the plate resistance 


(a) remains unaffected 

(b) increases 

(c) decreases 

(d) may increase or decrease depending on the value of the negative grid volt- 
age. 


. When the plate voltage of a triode is increased from 225 V to 250 V, the contrel 


grid voltage must be changed from — 4 V to — 4.7 V to maintain a constant 
plate current. The amplification factor of the triode is 

(a) 35.8 (b) 25 

(c) 70 (d) 20 


- Tn a triode, the change in the plate current is the same whether the anode volt- 


age alone is increased from 60 V to 100 V or the grid voltage alone is increased 
from — 0.5 V to + 2 V. The amplification factor of the triode is 


(a) 26.6 (b) 16 
(c) 20 (d) 100 
. In a triode amplifier, the load resistance is equal to the plate resistance r». If + 
is the amplification factor of the triode, the stage gain of the amplifier is 
(a) 4/2 (b) & 
(c) 2p (d) 4u 
NUMERICAL EXERCISES 


- In a diode, the plate current under space charge limited condition is 120 mA for 


a plate voltage of 100 V. Find the plate current for a plate voltage of (a) 200 V 
and (b) 300 V under the same condition. 


. A triode has a mutual conductance of 3 mA V-! and an anode resistance of 


14 kQ. The valve is used as a voltage amplifier with a load resistance of 20 k&. 
Calculate the ‘stage gain’ obtained, 
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3. A load resistance of 50 kQ is used in a triode amplifier. The valve has an am- 
plification factor of 16 and an anode resistance of 30 kQ. Calculate the rms 
value of the output voltage when 2.5 V rms is applied between the grid and the 


cathode. 
4. The anode current characteristic of a triode is represented by the expression 


I, —2 x 107* (V, + 10 V,)* 


where I, is ihe anode (plate) current in ampere, and V, and V, are the anode 
and control grid voltages respectively. Determine mathematically the value of 
(a) the amplification factor u, (b) the mutual conductance gm and (c) the anode 
resistance R, for this triode at the point where V, — 200 V and V, — — 10 V. 
(AMIE) 


5. The slope of the anode current-grid potential curve of a triode is 2 mA V^! and 
the slope of the anode current-anode potential curve is 0.25 mA V7. Calculate 
the voltage amplification the triode will give for an anode resistance of 12,000 Q. 

(AMIE) 


6. A vacuum tube has an amplification factor of 7. If the grid voltage is changed 
from — 12 V to — 3 V, what will be the effect on the plate current? Must the 
plate voltage be increased to regain the original value of the plate current? 
What is the actual change in the plate voltage required to do this? 


7. A tube has an amplification factor of 45. What grid voltage will produce a cut- 
offifthe following plate voltages are applied: (a) 150 V, (b)200 V and (c) 
250 V. 


. The plate resistance of a 6J5 triode is 7.7 kQ and the transconductance is 2.6 x 
1073 siemen. If only the plate voltage is increased by 50 V, what happens to the 
plate current? What change must be brought about in the grid voltage so as to 
regain the original value of the plate current? 


oo 


9. The following observations were obtained with a triode valve: 
Plate voltage (V) 200 200 250 250 250 
Grid voltage (V) Y a an ei ut — 1.8 — 2.5 
Plate current (mA) 5 2 9.8 5 2 


Assuming that the observations are taken in the linear region of the charac- 
teristic curves of the triode, obtain the values for the three tube parameters. 


10. The following data was obtained for the plate characteristics of a certain triode 
valve. Here V, stands for the grid voltage. 


Plate Voltage Plate Current at 
Ve =0V V,=—2V 
— ie ee eee 
80 V 8mA 2.2 mA 
100 V 10.9 mA 5.5 mA 
120 V 13.8 mA 8.0 mA 
140 V 17.0 mA 10.8 mA 


EE NE RIS UI o 
nductance, the plate resis- 


Plot the plate characteristics and obtain the transco! of 
de fora plate voltage 


tance and the amplification factor of the given trio 
100 V. 
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ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. (c) 2. (a) 3. (d) 
5. (d) 6. (b) 7. (a) 
9. (a) 


NUMERICAL EXERCISES 


= 
e 


1. (a) 339.36 mA, (b) 623.54 mA 

2. 284 

31.25 

4. (à) & = — 10, (b) gn = 4 x 10-3 siemen, (c) R, = 2500 ohm 
5. 6 

6. increase; no; 63 V decrease 

7. (a) — 3.33 V, (b) — 4.44 V, (c) -5.55 V 

8. increases; 2.5 V more negative 

9. re = 1042 KQ, g, = 6 x 10-5 siemen, # = 62.25 


| &m = 2.7 x 10-3 siemen, r, = 6.9 x 109-2, w = 18.6 


4. (a) 
8. (b) 
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